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ABSTRACT. In an ordered field, the Archimedean property has many equivalent for-
mulations. The primary objective of our exposition is to test a large number of them
in the ordered ring of formal power series with real coefficients, thus allowing for a
better understanding of their “resilience”, measured by whether each of them holds true,
or not, in the new setting. In doing so, we end up with a list of logically equivalent
statements, different from the one that holds true in an ordered field.
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RESUMEN. En un cuerpo ordenado, la propiedad de Arquímedes tiene muchas formu-
laciones equivalentes. El objetivo principal de este artículo es el considerar un buen
número de ellas en el anillo ordenado de las series de potencias formales con coeficientes
reales. Esto permite entender mejor la “robustez” de cada formulación, viendo si sigue
siendo cierta o no en el nuevo contexto. Así obtenemos una lista de proposiciones
lógicamente equivalentes, diferente de la que es cierta en un cuerpo ordenado.
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1 Introduction

In 2014, Michael Devenau and Holger Teismann published an article in Real Analysis Ex-
change [4] with the title “72 + 42: Characterizations of the completeness and Archimedean
properties of ordered fields”. The numbers refer to how many formulations of completeness
(72) and of the Archimedean property (42) are listed.

To be sure, in the real field R there is no need to have two lists. Since all hundred
fourteen statements are true, they are logically equivalent. However, in other ordered fields,
this might not be the case. Sometimes, to prove an equivalence, it may be necessary to add
extra assumptions (see [4], for instance p. 269).

Our exposition considers, not in an ordered field, equivalent formulations of the
Archimedean property found in the article by Devenau and Teismann, as well as in other
articles (for instance, see the references in [4]). Specifically, we look at twenty-one
statements within the ordered ring of formal power series with real coefficients. Our aim is
to recognize what we call the “resilience” of each statement, by seeing whether it remains
true or not in the new setting. As a consequence, we end up with a list of statements
logically equivalent in our ordered ring, which is quite different from the original one.

As for the organization of our article, in Section 2 we summarize the algebraic prop-
erties of our chosen ring. In fact, by exploiting the obvious identification of a formal
power series with the sequence of its coefficients, we work with a very natural ring of
functions, which we denote R. Section 3 reviews the concept of order in a ring, mimicking
the approach taken by Emil Artin and Otto Scheirer in a field. Section 4 is dedicated
to define an order in R. In Section 5 we discuss some of the well known properties of
an ordered field. These properties are used in Section 6 to enunciate the Archimedean
property and twenty statements, all equivalent, in an ordered field. We study each of them,
within the ring R, in Section 7. In Section 8 we discuss briefly the Archimedean property
in an ordered ring, to contrast with some of the properties of the ring R. Finally, in Section
9, we consider in R notions such as cofinality and various forms of completeness, proving
several results that give a better understanding of R without straying too far from our
original purpose.

2 The ring of formal power series with real coefficients

Such series are written as ∑
j≥0

ajX
j (1)

where X is an indeterminate variable and the coefficients aj are real numbers.

A series as in (1) can be identified with the sequence {aj}j≥0 of its coefficients. In
doing so, we are left to consider the set R of functions a : N0→ R, where N0 consists of
the natural numbers N and zero. It becomes a commutative ring with the operations
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(a+ b) (j) = a (j) + b (j) ,

(a · b) (j) =

j∑
l=0

a (l) b (j − l) ,

for all j ∈ N0. Let us observe that addition in R is denoted + like the addition in R.
Subtraction will be denoted − like the subtraction in R.

The function identically zero is the additive identity 0̃. The function −a is the additive
inverse of a. The function 1̃, defined as 1̃ (0) = 1 and 1̃ (j) = 0 for j ≥ 1, is the
multiplicative identity. The invertible functions are exactly those functions a such that
a (0) ̸= 0. If this is the case, the multiplicative inverse 1̃

a is defined recursively by the
equations

a (0)
1̃

a
(0) = 1,

a (0)
1̃

a
(j) +

j∑
l=1

a (l)
1̃

a
(j − l) = 0 when j ≥ 1.

Given a ∈ R, we define the support of a, denoted supp (a), as the subset of N0 where
the function a is different from zero. We have

supp (a+ b) ⊆ supp (a)
⋃

supp (b) ,

supp (a · b) ⊆ supp (a) + supp (b) .

Each of these inclusions can be strict.

The polynomials in X with real coefficients are identified with the functions in R that
are eventually zero or, in other words, that have finite support. They form a subring, FR, of
R. In particular, the non-zero constant polynomials are the non-zero real numbers. As we
did before with 0 and 1, a number x ∈ R is identified in R with the function x̃ defined as

x̃ (j) =

{
x if j = 0

0 otherwise.
(2)

Such functions form a field within R, isomorphic to the field R.

Given a ∈ R,

(x̃ · a) (j) =

j∑
l=0

x̃ (l) a (j − l) = x̃ (0) a (j) (3)

= xa (j)

for all j ∈ N0. Therefore, multiplication term by term of a formal power series by x ∈ R,
corresponds to multiplication in R by the function x̃.
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3 The concept of order in a ring R

We assume R to be a non-trivial, commutative, and unitary ring, because that is the case
of the ring R. Moreover, 0 is the additive identity and 1 is the multiplicative identity. We
denote the elements of R as x, y, z, . . .

The definition that follows is due to Artin and Schreier in a field [1].

Definition 1. The ring R is orderable when it has a non-empty subset R+ with the
following properties.

1. 0 /∈ R+.

2. R+ is closed under addition and multiplication.

3. Given x ∈ R one and only one of the options x ∈ R+, x = 0, −x ∈ R+ holds.

That is to say, 3) in Definition 1 implies that R is the disjoint union of R+, {0}, and
−R+ which will be denoted R−.

Definition 2. 1. When R is orderable, x ∈ R different from zero is called positive if
x ∈ R+ and it is called negative if x ∈ R−.

Proposition 1. Given a ring R, the statements that follow are equivalent.

1. R is orderable.

2. There is a relation ≺ on R with the properties

(a) if x ≺ y, then x+ z ≺ y + z for all z ∈ R,
(b) if x ≺ y and 0 ≺ z, then xz ≺ yz,
(c) (transitivity) if x ≺ y and y ≺ z, then x ≺ z,
(d) (totality) if x, y ∈ R, one and only one of the options x ≺ y, x = y, y ≺ x

holds.

Proof. Assuming that R is orderable, we write x ≺ y exactly when y − x ∈ R+. This
relation satisfies the properties listed in 2).

Conversely, if there is a relation ≺ defined on R with the four properties listed in 2),
we define

R+ = {x ∈ R : 0 ≺ x} ,

which is not empty. If it were empty, also R− would be empty and, therefore, we would
have 0 = 1.

The subset R+ has the properties that makes R an orderable ring.

This completes the proof of the proposition.

Definition 3. An order in R is a relation ≺ satisfying the four conditions stated in 2) of
Proposition 1.
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Having defined the order ≺ in R, x ⪯ y will mean x ≺ y or x = y.

Remark 1. Given an ordered ring R with order ≺, the properties of ≺ listed in 2) of
Proposition 1 imply that R is an integral domain. That is, xy = 0 implies x = 0 or y = 0.

Lemma 1. Given an ordered ring R with order ≺ and given x, y, z in R,

1. if x ≺ y, then −y ≺ −x,

2. if x ≺ y and z ≺ 0, then yz ≺ xz,

3. if x ̸= 0, then 0 ≺ x2. In particular, 0 ≺ 1.

4. If x, y have multiplicative inverses, 1
x and 1

y , then x ≺ y implies 1
y ≺ 1

x .

The proof of Lemma 1 follows from Definition 3.

The ordered ring R becomes a topological space with the order topology, for which
the sets {z ∈ R : z ≺ y} and {z ∈ R : x ≺ z}, with x, y ∈ R, form a sub-base.

As it is the case in an ordered field, there is an absolute value compatible with the order
in the ring R.

Definition 4. The function A : R → R defined as

A (x) =

{
x if 0 ⪯ x

−x if x ≺ 0
(4)

is called the absolute value on R.

Proposition 2. The function A defined in (4) satisfies the following properties.

1. A (x) is zero or positive for all x ∈ R.

2. A (x) = 0 if and only if x = 0.

3. A (x+ y) ⪯ A (x) +A (y) for all x, y ∈ R.

4. A (xy) = A (x)A (y) for all x, y ∈ R.

5. A (x) = A (−x) for all x ∈ R.

6. If x ∈ R is invertible, then A
(
1
x

)
= 1

A(x) .

The proof of Proposition 2 is analogous to the real case, with only a change of notation
(see, for instance, [7] and the references therein).

The absolute value A defines a topology on R that coincides with the order topology
and the sets (−ε, ε) = {x → R : A (x) ≺ ε} with ε ∈ R+ form a base for the order
topology in R.

Definition 5. A sequence {xn}n≥0 in R is

1. a Cauchy sequence if for each 0 ≺ ε in R there is N = Nε ∈ N0 such that

A (xn − xn′) ≺ ε

for all n, n′ > N .
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2. a convergent sequence if there is x ∈ R so that for each 0 ≺ ε in R there is
N = Nε ∈ N0 such that

A (xn − x) ≺ ε

for all n > N .

The proof of the following lemma is identical to the proof in the real case, with an
obvious change of notation (see, for instance, [3], Chapters 3 and 4).

Lemma 2. Given a sequence {xn}n≥0 in R, the following statements hold.

1. If {xn}n≥0 converges in R, it is Cauchy.

2. If {xn}n≥0 is Cauchy, every subsequence is Cauchy.

3. If the series
∑

n≥0 xn converges in R, the sequence {xn}n≥0 converges to 0 in R.

4 The ring R as an ordered ring

Let R+ be the subset of R defined as

R+ = {a ∈ R : a (J) > 0 for J = min supp (a)} .

Proposition 3. The subset R+ of R is non-empty and it satisfies the conditions 1), 2), and
3) in Definition 1.

Proof. Given x ∈ R, x > 0, the function x̃ defined as in (2) belongs to R+, therefore R+

is non-empty.

If a, b ∈ R+, let Ja = min supp (a) and let Jb = min supp (b).

If Ja = Jb = J , then J = min supp (a+ b) and (a+ b) (J) > 0. If Ja < Jb, then
Ja = min supp (a+ b) and (a+ b) (Ja) = a (Ja) > 0. Therefore, a+ b ∈ R+.

As for the product a · b, we claim that

min supp (a · b) = min [supp (a) + supp (b)]

= Ja + Jb.

Indeed, since supp (a · b) ⊆ supp (a) + supp (b), we always have

min supp (a · b) ≥ min [supp (a) + supp (b)] = Ja + Jb.

To conclude that there is equality, we prove that (a · b) (Ja + Jb) > 0.

(a · b) (Ja + Jb) =

Ja+Jb∑
l=0

a (l) b (Ja + Jb − l)

=

Ja+Jb∑
l=Ja

a (l) b (Ja + Jb − l) = a (Ja) b (Jb) .

So, a · b ∈ R+.
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Finally, 0̃ /∈ R+.

This ends the proof of the proposition.

Remark 2. According to Propositions 3 and 1, we have an order in R defined as a ≺ b

exactly when 0̃ ≺ b− a.

The field isomorphism between R and the field R̃ of those functions defined as in (2),
is order-preserving. We denote Q̃, Ñ0, etc., the copy of Q, N0, etc. inside R̃.

The sets (a, b) = {c ∈ R : a ≺ c ≺ b} with a, b ∈ R, form a base for the order
topology in R. This topology is Hausdorff. Indeed, given c, c′ with c ≺ c′, and given a, b

with a ≺ c and c′ ≺ b, the sets
(
a, c+c′

2̃

)
and

(
c+c′

2̃
, b
)

are disjoint neighborhoods of c
and c′, respectively.

Remark 3. It should be clear that Definition 4, Proposition 2, and Definition 5, as well as
Lemma 2, can be formulated verbatim in the context of the ordered ring R.

Example 1. Let us fix a ∈ R+ such that supp (a) = {k} for k ≥ 1 fixed. Then, the
sequences {an}n≥0 and {ñ · an}n≥0 converge to 0̃ in R, where a0 is defined as 1̃.

According to Proposition 3, supp (an) = {nk} for n ≥ 1. Furthermore, an (nk) =
[a (k)]

n. Then, according to (3), supp (ñ · an) = {nk} and (ñ · an) (nk) = n [a (k)]
n.

Therefore, 0̃ ≺ an ≺ ñ · an for n ≥ 2. As a consequence, it suffices to prove that the
sequence {ñ · an}n≥0 converges to 0̃ in R.

If we fix ε ∈ R+ with min supp (ε) = l, is nk > l for n ≥ l + 1. Therefore, when
n ≥ l + 1, we have min supp (ε− ñ · an) = l and (ε− ñ · an) (l) = ε (l) > 0. So,
0̃ ≺ ε− an, or 0̃ ≺ an ≺ ε for n ≥ l + 1.

5 Properties of an ordered field

An ordered field K with an order ≺ always has characteristic zero. Indeed, if the charac-
teristic were p > 0 we would have

0 ≺ 1 ≺ 1+ 1 ≺ ... ≺1+ 1+ · · ·+ 1︸ ︷︷ ︸
p times

= 0,

where 0 is the additive identity and 1 is the multiplicative identity, in K.

As a consequence, K has an infinite, countable or uncountable, number of elements.

With N0 we indicate the copy of N0 inside K, defined by the map

0 → 0,

n → 1+ 1+ · · ·+ 1︸ ︷︷ ︸
n times

.

Likewise, N is the copy of N defined by the map

n → 1+ 1+ · · ·+ 1︸ ︷︷ ︸
n times

.
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It follows that K contains a copy Z of Z, the integer numbers, as well as a copy Q of Q,
the rational numbers.

Conversely, if the ordered field K contains a subfield that is order-isomorphic to Q,
then it is readily seen that K has characteristic zero.

The excellent lecture notes [2] and the many references therein, provide a fairly
comprehensive treatment of fields. For ordered fields in particular, see Chapters 13-16.

6 The Archimedean property in an ordered field

With A we denote the absolute value compatible with the order in K.

We begin with a few definitions.

Definition 6. Let K be an ordered field with an order ≺. We say that K has the
Archimedean property or that it is Archimedean, if for each x,y ∈ K with 0 ≺ x,y,
there is n ∈ N such that x ≺ ny.

Let us observe that the product ny is equal to y + y + · · ·+ y︸ ︷︷ ︸
n times

.

Remark 4. In the real field R, the Archimedean property is about measurement. Indeed, if
x > 0 indicates an arbitrary length and y > 0 is a unit of length, the property states that
the length x can be covered with an appropriate number of copies of the unit y.

Definition 7. An element x of the ordered field K is infinitely large if n ≺ x for all
n ∈ N0.

Definition 8. An element x of the ordered field K is an infinitesimal if 0 ⪯ A (x) ≺ 1
n

for all n ∈ N. If x ∈ K+, we say that x is a positive infinitesimal. That x is a negative
infinitesimal means that x ∈ K− and 0 ≺ −x ≺ 1

n for all n ∈ N, or − 1
n ≺ x ≺ 0 for all

n ∈ N.

Definition 9. A pair (A,B) of non-empty subsets of K is called a cut of K if A
⋃

B = K

and x ≺ y for all x ∈ A and all y ∈ B. If (A,B) is a cut of K, a cut point of (A,B) is an
element z ∈ K such that x ⪯ z ⪯ y for all x ∈ A and all y ∈ B. A cut (A,B) without a
cut point is called a gap or a Dedekind cut ([4], p. 265) for K. If there is ε ∈ K+ so that
ε ⪯ y − x for all x ∈ A and all y ∈ B, the gap is called irregular. If no such ε exists, the
gap is called regular.

Remark 5. A cut point, if it exists, is unique. Furthermore, if c is the cut point for a cut
(A,B) of K and a′ ≺ c, then a′ ∈ A. Likewise, c ≺ b′ implies that b′ ∈ B.

Example 2. The pairs (K−,K+

⋃
{0}) and (K−

⋃
{0} ,K+)are cuts of K with cut

point 0.

Given an irrational number r, the pair (A,B) with

A = {x ∈ Q : x < r} ,

B = {x ∈ Q : x > r} ,

is a regular gap of the rational field Q.
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In the theorem that follows, we list twenty-one equivalent formulations of the Archimedean
property in an ordered field K. Most of the statements can be found in [4] and the refer-
ences therein.

Theorem 1. In an ordered field K with order ≺ the following statements are equivalent.

1. K is Archimedean.

2. There are no infinitely large elements in K.

3. The only infinitesimal in K is 0.

4. The subfield Q is dense in K.
That is, given x,y ∈ K, x ≺ y, there is q ∈ Q so that x ≺ q ≺ y.

5. A certain subring of Q is dense in K.
In fact, given x,y ∈ K, x ≺ y, there is k ∈ Z and there is n ∈ N0 such that
x ≺ k

2n ≺ y. The power 2n is (1+ 1) ... (1+ 1)︸ ︷︷ ︸
n times

when n > 0.

6. The function “integer part” is defined on K.
This means that given x ∈ K, if 0 ⪯ x, there is a unique n ∈ N0 such that n ⪯ x ≺ n+ 1

and if x ≺ 0, there is a unique n ∈ Z, n ≺ 0, such that n ≺ x ⪯ n+ 1.

7. The sequence
{

1
n

}
0≺n

converges in K.

8. The sequence
{

1
n

}
0≺n

converges to 0 in K.

9. For each k ∈ N\ {1} the sequence
{

1
kn

}
n≥0

converges to 0 in K.

10. There is k ∈ N\ {1} so that the sequence
{

1
kn

}
n≥0

converges to 0 in K.

11. The sequence {n}0≺n is unbounded in K.

12. Every monotone sequence in K that is bounded is a Cauchy sequence in K.

13. There exists in K a sequence {xn}n≥0 converging to 0 such that {nxn}n≥0 does
not converge in K.

14. There is in K a sequence {xn}n≥0 such that {A (xn+1 − xn)}n≥0 converges to 0

in K, while {xn}n≥0 is not Cauchy in K.

15. There is a Cauchy sequence {qn}n≥0 in Q that is not eventually constant.

16. Given x ∈ K, A (x) ≺ 1, the sequence {xn}n≥0 converges to 0 in K.

17. There is q ∈ Q
⋂
K+ such that the sequence {qn}n≥0 converges to 0 in K.

18. Every bounded sequence in K has a Cauchy subsequence.

19. The series
∑

n≥0 x
n converges in K whenever x ∈ K and A (x) ≺ 1.

20. There is in K a sequence {xn}n≥0 converging to 0 such that {
∑n

l=0 xl}n≥0
is not

Cauchy in K.

21. For every cut (A,B) of K and every ε ∈ K+, there are x ∈ A and y ∈ B so that
y − x ≺ ε. In particular, every gap (A,B) for K is regular.

Remark 6. As a consequence of 21), there are no irregular gaps in Q.
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7 The Archimedean property in the ordered ring R

It should be clear that R meets all the requirements needed to make sense of Definitions 6,
7, 8, and 9, as well as of each statement in Theorem 1. In particular, it has characteristic
zero, like an ordered field. Therefore, given a ∈ R and given n ∈ N0,

ñ · a =

 0̃ if n = 0

a+ a+ · · ·+ a︸ ︷︷ ︸
n times

if n ∈ N,

as a particular case of (3). Furthermore, Remark 5 applies to R, and the pairs
(
R−,R+

⋃{
0̃
})

and
(
R−
⋃{

0̃
}
,R+

)
are cuts of R with 0̃ as the cut point.

Theorem 2. Statements 1), 3)-5), 7)-10), 12)-15), and 17)-21), in Theorem 1, are false in
R. Statements 2), 6), and 11) are true in R. Statement 16) is partially true in R.

Here are the statements as they hold true in R.

1. The ordered ring R is not Archimedean.

2. There are no infinitely large elements in R.

3. There are non-zero infinitesimals in R.

4. The field Q̃ is not dense in R.

5. The subring
{

k̃
2n

}
k,n

is not dense in R.

6. The function “integer part” is defined on R.

7. The sequence
{

1̃
n

}
n≥0

does not converge in R.

8. The sequence
{

1̃
n

}
n≥0

does not converge to 0̃ in R.

9. There is k ∈ N0\ {1} such that the sequence
{

1̃
kn

}
n≥0

does not converge to 0̃ in R.

10. For each k ∈ N the sequence
{

1̃
kn

}
n≥0

does not converge to 0̃ in R.

11. The sequence {ñ}n≥0 is unbounded in R.

12. There is a monotone sequence in R that is bounded but not Cauchy, in R.

13. If the sequence {an}n≥0 converges to 0̃ in R, then the sequence {ñ · an}n≥0 con-
verges in R.

14. A sequence {an}n≥0 in R is Cauchy if {A (an+1 − an)}n≥0 converges to 0̃ in R.

15. If a sequence {q̃n}n≥0 ⊆ Q̃ is Cauchy in R, then it is eventually constant.

16. Given a ∈ R, the sequence {an}n≥0 converges to 0̃ in R when a = 0̃ or min supp (a) ≥
1 and it does not converge to 0̃ in R when min supp (a) = 0.

17. For each q ∈ Q+ the sequence {q̃n}n≥0 does not converge to 0̃ in R.
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18. There is a bounded sequence in R that does not have Cauchy subsequences.

19. There is a ∈ R with A (a) ≺ 1̃ such that the series
∑

n≥0 a
n does not converge in R.

20. For each sequence {an}n≥0 converging to 0̃ in R, the sequence {
∑n

l=0 al}n≥0
is

Cauchy in R.

21. There are irregular gaps in R.

Proof. Let us prove each of these statements.

1. It suffices to find a, b ∈ R+ so that ñ · b ≺ a for all n ∈ N0. We take a to be the
function 1̃ and given k ∈ N0 fixed, we define b as

b (j) =

{
1 if j = k

0 otherwise.

According to (3), if n ∈ N0,

(ñ · b) (j) =
{

n if j = k

0 otherwise.

Since (
1̃− ñ · b

)
(j) =


1 if j = 0

−n if j = k

0 otherwise,

we have 0̃ ≺ 1̃− ñ · b or ñ · b ≺ 1̃, so 1) is proved.

2. When a ⪯ 0̃, 2) is true for all n ∈ N. Indeed, if we fix n ∈ N,

(ñ− a) (0) = n− a (0) > 0,

so a ≺ ñ. We assume now that a ∈ R+, that is to say, min supp (a) = k ≥ 0 and
a (k) > 0. We also fix n ∈ N such that a (k) < n. Then, (ñ− a) (0) > 0 or a ≺ ñ,
so 2) is proved.

3. Let a ∈ R+ be so that min supp (a) = k ≥ 1. If n ∈ N,
(

1̃
n − a

)
(0) = 1

n .

Therefore, a ≺ 1̃
n . Likewise, if a ∈ R− and min supp (a) = k > 0, we have(

1̃
n + a

)
(0) = 1

n , so − 1̃
n ≺ a ≺ 0̃. Thus, 3) is also proved.

4. We need to show that there are a, b ∈ R so that Q̃
⋂

(a, b) = ∅. Let us choose a = 0̃

and let b be a positive infinitesimal in R. That is, 0̃ ≺ b ≺ 1̃
n for all n ∈ N. Now,

given p
q ∈ Q, let us assume q ≥ 1 and p > 1. Then, b ≺ 1̃

q ≺ p̃
q , so, 4) is proved.

5. That the subring
{

k̃
2n

}
k,n

is not dense in R, follows from 4).
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6. We fix a ∈ R.
If a = 0̃, (

1̃− 0̃
)
(j) =

{
1 if j = 0

0 otherwise

or 0̃ ⪯ a ≺ 1̃.
If 0̃ ≺ a, let k = min supp (a) ≥ 0. If k > 0,(

1̃− a
)
(j) =

{
1 if j = 0

−a (j) otherwise.

Therefore, 0̃ ≺ a ≺ 1̃.
If k = 0 and a (0) /∈ N0, there is n ∈ N0 such that n < a (0) < n+ 1. Then,(

ñ+ 1̃− a
)
(j) =

{
n+ 1− a (0) if j = 0

−a (j) otherwise

or a ≺ ñ+ 1̃. Moreover,

(a− ñ) (j) =

{
a (0)− n if j = 0

a (j) otherwise

or ñ ≺ a.
If k = 0, a (0) = n ≥ 1 and a = ñ, then ñ ⪯ a ≺ ñ+ 1̃.
If k = 0, a (0) = n ≥ 1 and a /∈ Ñ0, it means that supp (a) \ {0} is not empty. Let
k′ ≥ 1 be the minimum of that set. Then,

(ñ− a) (j) =

{
0 if j = 0

−a (j) otherwise.

So, if a (k′) > 0, is ñ ≺ a. Moreover,(
ñ+ 1̃− a

)
(j) =

{
1 if j = 0

n+ 1− a (j) otherwise

so a ≺ ñ+ 1̃.
If a (k′) < 0, is (ñ− a) (k′) = −a (k′) > 0. Thus, a ≺ ñ. Furthermore,[

a−
(
ñ− 1̃

)]
(j) =

{
1 if j = 0

a (j) otherwise

or ñ− 1̃ ≺ a.
The uniqueness of ñ when 0̃ ≺ a follows from the proof.
Finally, if a ≺ 0̃, is 0̃ ≺ −a and there is a unique ñ ∈ Ñ0 such that ñ ⪯ −a ≺ ñ+ 1̃.
So, −ñ− 1̃ ≺ a ⪯ −ñ.
This completes the proof of 6).
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7. To prove 7), as well as 8), it suffices to show that
{

1̃
n

}
n>0

is not a Cauchy sequence

in R.
Given n > n′ > 1, we have 0̃ ≺ 1̃

n′ − 1̃
n . We fix ε ∈ R+ such that min supp (ε) = 1

and ε (1) = 1. Then,(
1̃

n′ −
1̃

n
− ε

)
(j) =

{
1
n′ − 1

n if j = 0

−ε (j) otherwise.

Therefore, 0̃ ≺ ε ≺ 1̃
n′ − 1̃

n for n > n′ > 1 and
{

1̃
n

}
n>0

is not a Cauchy sequence

in R, which implies 7) and 8).

8. Statement 8) has been proved jointly with 7).

9. To prove 9), as well as 10), it is enough to prove 10).

10. Let us fix k ∈ N\ {1} and a positive infinitesimal ε in R. Then, 0̃ ≺ 1̃
kn − ε for all

n ∈ N or ε ≺ 1̃
kn for all n ∈ N, which proves 10).

11. Let us suppose that the sequence {ñ}n≥0 is bounded in R. That is, there is a ∈ R+

so that 0̃ ⪯ ñ ⪯ a for all n ∈ N. Then, a is infinitely large, in contradiction to 2). So,
11) is proved.

12. We fix a positive infinitesimal a in R and define the sequence {an}n≥0 as an = ñ · a.
It should be clear that {an}n≥0 is increasing. Furthermore, it is bounded. Indeed,

since a is a positive infinitesimal, 0̃ ≺ a ≺ 1̃
n for all n ∈ N, or 0̃ ⪯ ñ · an ≺ 1̃ for all

n ∈ N0. However, the sequence cannot be Cauchy because 0̃ ≺ a = an+1 − an for
all n ∈ N. Thus, the proof of 12) is complete.

13. We fix a sequence {an}n≥0 in R, converging to 0̃ in R, and we fix ε ∈ R+. Let ε′ be
a positive infinitesimal in R. Then, there is N = Nε′,ε ∈ N0 so that A (an) ≺ ε′ · ε
for n ≥ N .
Therefore, if n ≥ N ,

A (ñ · an) = ñ ·A (an) ≺ ñ · (ε′ · ε) = (ñ · ε′) · ε ≺ ε,

which shows that the sequence {ñ · an}n≥0 converges, to 0̃, in R. This completes
the proof of 13).

14. Let us see that the condition in 14) is sufficient for the sequence to be Cauchy in R.
We fix a positive infinitesimal ε′ in R and ε ∈ R+. Then, there is N = Nε′,ε ∈ N0

such that A (an+1 − an) ≺ ε′ · ε for n ≥ N .
Now, if n > n′ ≥ N , using repeatedly 3) in Proposition 2, we have

A (an − an′) ⪯
n−1∑
l=n′

A (al+1 − al) ≺
n−1∑
l=n′

ε′ · ε

=
[(

ñ− ñ′
)
· ε′
]
· ε ≺ ε,

so 14) is proved.
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15. We assume that {q̃n}n≥0 ⊆ Q̃ is not eventually constant. Then, we can select a

subsequence {q̃nl
}l≥0 such that A

(
q̃nl

− q̃n′
l

)
∈ R+

⋂
Q̃ for all l, l′ ≥ 0. So, given

an infinitesimal ε ∈ R+ we have ε ≺ A
(
q̃nl

− q̃n′
l

)
for all l, l′ ≥ 0, which shows

that {q̃nl
}l≥0 is not Cauchy in R. According to 2) in Lemma 2, the proof of 15) is

complete.

16. It follows from Proposition 3 that if min supp (a) = N ∈ N0, then min supp (an) =

nN .
The convergence of {an}n≥0 to 0̃ when N ≥ 1, is a slight extension of Example 1.
Indeed, for ε ∈ R+ with min supp (ε) = k ∈ N0, we have

min supp [ε−A (an)] = min supp (ε)

when n > k
N , so 0̃ ≺ ε−A (an) or A (an) ≺ ε when n > k

N .
If N = 0, we fix ε ∈ R+ with min supp (ε) ≥ 1. Then,

min supp [A (an)− ε] = 0

and [A (an)− ε] (0) > 0, or ε ≺ A (an), for all n ≥ 0.
Therefore, we have 16). Let us observe that whether A (a) ≺ 1 or not, does not play
a role in the proof of 16).

17. The proof of 17) follows from 16) if we recall that supp (q̃) = {0}.

18. It is proved in a similar way to 12). Indeed, we fix a positive infinitesimal a and
define the sequence {an}n≥0 as an = ñ · a. Then, 0̃ ⪯ an ≺ 1̃ for all n ∈ N0. If
{anl

}l≥0 is any subsequence, we have a ⪯ anl+1
− anl

for all l ∈ N0. Therefore,
the subsequence cannot be Cauchy in R.
The proof of 18) is complete.

19. We pick a ∈ R+ such that min supp (a) = 0 and a (0) < 1. According to 16), the
sequence {an}n≥0 does not converge to 0̃. Therefore, 3) in Lemma 2 implies that
the series

∑
n≥0 a

n does not converge in R, which completes the proof of 19).

20. If {an}n≥0 converges to 0̃ in R, according to 14), it suffices to observe that{∑n+1
l=0 al −

∑n
l=0 al

}
n≥0

converges to 0̃ in R. So, we have 20).

21. The proof is similar to the case of a non-Archimedean ordered field ([4], p. 289).
Indeed, given a fixed infinitesimal ε in R+, let an = ñ · ε for each n ∈ N0. Then we
define

A = {a ∈ R : a ≺ an for some n ∈ N0} ,

B = {b ∈ R : an ⪯ b for all n ∈ N0} .

It should be clear that A
⋃
B = R. Moreover, A ̸= ∅ because 0̃ ∈ A and B ̸= ∅

because 1̃ ∈ B. If a ∈ A and b ∈ B, there is n ∈ N0 so that a ≺ an ⪯ b. This implies that
a ≺ b. Hence, (A,B) is a cut of R.
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We claim that (A,B) does not have a cut point. Indeed, let c ∈ R be such that
a ⪯ c ⪯ b for all a ∈ A and all b ∈ B. Since c has to belong to either A or B, we
first assume that c ∈ A. Then c ≺ an for some n ∈ N0. Furthermore, an ≺ an+1 ⪯ b

for all b ∈ B, or c ≺ ñ · ε ≺
(
ñ+ 1̃

)
· ε ⪯ b for all b ∈ B. According to Remark

5, if b = c + 1̃
2 · ε, then b ∈ B. Therefore, c ≺ ñ · ε ≺

(
ñ+ 1̃

)
· ε ⪯ c + 1̃

2 · ε or

ε =
(
ñ+ 1̃

)
· ε− ñ · ε ≺ c+ 1̃

2 · ε− c = 1̃
2 · ε, which is not possible. Likewise, if c ∈ B,

then an+1 ⪯ c for all n ∈ N0. Therefore, given a ∈ A, a ≺ an ≺ an+1 ⪯ c for some
n ∈ N0. Again by Remark 5, c− 1̃

2 ·ε ∈ A. So, we have c− 1̃
2 ·ε ≺ ñ ·ε ≺

(
ñ+ 1̃

)
·ε ⪯ c

for that particular n ∈ N0, or ε =
(
ñ+ 1̃

)
· ε− ñ · ε ≺ c− c+ 1̃

2 · ε, which, again, is not
possible.

Hence, (A,B) is a gap for R. We claim that it is irregular. Indeed, given a ∈ A and
b ∈ B there is n ∈ N0 so that a ≺ an ≺ an+1 ⪯ b, or a ≺ ñ · ε ≺

(
ñ+ 1̃

)
· ε ⪯ b. Thus,

ε =
(
ñ+ 1̃

)
· ε− ñ · ε ≺ b− a.

This ends the proof of 21) and completes the proof of Theorem 2.

Remark 7. As shown in Theorem 2, we have now twenty-one statements that are equivalent
in R. This list is quite different from the list in Theorem 1. That is to say, already in the
very classical ordered ring R most of the formulations of the Archimedean property listed
in Theorem 1, do not hold true.

Let us observe that a ∈ R cannot be a non-zero infinitesimal if min supp (a) = 0.
Indeed, if min supp (a) = 0 we would have

[
1̃
n −A (a)

]
(0) = 1

n − [A (a)] (0) > 0

or 0 < [A (a)] (0) < 1
n for all n ∈ N. That is to say, [A (a)] (0) would be a positive

infinitesimal in R, which is not possible. So, the positive infinitesimals in R are exactly
the functions a with min supp (a) = k ≥ 1 and a (k) > 0. Likewise, the negative
infinitesimals in R are exactly the functions a with min supp (a) = k ≥ 1 and a (k) < 0.

The infinitesimals in R form a non-unitary ring and also an ideal.

According to 7) and 8) in Theorem 2, the order-preserving field isomorphism from
R into R̃ is not continuous in the order topology. Moreover, if we fix r̃ ∈ R̃, for each
infinitesimal ε ∈ R+ we have (r̃ − ε, r̃ + ε)

⋂
R̃ = {r̃}. That is to say, R̃ is a discrete

topological subspace of R in the order topology of R.

At the start of this section we gave two very simple examples of cuts of R with a cut
point. Here is a more interesting example.

Example 3. We fix an infinitesimal d ∈ R+. According to 16) in Theorem 2 the decreasing
sequence {an}n≥1 with an = dn converges to 0̃ in R. Let

A = {a ∈ R : a ≺ an for some n ∈ N0},

B = {b ∈ R : an ⪯ b for all n ∈ N0},
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where d0 is defined as 1̃. The pair (A,B) is a cut of R. This is proved as in 21) of Theorem
2. We claim that 1̃ is the cut point.

For any a ∈ A and b ∈ B, a ≺ an ⪯ 1̃ for some n ∈ N0 and an ⪯ b for all n ∈ N0.
Moreover, an ≺ 1̃ for all n ∈ N. Therefore, a ≺ an ⪯ 1̃ ⪯ b for some n ∈ N0.

We now give another example of an irregular gap in R.

Example 4. Let

A = {a ∈ R : a ≺ 0̃ or a is an infinitesimal},

B = {b ∈ R : 0̃ ≺ b and b is not an infinitesimal}.

Then, (A,B) is a cut of R. Indeed, any a ∈ R− is in A so A ̸= ∅, and any b ∈ R+ that is
not an infinitesimal is in B so B ̸= ∅. By definition, A

⋃
B = R. Finally, let a ∈ A and

b ∈ B. If a ⪯ 0̃, is a ≺ b; if 0̃ ≺ a, min supp (a) ≥ 1 and therefore, a ≺ b.

The cut (A,B) is a gap. Indeed, let us suppose that there is c ∈ R with a ⪯ c ⪯ b for
all a ∈ A and b ∈ B. If c ∈ A, then c is a positive infinitesimal and ñ · c is also a positive
infinitesimal larger than c for all n ∈ N, which is a contradiction. If c ∈ B, 1̃

n · c also
belongs to B and it is smaller than c for all n ∈ N, which is also a contradiction.

Finally we claim that the gap (A,B) cannot be regular. Indeed, if for ε ∈ R+, an
infinitesimal, there are a ∈ A and b ∈ B such that b − a ≺ ε, then a cannot be an
infinitesimal. Hence, a ∈ R− and min supp (a) = 0. Then, min supp (b− a− ε) = 0

and (b− a− ε) (0) = b (0) − a (0) > 0, which is a contradiction. Therefore, the gap
(A,B) is not regular.

According to Theorem 1 and contrary to what we have proved in 2) and 3) in Theorem
2, an ordered field has infinitely large elements if and only if it has non-zero infinitesimals.

8 The Archimedean property in an ordered ring R

We fix an ordered ring R as in Section 3. Being ordered, R has characteristic zero like an
ordered field.

Definition 10. The ring R is Archimedean if for any x, y ∈ R+, there is n ∈ N such that
x ≺ ny, where ny is understood as y + y + · · ·+ y︸ ︷︷ ︸

n times

.

Definition 11. Given x ∈ R, we say that x is infinitely large if n ≺ x for all n ∈ N0.

Definition 12. Given x ∈ R, we say that x is an infinitesimal if 0 ⪯ nA (x) ≺ 1 for all
n ∈ N0.

Remark 8. In the ordered ring R, as well as in any ordered field, Definition 12 is equivalent
to 0̃ ⪯ A (x) ≺ 1̃

n for all n ∈ N.

Proposition 4. Let R be an ordered ring. Then, the following statements are equivalent.
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1. R is Archimedean.

2. R has neither infinitely large elements nor non-zero infinitesimals.

Proof. If there is x ∈ R infinitely large, then 1 and x do not satisfy Definition 10. If there
is a non-zero infinitesimal x in R, then A (x) and 1 do not satisfy Definition 10. So, we
have 1) ⇒ 2).

Conversely, given x, y ∈ R+, there are n, n′ ∈ N such that x ≺ n and 1 ≺ n′y.
Therefore, x ≺ n ≺ nn′y, so R is Archimedean.

The proof of the proposition is complete.

According to Theorem 1, in a non-Archimedean ordered field K there are non-zero
infinitesimals and there are infinitely large elements. Moreover, given x ∈ K different
from zero, x is a non-zero infinitesimal in K if and only if 1

x is an infinitely large element
of K.

According to Theorem 2, the non-Archimedean ordered ring R has non-zero infinitesi-
mals and it does not have infinitely large elements.

What follows is an example of an ordered ring that has infinitely large elements but not
non-zero infinitesimals.

Let us recall that the polynomials in the indeterminate X with real coefficients were
identified in Section 2 with the functions in R that are eventually zero or, in other words,
that have finite support. These functions form a subring, which we denoted FR, of R.

Proposition 5. The ring FR can be ordered in such a way that it has infinitely large
elements but not non-zero infinitesimals.

Proof. Given a ∈ FR different from zero, we declare that a is positive, 0̃ ≺′ a, if
a [max supp (a)] > 0. The set FR+ is non-empty, and it is closed under addition and
multiplication. As usual, we say f ≺′ g in FR when g − f is positive.

The ring FR ordered in this manner has infinitely large elements. In fact, any a ∈ FR+

with max supp (a) > 0 is infinitely large, since 0̃ ≺′ a − ñ for each n ∈ N0. On the
other hand, FR does not have non-zero infinitesimals because if a ∈ FR is different from
zero and n ∈ N, we have [ñ ·A (a)] [max supp (a)] = nA (a) [max supp (a)] → ∞ as
n → ∞, where A is the absolute value defined by (4). Therefore, there is N ∈ N such that
1̃ ≺′ ñ ·A (a) for n ≥ N .

The proof of the proposition is complete.

A comprehensive study of ordered rings, both commutative and non-commutative, can
be found in [5] and [6].
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9 Tightening up a few loose ends

Although Theorem 2 already fulfills the main purpose of our article, in this last section we
add a few more things to what we have said so far about R.

We begin with a proposition.

Proposition 6. Given a sequence {an}n≥0 in R, the following statements hold.

1. If {an}n≥0 converges to a and to a′ in R, then A (a− a′) is an infinitesimal in R.

2. If {an}n≥0 converges to a in R and ε is a non-zero infinitesimal in R, then {an}n≥0

does not converge to a+ ε in R.

Proof. To prove 1) we fix an infinitesimal ε ∈ R+ and we observe that there is N = Nε ∈
N0 so that A (an − a) ≺ 1̃

2 · ε and A (an − a′) ≺ 1̃
2 · ε, for n ≥ N .

Therefore,

A (a− a′) ⪯ A (an − a) +A (an − a′) ≺ ε ≺ 1̃

k

for n ≥ N and all k ∈ N. Hence, 0 ⪯ A (a− a′) ≺ 1̃
k for all k ∈ N.

As for 2), if ε is a non-zero infinitesimal in R, using Proposition 2, we can write

A (ε) ⪯ A (an − a− ε) +A (an − a)

or
A (ε)−A (an − a) ⪯ A (an − a− ε) .

Since A (ε) is a positive infinitesimal, there is N = Nε ∈ N0 so that

A (an − a) ≺ 1̃

2
·A (ε)

for n ≥ N . Therefore, 0̃ ≺ 1̃
2 · A (ε) ⪯ A (an − a− ε) for n ≥ N , which shows that

{an}n≥0 does not converge to a+ ε in R. This completes the proof of the proposition.

Since the order topology in R is Hausdorff, we know already that the limit of a
convergent sequence in R is unique. However, we can also obtain this result as an
immediate consequence of Proposition 6.

Corollary 1. The limit of a convergent sequence in R is unique.

The proposition that follows provides the converse of 1) in Lemma 2, for the ring R.
That is, it shows that the ordered ring R is sequentially complete in the order topology.

Proposition 7. If {an}n≥0 is a Cauchy sequence in R, it converges in R.
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Proof. That {an}n≥0 is a Cauchy sequence in R means that given ε ∈ R+, there is
N = Nε ∈ N0 such that A (an − an′) ≺ ε for n, n′ ≥ N .

In particular, if we fix k ∈ N0 and ε ∈ R+ with min supp (ε) = k + 1, we must have
k + 1 ≤ min suppA (an − an′) for n, n′ ≥ Nk ∈ N0.

We can assume that 1 < N0 < N1 < ... < Nk < ... . Moreover, (an − an′) (j) = 0

for 0 ≤ j ≤ k and n, n′ ≥ Nk.

We define a ∈ R as a (j) = aNj
(j) for j ∈ N. Due to the way the numbers Nk were

chosen, we have, for n ≥ Nk, an (0) = aN0
(0); an (1) = aN1

(1); .... ; an (k) = aNk
(k).

Therefore, (an − a) (j) = 0 for j ≤ k when n ≥ Nk. Likewise, A (an − a) (j) = 0 for
j ≤ k when n ≥ Nk.

We now fix ε ∈ R+ and we assume min supp (ε) = K ≥ 0. Then, if n ≥ NK ,
min supp [ε−A (an − a)] = K and [ε−A (an − a)] (K) = ε (K) > 0.

Therefore, A (an − a) ≺ ε for n ≥ NK , which shows that {an}n≥0 converges to a.
This completes the proof of the proposition.

The idea behind proving Proposition 7 is fairly simple. As n increases, more of the
values of an become equal, giving rise to the limit a.

Besides sequential completeness, we can recognize other modes of completeness. For
instance,

Definition 13. An ordered field K satisfies

1. the cut property if every cut of K has a cut point.

2. the least upper bound property if every non-empty subset of K that is bounded from
above has a least upper bound.

Proposition 8. ([4], pp. 268, 272) In an ordered field K the following statements are
equivalent.

1. K is Archimedean and sequentially complete.

2. K satisfies the cut property.

3. K satisfies the least upper bound property.

Remark 9. There are non-Archimedean ordered fields that are sequentially complete but
do not satisfy 2) or 3) in Proposition 8 (see, for instance, [4], p. 265). Therefore, there is a
need for the two separate lists shown in Devenau’s and Teismann’s article, as we mentioned
in the introduction.

Proposition 9. In the ordered ring R, statement 1) in Proposition 8 is partially true, while
statements 2) and 3) are false.

Proof. That 1) is partially true follows from 1) in Theorem 2 and Proposition 7. That 2) is
false follows from 21) in Theorem 2.
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To prove that 3) is false we consider the subset A = {ñ · ε : n ∈ N0} where min supp (ε) =

1 and ε (1) > 0. Since ε is a positive infinitesimal we have 0̃ ⪯ ñ · ε ≺ 1̃ for all n ∈ N0.
Moreover, given x ∈ R+, is min supp (x̃− ñ · ε) = 0 and (x̃− ñ · ε) (0) = x, so
ñ · ε ≺ x̃ for all n ∈ N0 and all x ∈ R+.

Let us assume that A has a least upper bound a in R. Then a ∈ R+. Furthermore,
a ⪯ x̃ for all x ∈ R+. Let min supp (a) = k for some k ∈ N0.

If k > 1, min supp (a− ñ · ε) = min supp (ñ · ε) = 1 and (a− ñ · ε) (1) =

− (ñ · ε) (1) < 0 for all n ∈ N. Hence, a ≺ ñ · ε for all n ∈ N, which is not possi-
ble.

If k = 1, (a− ñ · ε) (1) = a (1)−nε (1). Since 0̃ ⪯ a− ñ · ε for all n ∈ N0, we must
have a (1) ≥ nε (1) for all n ∈ N0, which, again, is not possible.

Finally, let us assume that k = 0. Then, (a− ñ · ε) (0) = a (0) ≤ x for all x ∈ R+,
which is not possible either.

So, we have proved that 3) is false, ending the proof of the proposition.

That R is sequentially complete implies that 20) in Theorem 2 can be restated as
follows.

Proposition 10. If the sequence {an}n≥0 converges to 0̃ in R, the series
∑

n≥0 an
converges in R.

Definition 14. Given an ordered field K and a subset A of K, we say that A is cofinal in
K if for each x ∈ K there is y ∈ A such that x ≺ y. In other words, A is an unbounded
subset of K.

In particular (see, for instance, [4], Definition 2.1), if A is countable, we say that K
has countable cofinality. According to 1), 4) and 5) in Theorem 1, every Archimedean
field has countable cofinality.

Definition 14 can be stated as well in an ordered ring.

According to 11) in Theorem 2), we know that R has an unbounded sequence, namely
{ñ}n≥0. Hence, R has countable cofinality.

Actually, R has infinitely many unbounded sequences, as the following example shows.

Example 5. If we fix Λ ∈ R+ such that min supp (Λ) = 0, the sequence {ñ · Λ : n ∈ N}
is unbounded.

Given a ∈ R, if a = 0̃, 0̃ ≺ Λ. If a ̸= 0̃ and min supp (a) > 0, then min supp [Λ−A (a)] =

0 and [Λ−A (a)] (0) = Λ (0) > 0, so A (a) ≺ Λ. Finally, if min supp (a) = 0, we pick
n ∈ N so that nΛ (0)−A (a) (0) > 0, so A (a) ≺ ñ · Λ.

Let us recall that a subset A of R is dense in R if a ≺ b in R implies that there is c ∈ A

such that a ≺ c ≺ b.

Density and cofinality are related in the following way.
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Lemma 3. Given a subset A of R that is dense in R, it is cofinal in R.

Proof. Assuming that A is not cofinal in R, there is a ∈ R such that b ⪯ a for all
b ∈ R. Therefore,

(
a, a+ 1̃

)⋂
A is empty, so A cannot be dense in R and the lemma is

proved.

The sequence {ñ}n≥0 shows that the converse of Lemma 3 is not true.

Definition 15. A series
∑

n≥0 an is absolutely convergent in R if
∑

n≥0 A (an) converges
in R.

Since {an}n≥0 converges to 0̃ in R if and only if {A (an)}n≥0 converges to 0̃ in R,
we have the following consequence of Proposition 10.

Corollary 2. A series converges absolutely in R if and only if it converges in R.

Proposition 11. Let {an}n≥0 be a sequence in R such that for some k ∈ N0, is
min supp (an) ≤ k for all n ≥ 0 for which an ̸= 0̃. Then, if the series

∑
n≥0 an

converges in R, the sequence {an}n≥0 is eventually zero.

Proof. Let us suppose that the sequence {an}n≥0 is not eventually zero. This implies
that it has a subsequence {anl

}l≥0 such that 0̃ ≺ A (anl
) for all l ≥ 0. We pick

ε ∈ R+ with min supp (ε) > k. Then, min supp [A (anl
)− ε] = min suppA (anl

).
If min suppA (anl

) = knl
, we have[A (anl

)− ε] (knl
) > 0 or ε ≺ A (anl

) for all l ≥ 0.
This implies that the sequence {an}n≥0 does not converge to 0̃ in R and, therefore, the
series

∑
n≥0 an does not converge in R.

The proof of the proposition is complete.

As a consequence of Proposition 11, we have

Corollary 3. Let {xn}n≥0 be a sequence in R. Then, if the series
∑

n≥0 x̃n converges in
R, the sequence {xn}n≥0 is eventually zero.

Remark 10. If the sequence {xn}n≥0 is not eventually zero, the series
∑

n≥0 x̃n does not
converge in R, regardless of the behavior in R of the series

∑
n≥0 xn. As an illustration,

we mention the real sequence
{

1
2n

}
n≥0

.

Let us recall that we denoted FR the subring of R consisting of those functions
with finite support. In other words, FR can be identified with the polynomials in the
indeterminate variable X with real coefficients.

Proposition 12. The subring FR is dense in R.

Proof. We need to show that given a, b ∈ R with a ≺ b, there is p ∈ FR so that a ≺ p ≺ b.
The proof goes by cases, and it is not too different from the construction of the “integer
part” function in 6) of Theorem 2. Therefore, we will give a broad picture of each case,
without dwelling too much on the details.
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1. If a = 0̃ and min supp (b) = k ≥ 0 we pick p ∈ FR such that min supp (p) = k

and p (k) = b(k)
2 > 0.

2. If min supp (a) = k ≥ 0 and b = 0̃, we pick p ∈ FR such that min supp (p) = k

and p (k) = a(k)
2 < 0.

3. Suppose that a, b ̸= 0̃ with min supp (a) = min supp (b) = k ≥ 0 and (b− a) (k) >

0.

Then, we choose p ∈ FR so that min supp (p) = k and a (k) < p (k) < b (k).

4. If a, b ̸= 0̃ with a (j) = b (j) for j = 0, 1, . . . , k ≥ 0 and a (k + 1) < b (k + 1),
we choose p ∈ FR such that min supp (p) = k + 1 and a (k + 1) < p (k + 1) <

b (k + 1).

5. If a, b ̸= 0̃ with min supp (a) = k, min supp (b) = l for some k, l ∈ N0, k > l, we
pick p ∈ FR so that min supp (p) = l and 0 < p (l) < b (l).

6. Finally, if a, b ̸= 0̃ with min supp (a) = k, min supp (b) = l for some k, l ∈ N0,
k < l, we pick p ∈ FR such that min supp (p) = k and p (k) = a(k)

2 < 0.

So, the proof of the proposition is complete.

Proposition 13. Given a ∈ R, the sequence {an}n≥0 defined as

an (j) =

{
a (j) for 0 ≤ j ≤ n

0 otherwise

is in FR and it converges to a in R.

Proof. It should be clear that the sequence {an}n≥0 is in FR. As for the convergence,
given ε ∈ R+ with min supp (ε) = k ≥ 0, is min supp [ε−A (an − a)] = k if n ≥ k

and [ε−A (an − a)] (k) = ε (k) > 0. Therefore, A (an − a) ≺ ε for n ≥ k.

This completes the proof of the proposition.

Remark 11. Proposition 13 gives another way of proving the density of FR in R. Moreover,
it shows that, in the order topology, the power series

∑
n≥0 anX

n is no longer a formal
series.

Lemma 3 and Propositions 12 and 13, imply that FR is cofinal in R.

Remark 12. A perusal of the list of equivalent Archimedean formulations in [4] shows that
about half of them are “internal properties” of the field, while the other half are properties
of functions with values on the field. We have chosen to consider only “internal properties”.
Besides, they connect well with this last section, where we use them to investigate the ring
R further.
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