Revista Colombiana de Matematicas
Volumen 41 (2007), paginas 23-37

Curvature on reductive
homogeneous spaces

MARLIO PAREDES"
Universidad del Turabo, Gurabo, Puerto Rico

SoFriA PINZON'
Universidad Industrial de Santander, Bucaramanga

ABsTrACT. Here we consider the general flag manifold Fe as a naturally re-
ductive homogeneous space endowed with an U-invariant metric A® and an
invariant almost-complex structure J®. The main objective of this work is
to explore the riemannian connection associated with the metric A® in order
to calculate some classes of curvatures which should allow us to confirm, in a
simple way, that flag manifolds are either not biholomorfically equivalent nor
holomorphically isometric to any complex projective space.
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RESUMEN. Consideramos aqui la variedad bandera general Fg como un espacio
homogéneo naturalmente reductivo dotado con una métrica U-invariante A®
y una estructura cuasicompleja invariante J®. El objetivo principal de este
trabajo es explorar la conexidn riemanniana asociada con la métrica A® con el
fin de calcular algunas clases de curvaturas las cuales nos permitan confirmar, de
manera simple, que las variedades bandera no son bilomérficamente equivalentes
ni holomoérficamente isométricas a ningin espacio proyectivo complejo.

1. Introduction

The main purpose of this paper is to study the curvature on the generalized flag
manifold associated with semi-simple complex Lie algebras and groups. Given
a complex semi-simple Lie group G, its “fundamental homogeneous space” is
the coset space Fg = G/Pg modulo a parabolic subgroup (Borel subgroup)
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Po of G, where O is a subset of simple roots of g, the Lie algebra of G. In
the context of compact Lie groups, the spaces G/Pg are given by coset U/ Kg
where U is a compact real form of G and Ko = U N Py is the centralizer
of a torus of U, when © = {) the torus is maximal and we denote F = U/T
as the maximal flag manifold. These spaces are also known generically as
“generalized flag manifolds”, since G/Pg can be identified with the concrete
space of flags of subspaces of an n-dimensional complex vector space when G is
the special linear group Si(n,C). We directly use the algebra (combinatorics)
of root systems, which gives life to the theory of semi-simple Lie algebras, to
find the form of the riemannian connection of Fg associated to the invariant
metric A® and then we calculate some curvatures, in order to relate them with
some topological and geometrical properties of Fg. In particular, the results
reaffirm that a Kéhler maximal flag manifold, different from F(2), can not be
bi-holomorphic equivalent, or isometric holomorphic, to any projective space
CP(n).

2. Preliminaries

Let G be a connected Lie group, H its closed subgroup, g an invariant rie-
mannian metric on the homogenous space G/H. Denote by g and h the Lie
algebras corresponding to G and H, respectively. G/H is a reductive homoge-
neous space if the Lie algebra g can be decomposed into a vector space direct
sum of the h and an ad(H)-invariant subspace m, that is, if

(1) g=h+m,  HhNm=0;

(2) ad(H)m C m.
Condition (2) implies [h,m] € m. We identify m with the tangent space
Ty (G/H), the invariant metric g is completely defined by its value at the
point [H].

Recall that (G/H, g) is naturally reductive [10] if

g([X’ Y]m’ Z) = g(X’ [Ya Z]m)’

for all X, Y, Z € m. Here [, -], denotes the projection of g onto m with respect
to the reductive decomposition.

Let g be a semi-simple complex Lie algebra, h C g a Cartan subalgebra of g,
that is, a nilpotent subalgebra such that its normalizer is itself or equivalently
if [X,h] C b then X € bh; a be a linear functional on the complex vectorial
space b and denote for g, the linear space of g given by

go=1{X€eg : [HX|=a(H)X, foral H €h}.

Note that for « = 0, g, = h. The linear functional « is called a root
(of g with respect to h) if & # 0 and g, # {0}. In such case g, is called a
root subspace. Denote by II the set of roots of the pair (g,5) and by B the
Cartan-Killing form in g x g, that is,

B(X,Y)=(X,Y) = tr(adX o adY),
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for all X,Y € g. Since g is semi-simple, B is not degenerated on g x g, and
its restriction to h x b is not degenerated either, for each o € II exists a
unique H, € b such that B(H,H,) = (H,H,) = a(H), for all H € h. Let
(o, 8) = B(Ha, Hp) then (-, ) is a symmetric not degenerated bilinear form on
b*.

Theorem 2.1. [21] If g is a semi-simple complex Lie algebra and Y is a Cartan
subalgebra of g then

(1) g admits a decomposition in root spaces g =h @ Yo

aclIl
(2) The root spaces go, o € I1 have complex dimension one.

(3) If « and B are any two roots (including 0) and B # —a, then g, and
gg are orthogonal with respect to B.

(4) If a is a not null root, then m N Z{a} = {a, —a}.

(5) For each « € 11 exists a vector X, € go such that for all a, 8 € I we
have:
(a) [Xa,X_o|=Hy, [H, Xy =a(H)X, (for all H€h);

(b) Xoa]=0ifa+B#0and a+ 3 ¢1I;

(€) (Xa,Xp)=1ifa+ B =0 and (X,,Xg) =0 in the other cases.
[

Xo, Xg] = ma gXayg, if o+ 5 € II with, map € R, and
Moa,—g = —Mag
M-c,a+p = Matp,-8 (2.1)
= M_ga-

The set {X, : « € IT} in this theorem satisfying item 5 is called a Weyl base
or Cartan-Weyl base of g modulo b.

Theorem 2.2. [21] Let g be a semi-simple complex Lie algebra, ) a Cartan
subalgebra of g, and II the associated root system . We denote for hr the
subspace of g generated on R for H,,a € II.

(1) The restriction of the Cartan-Killing form B of g to € is real and strictly
positive on hr X hr.

(2) b=br+vV—1bg.

Theorem 2.3. [21] Let IIT C II be the set of positive roots of the pair (g,h).
Suppose that | is the rank of g, then there exists a root subset ¥ = {ay...,;}
with the following properties:
(i) Each o € ¥,1 <i <, can not be written as a sum of other positive
T001S.
(ii) Fach root a € II can be written as a linear combination of elements
of o, with coefficient integers, that is o = Zézl n;oy; with n; integer
number fori=1,...,1.

A root subset ¥ with the properties listed in the Theorem 2.3 will be called
a simple system of roots.
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Definition 2.4. [15] A real Lie algebra is said to be compact if its Cartan-
Killing form is negative definite on it.

Theorem 2.5. [15] All semi-simple complex Lie algebra g admits compact
real forms. If u; and ug are two compact real forms of g, then there is an
automorphism ¢ of g such that ¢(u1) = us therefore, the two real forms are
isomorphic.

Definition 2.6. [8] Let g be a Lie algebra and a a subalgebra of g. We said
that a is a Borel subalgebra if it is a soluble mazimal subalgebra.

Definition 2.7. [8] Let g be a Lie algebra. A subalgebra p of g is called a
parabolic subalgebra, if p contains any Borel subalgebra.

3. Flag manifolds as a naturally reductive homogeneous space

A flag manifold is a naturally reductive homogeneous space. In fact it is the
homogeneous space G/C(S) where G is a semi-simple Lie group and C(S) is
the centralizer of the torus S (not necessarily maximal in G.) When S is a
maximal torus, the flag manifold is called maximal or total and we will denote

it by F.

For example, in the classical case G is the special unitary group and C(S)
must be conjugated to a subgroup of the form S(U,, X Up, X -+ x Uy, ),
with nq,no, ..., ng positive integers satisfying ny +ng +-+--+ngp =n. lf m; =

ny+---+n;, the quotient SU,, /S(U,, x---xU,, ) can be identiﬁed with the set
F(myq,...,my) of “partial flags” {0} = Eg C Ep,, C -+ C Epp—1 C By, = C™,
where F; is an i-dimensional subspace of C". The case n,, =1 forall 1 <r <k
is denoted by F(n) and it can be identified with the set of the “total flags”
{O}ZEO cCEFiCc---CcE,.1CE,=C"

Now, if we consider the general case, flag manifolds have a characterization
in terms of root theory as follows: let g be a semi-simple complex Lie algebra
and h a Cartan subalgebra of g, we denote by II the set of roots of the pair
(g,h). In the sequel we fix a Weyl basis of g as in item 5 of the Theorem 2.1. Let
IT*T C II a choice of positive roots. We denote with ¥ the corresponding simple
root system. Let © be a subset of ¥ and (©) the root set generated by ©. The
complementary set I\ (©) will be denoted as (©)* and any root in (©)* will
be called a complementary root with respect to ©. Put (©)" = (©) NIIT, then,
on g we have the following decomposition:

g=he D> ga® > g.w® > gd® > g (31
ac (@)t ac(O)t Bell+t\(O)+ BeENT\(©)+

where g,, a € II, is the corresponding complex space to a. Now let pg be the
parabolic subalgebra of g determined by ©. Then,

6=b® > 9D > 9@ >  gp (3.2)

ag(®)t (@)t Bellt\(ey+t
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Thus, the equation (3.1) can be rewritten as

g=pre® > 95 (3.3)
BerTH\(e)+

The general flag manifold Fg associated with the pair {g, ©} corresponds to
the homogeneous space Fo = G/Po, where G is the complex Lie group whose
Lie algebra is g and Pg is the normalizer of pg in G.

Consider the general flag manifold Fg = G/Pg. Let u be a real compact form
of g. Denote for U the connected Lie subgroup of G corresponding to u. Let
Ko = PoNU, by the construction Kg is the torus centralizer. Let tog = unpe
be the real subalgebra and we will denote by t§ its complexification. We can

write,
t%:h@ Z 9o @ Z J—a- (34>

ac(O)t ac(O)t

U acts transitively on Fg and thus we can write Fg = U/Kg. If © = (), then

Fo = [ corresponds to the maximal flag manifold. Otherwise, Fg corresponds

to a partial flag manifold. u is a real subspace generated by ihg, (see Theorem

2.2) and A, Sq, with o € ITI\ O, where A, = Xo—X_, and S, = i( X+ X_4).

We have ug =un (gg ®g_3), B€Il\(O), and qo = . ug. Therefore,
BEI\(O)

(i) u=teo ®qe, teNge =0;
(ii) Ad(Ko)qe C qeo and this implies [te, go] C qo.

Conditions (i) and (ii) above guarantee that Fg is a reductive homogeneous
space [10].

Now, we denote by by the origin of Fg; here we are thinking Fg like a homo-
geneous space of U. We identify qo = Tp,(Fo). This identification is given by
{X € g0} — {Xp, € T, (Fo)}, that is, by evaluation of X € qg in by as a vec-
torial field on Ty, (Fg). The tangent space of Fg in by is identified with the sub-
space qg =uSt= >  ug, generated by A, Sy, € I\ (©). Similarly, the

BEM\(O)
complexificated tangent space of Fg is identified with q© = goh = Daem\ (©)ba-
By the item (ii) above, the action associated to Kg leaves qo invariant and
it splits in irreducible components, invariant by the adjoint action of Kg (see
[20]). As qo is generated by A,, S, o € II\ (©), now we give some properties
of these vectors (see [15], section 12.2) that we will use later.

[An,S—a] = iH,, (iHy, Ag)y = (iHy,S8) = (Aa,S8) =0
[iHo, 53] = —B(Ha)Ap, [Sa;Sg] = —ma,pAats — Ma,—pAa—p
[iHa, Ag] = B(Ha)Ss, [Aa, Agl = Ma,Aats +Maplap
<Aom A(x> - <SOH Sa> == 723 [AOH Sﬁ] = mCY,BSOH-B + ma,—ﬂsa—ﬂ-

(3.5)
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4. The almost complex manifold (F@, JO, A®)

In this Section we will consider Fg to join with an invariant almost complex
structure J® and an U-invariant riemannian metric dsi@.

An invariant almost complex structure on Fg is completely determined by
its value J® : q¢ — qe. The map J© satisfies (J®)? = —1 and commutes
with the adjoint action of Kg. We denote with the same letter the real valued
structure J© and its complexification to qeC.

The invariance of J© entails that J®(g,) = g, for all a € II \ ©. The
eigenvalues of J® are +i and the eigenvector in qe® are X,, o € II. Hence
J9(Xa) = icaXa, with ¢, = +1 and satisfying e, = —&,. As usual,
eigenvectors associated to +¢ are namely the type (1,0), while —i-eigenvectors
are namely the type (0,1). An invariant almost complex structure on Fg is
completely prescribed by a set of signs {e4}aeme, With e_o = —c4. In the
sequel we abuse the notation to identify the invariant structure on Fg with
Je = {5a}a€H~

An U-invariant riemannian metric dsi@ on Fg is completely determined by
its values in the origin, that is, by an inner product (-, ) in qe, invariant under
the action associated to Ko ([3], [19], [20]). Such inner product has the form
(X,Y)pe = —(A® 0 X,Y), with A® : g9 — qe positive definite with respect
to the Cartan-Killing form and o is the Hadamard product or product term
by term. The inner product (-,-)pe admits a natural extension to a bilinear
symmetric form on q5 and we use the same notation (-, )6 to this extension.
Similarly, to the corresponding complexified form A® we maintain the same
notation too. Kg-invariance of (-,-)pe is equivalent to affirm that the Weyl
base is a complex base of eigenvectors for the action of A®, that is, in q% we
have

A®X, =29X,, (4.1)

with A =\®_ > 0. for a € I\ (O).

For the real algebra qg, the elements of the canonical base A,, S, with
a € IT\ (), are eigenvectors to the same eigenvalue A\S. In the sequel we will
use A® as synonymous of dsi@ and in the case of the maximal flag manifold F
we will use only A.

Definition 4.1. Let J® be an invariant almost complex structure on Fg. A
triple of roots a, 3,y with a+ 3+ v = 0 is said to be a {0,3}-triple if ¢4 =
eg = ey and a {1,2}-triple otherwise.

Recall that an almost hermitian manifold is said to be Kahler if
dQUX,Y,Z) = 0, for all vectors X,Y, Z in its tangent space, and (1,2)-sym-
plectic if dQ(X,Y,Z) = 0, when one of the vectors X,Y, Z is type (1,0) and
the other two are type (0,1). Here € is the Kéhler form which is given by

QX,Y) =ds%e(X,JY) = —(A° 0 X, JY).
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In the Weyl basis we have Q(X,, X3) = (Xo, JXg)a = —( AXy, JX3 ), that
is,
1€a s if 8=—q,
N Xo, Xp) =
0, otherwise ,
for all o, B € IT'\ (O).

5. Riemannian connection on (IF'@, A®)

Since Fg is a naturally reductive homogeneous space, lets present a known
result about this kind of spaces that will be very useful to calculate the rie-
mannian connection in Fg.

Theorem 5.1. [10] Let M = G/H be a reductive homogeneous space with
an ad(H)-invariant decomposition g = h @ m and an ad(H)-invariant non-
degenerate symmetric bilinear form B on m. Let g be the G-invariant metric
corresponding to B. Then

(1) The riemannian connection for g is given by

1
VRY = 5 [X,Y]m +U(X,Y),

where U(X,Y) is the symmetric bilinear mapping on m X m into m,
defined by

QB(U(X, Y), Z) = B(X, [Z, Y]m) + B([Z, X]m,Y)7

forall XY, Z € m.
(2) The riemannian connection for g matches with the natural torsion-free
connection if, and only if, B satisfies

B(X,[Z,Y]n) + B(1Z, X]w,Y) =0,  forX,Y,Z € m.

Here we are interested in a symmetric bilinear application U : qo X qo —
qo satisfying 2A9(U(X,Y),Z) = AG(X, Y, Z]qe) + Ae([Z, X]qe,Y), for all

X,Y,Z € qe;0r 2{A® o U(X,Y),Z) = (A® 0 X, [V, Z]4o ) +{[Z, X]4e, A® 0 Y').
Since
<[X, Y]q(_),Z> = <X, Y, Z]q®>, (5.1)
we have,
20A°oU(X,Y), Z) = —([A® 0 X,Y]4o, Z) + ([X,A® 0 Y]q,, Z)
and
20° 0 U(X,Y) = [X,A®0Y] —[A®oX,Y] . (5.2)

Using again Theorem 5.1 the riemannian connection V in (IE‘@, A@) is given
by
2VxY = [X,Y],, + 2U(X,Y), (5.3)
then

VXY = [X,V]go +A° o ([X,A%Y],_ — [A°X, Y], ), (5.4)

de de
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with X,V € qeo and (A®)~! the inverse of A® with respect to the Hadamard

product. Note that (A@)f1 = ((Ag)fl) ey Finally, in the Weyl basis
ae

we have
[S] [S]
A -2

W (Xay Xg) = 4 AT, e Xl ifat GIIN(6),
0, otherwise.

Therefore in the Weyl basis, the riemannian connection is characterized by
the following proposition.

Proposition 5.2. Consider (Fo, A®), a, B, a+ € 1\ (0), and X., Xz,
Xot+8 € qo, then
DT \= S
vXaXﬁ — a+f @ﬁ o
2Aa+,3

[Xav Xﬁ]- (5.5)

Proof. Using equation (5.3), item 5 in Theorem 2.1, and equation (4.1) we

obtain
2VXQX5 = [Xa,Xﬁ]q9+2U(Xa,Xg),

) o

Az —A
= Ma,pXatp + fgﬂf [Xa, Xgl,

X8, , 48 — 28

(S]
Aa+5

[Xa, Xs)

6. Generalized flag manifold and curvature

Since the beginning our main objective was to look for a handy way to calculate
the riemannian connection on flag manifolds, Proposition 5.2 gives us (5.5)
which is an easy expression to calculate the riemannian connection on Fg =
G/Pg = U/Keg. Now we use it in order to understand, or at least to show the
behavior of some type of curvatures on Fg.

For reductive homogenous spaces, again [10] provides an expression for the
curvature tensor, using it jointly with the equation (5.4), in by we have

R(X,Y )y, = [VI*X, VY| — V[X,Y]qe — ad([X,Y]io), (6.1)

for all X|Y € qo, with qo and tg as in (3.4). Here V9@ represents the rie-
mannian connection on qe and [ |qe, [ ]t represent the bracket projection on
the respective spaces.

We know that (see [9]) for each plane generated by the vectors X,Y in the
tangent space, the sectional curvature of the plane is defined by

K(X,Y)=A°(R(X,Y)X.,Y). (6.2)
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Thus, applying the equations (6.2) and (6.1) we have
K(X,Y) = A° (vxvyx ~ VyVxX — Vixy,, X - [[X, Y], X], Y) . (6.3)
Now suppose that [X, Y], = 0. Using (6.3), (5.4) and the invariance of (-, -)
(5.1) we have
K(X,Y) = A®(VxVyX,Y)-A®(VyVxX,Y)-A® (VixyX,Y),

= A°(3[X, Vv XL,Y) +A° (4 (A%) T X, A°Vy X, Y)
_A® (é (A®)"! [A@X,VyX],Y> (%[[ Y], X],Y) +
—1 (M%) TN YL ACX] y + A° (3 (A%) TN AC[X, Y], X),Y)

—{3(X, Vy X],A®Y) + (X, A®°Vy X],Y) — $([A®°X,VyX],Y)
—3 (X, Y], X1, A%Y) = 3([X, Y], A°X], V) S ((A®[X, Y], X],Y)}
—{—3(Vy X, [X,A°Y]) — J(ACVy X, [X,Y]) + §(Vy X, [A®X,Y])
+3(Vx X, [Y,A®Y]) — H(VxX,[Y,Y]) - 3(VxX,[A®Y,Y])
=3 (XYL [X, A°Y]) = 3([X, Y], [A®X, Y]) + 3(A®[X, Y], [X, Y])}

(X, Y], [X, A%Y]) = 3((A®) T [A®X, Y], [X, A®Y])
(M%) 1 IX, A9V [X,A%Y]) - F(ACIX, YL IX, YD)
L(A°X, VLI Y]+ £((A°) AP X, Y], [ACX, V)
H(A®) X, AV, [ACX, Y]).

(6.4)
Proposition 6.1. Consider the mazimal flag manifold F, and the basic vectors
Ay, Sa, a € II. Then

(1) K(Aa, Sﬂ) = K(SC“ Sﬁ) = K(Aa, Aﬁ) = —faﬁmiﬂ + f_a,gm%a_ﬂ,
where
Ao+ A5 = 2X0aAs Bhayg

2()‘&+B) 2 (6.5)

(i) K(Aq,S_o) = —4Aaa(Ha).

Proof.

(i) It is immediately obtained using (6.4) and (3.5) and the property
m2 m2
My, —B -
(ii) On the maxunal flag manifold, t = b and the only case where [X, Y]y #
0is when X = A, and Y = S_,. Then, [A,,S_.] = 2iH, and we
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obtain

K (Aa,S-4a)

A(VaaVs_gAa;S-a) —A(Vs_,Va,Aa,S-a)+
—A (V[Aaﬁsfa]Aa’ S*Oé) - A (A ([AOM S*a]h) ADH S*a) 5

= A (3140, Vs_oAals, S—a) + A (FA7 A, AVs_, Anlg, S—a) +
_A(%A [AAQ,V57 A]cn ) ( S—a,VAaA}S_a)—F
_A (%A [S_C“ AvAa ) +
+A (30 [AAQ,VAA] s )+

—dsi ([[Aa7 S—a}haAOtL 8—0)7

—{% ([Aa, Vs_, Aala, S—a) + 5([Aa, AVs_, Aalq, S—a)+

LM, Vs, Adlas S—a) — 2 (1S—a, Va, Adlas S—a)

%<[S*O¢>AVA ] S*a> + %<[AAOHVAQAQ]‘1’S*D¢>}+
Aa([2iHa, Aal, S—a),

= {3 (Vs_.A4a,[Aa,5-ala) = 5(AVs_, Aq, [Aa, S—ale)+
+5(Vs_oAa, [Ma, S_als) + 38 (VA Aa, [S—as S—alq)+
+1(AVa, Ao, [S—a,S-alq) — 3(Va. Aa,[AAa,S ala)
+2 o (a0 (Ho) 5o, S_a),
= —4l,a(H,).
(6.6)
o

Note that in the last case in the proposition above K(A,,S_.) < 0, since
a(H,) is a positive rational.

Now, lets consider (F,J,A) to be an almost Hermitian maximal flag mani-
fold, and assume that a, 8 € X, then +(a— ) is not in IT and (6.5) is reduced
to

K(Aa, Sﬁ) = K(Sa, Sﬁ) = K(Achﬁ) = —&Lﬁmi”@.

Remark 6.1. Now assume that J is integrable, (F, J, A) is Kihler [17] and all
zero-sum triple {a, B, —(a + )} must be of the type {1,2}. Here we have the
following cases

(1) If \a = Ag + Aatp, we have
K (Aa, S5) = K (Sa,S5) = K (Aa, Ag) = =223 (ma5)” < 0.
(2) If A\g = Aa + Ao+, we have

K(Aa,S5) = K (Sa,S5) = K (Aa, A) = =200 (ma )’ < 0.
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(3) If Ao + A = Aoy, we have

22
K(Aa,S3) = K(Sa,85) = K(Aqa, Ag) = pon Aﬁﬁ (mas)® > 0.

(4) If Ao+ = 2Xa, we have
K (A, 85) = K (S0, S5) = K (Aa, Ag) = X (1m0,5)° > 0.

Now, when o— (3 is also a root, we have that {a, 8, —(a+ )}, {8, —a, a— 5}
are {1,2}-triples, then we have the following cases:

(1) If Ao = )\g + )‘a+ﬂ; then Aa—ﬂ = Ao + )\g and
K(AaSs) = K(SarSs) = K (A Ag),

2 Ao 2
= =2 { (mas)’ ~ T e |

(2) If A\g = Ao + Aats, then Aa_g = Ao + Ag and
K(Aa,S3) = K(Sa,53) = K(Aa, Ap) =
2 A 2
= 2 { (e’ — 2 (memo)’}

(3) If Aot = Aa + Ag, then we have two cases:
o If Ao = Mg+ Aa—p, we have

K(AaySs) = K(SarS5) = K(Aa, Ag) =

A + (mm—ﬂ)Q} :

= g d——2 (.
5{ ot g Te8)
o If A\g = Ao + Aa—p, we have

K(Aw,85) = K(Sa.S5) = K(Aa, Ag) =

A 2 2
= 2 )+ a)}

Example 6.1. Let us consider the invariant case (F(3),J,A) to be Kdhler, in

this case
0 Ao 2).
A= Ao 0 A .
220 Ao O

As o+ 23,2a+ B are not roots we have

[V

K(Aa,S5) = K(Sa:85) = K(Aa, Ap) = Aa(mag)’,

K(Aav Aa+ﬁ) = K(Aou SaJrﬁ) = K(Sou Aa+[i) =
= K(SaAatp) = K(Sp, Aatp) = K(Sp, Aass) =0,
(

K(AO“SQ) = K Aﬁ,Sﬁ) = 4)\aa(Ha) > 0.



34 MARLIO PAREDES & SOFIA PINZON

Thus the scalar curvature of F(3) is 3\a(ma.g)? + 8A\aa(Hy) > 0. So we
have that the Ricci curvature Ric(Aa+3) = Ric(Sayp) = 0 and Ric(Ay) =
Ric(Ag) = Ric(Sa) = Ric(Sg) = 2Ma(mag)? + 4 aa(Hy) > 0. InF(n) is the
only case where Ric > 0.

In the next sections we will study some type of curvatures, such as: holo-
morphic bisectional curvature and sectional Kdlherian curvature on (F,J, A)
in order to understand, through the possible values of these curvatures, some
aspects of its geometry and its topology, (see for example [10], [18], [6], [16]).

7. Holomorphic bisectional curvature

Let (N, J,g) be a Hermitian riemannian manifold. HBRiem® (X,Y) denotes
the holomorphic bisectional curvature of N, given by the following equation
(see [10])

HBRiem™ (X,Y) = g(RN (X, JX)Y, JY),
where RY is the curvature tensor in N. In our case, (F,.J,A), since J is an
endomorphism it is easy to show that on basic vectors A,, Sg we have

J(Aa) =2aSa,  J(Sa) = —aAa.
Then,
HBRiem(As,S5) = A(R(Aa, J(Ad)Ss, J(S5)),
= —A(R(Aar€a5a)S5,2545),
= —cacsA(R(Aa, Sa)Ss, Ag).
)

HBRiem(Aa,Ag) = A(R(Aq,J(Ad))Ap, J(Ag)),
A(R(Aa, saSa)Ag, 5555),
= cacpA(R(Aq, Sa)As, Sp),
= —cacpA(R(Aq, Sa)Ss, Ag).

HBRiem(Sa,S5) = A(R(SaJ(Sa)) S5 7(S5)).
= A(R(Sa,—cada)Ap, —e3A5),
= cagsA(R(Sa, An)Ss, Ap),
= —eqeg\(R(Aa,S54)53, Ag).

Therefore,

HBRiem(Aa,Sg) = HBRiem(Aa,Ag) = HBRiem(Sa,Sg) =

()‘a_)‘ﬁ)2 2 )

= —E€afp <miﬁ (2Aﬁ — 2)\(1 + Aa+ﬁ) — )\776’”’10&176
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while,
HBRiem(Aa,5-0) = A(R(Aa,J(Aa))S-a.J(5-0)),
2 A(R(Aas S—0)S—as Au),
= —A(R(AO,,S_a)Aa,S_a)7
= —K(Aa,5-4),
= 404(Ha)/\a>0.

Now suposse that (F, J, A) is Kéhler and take «, 8 € X, then o — 3 is not root;
therefore,

HBRiem(Aq, Sp) = —eagpmi 5(2Xs — 2Xa + Xatp).-

If {a, 8, —(a + B)} is a {1, 2}-triple the only interesting case is when Aoyg =
2Aq, then,
HBRiem(Aa,Sg) = —Zmiﬁ/\a < 0.
The previous calculations jointly with a result due to Siu and Yau [18] implies
that if (F, A, J) is Kéhler, then it can not be biholomorphically equivalent to
any projective space CP(n).

8. Kahlerian sectional curvature

Let M be a Kéahler manifold of complex dimension n, x € M and let P be a
plane in T, M, that is, a real 2-dimensional subspace of T, M. Let X,Y be an
orthonormal base of P. Define p(P), the angle between P and J(P), by

cos p(P) = |g(X,JY)|,

where ¢ is the metric on M. Denote by K(P) the sectional curvature of P.
Then the Kéhlerian sectional curvature of P is denoted K*(P) and given by
B 4K (P)

1+ 3cos2p(P)’

In our case to the maximal flag manifold F, normalizing A, and Sg, a, 8 € II,
then they are an orthonormal base for q. If P = span{A,, Sz} C q we have

K*(P)

cosp(P) = |A(Sa,J(Sp))l,
= |A(Aou_€/3‘4ﬂ)|7
= |)\Q<AaaAﬁ>|'

Thus cos p(P) is different from zero only when f = 4« and in this case
cos p(P) = 1, because of the normalization of the base. Thus,

K*(P) = K(P) = —4\,a(H,) < 0.

So if (F,J,A) is Kéhler then it can not be holomorphically isometric to any
projective space CP(n) (see [10] p. 369).
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Given the results about curvatures in F, one question appears in order to
continue this work: Is it possible to characterize, with this behavior, flag man-
ifolds in the same way that projective spaces are characterized?
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