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On the boundeness of the associated sequence
of Mann iteration for several operator classes
with applications
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ABSTRACT. We prove that the associated sequence of Mann iteration
is decreasing and hence bounded provided that the operator satisfy
minimal assumptions. In particular we obtain for a nonexpansive op-
erator that the associated sequence of Ishikawa iteration is decreasing
for a nonexpansive operator. Applications to the convergence of Mann
iteration are given.
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RESUMEN. Se demuestra que la sucesién asociada a una iteracién de
Mann es decreciente y, por lo tanto, acotada si el operador satisface
unas hipotesis minimas. En particular, para un operador no expansivo
se obtiene que la sucesién asociada a la iteraciéon de Ishikawa es decre-
ciente para un operador no epansivo. Se dan algunas aplicaciones a la
convergencia de la iteracién de Mann.

1. Preliminaries

Let X be a real inner product space, let B C X be a nonempty, convex set.
Let T : B — B be amap. Let z; € B, be an arbitrary fixed point. We consider
the iteration

Tnt1 = (1 — apn)zy + anTx,. (1)
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The sequence (), >1 satisfies:
o0
(an)n>1 C (0,1), Z_:l an = 00, lim ay, =0. (2)

A prototype for (o, )n>11s (1/n),>1. Iteration (1) is known as Mann iteration,

see [2]. Supposing that T has a unique fixed point z*, we can associated for (1),
a nonnegative sequence (||z, — z*||),. We will name this sequence the associated
Mann sequence to iteration (1).

Ishikawa iteration is given by, see [1]:

Tyl = (1 — an)xn + anTyn, (3)
Yn = (1—Bn)zn+ nT2n, neN.

The sequences (&, )n, (Bn)n are in (0,1). Supposing again that T has a unique
fixed point z*, we can associated for Ishikawa iteration, a nonnegative sequence
(|zn — 2*]|)n. We will name this sequence the associated Ishikawa sequence.
When T is a nonexpansive map, the associated Ishikawa (respectively Mann)
sequence is decreasing.

Proposition 1. Let X be a linear and normed space, let B C X be a non-
empty, convex set. Let T : B — B be a nonexpansive map (i.e.|Tz — Ty| <
|l — yl|, for all ,y € B), then the associated Ishikawa sequence is decreasing.

Proof. Let z* = Tx*. For all z,y € B we have

|41 — 2
=1 —an)(zn — 2%) + an(Tyn — Tz")||
S (I —an) llzn — 2| + an (| Tyn — Tx" ||

< (1 —am) llen — 2" + an [lyn — 27|

=1 —ay)l|zn — 2|+ an [|(1 = Bn)(@n — 2%) + Br(Tyn — Tz")||
< A —an)llzn — 2| + an (L= Bn) |20 — 2% 4 B | T2n — Tz™|)
<A —an)llzn — 2% + o (1= Bn) 20 — || + Bp 20 — 27|))
=(1-an) |zp — ™| + an [z, — 27|

= ||z, — || ]

Setting (8, = 0, for all n € N, we get a similar result for Mann iteration.
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Proposition 2. Let X be a linear and normed space, let B C X be a nonempty,
convex set. Let T : B — B be a nonexpansive map (i.e.|Txz — Ty| < ||l — vl
for all ,y € B), then the associated Mann sequence (||, — z*||),, is decreasing.

Let us denote by I the identity map.
We need the following definition:

Definition 3. The map T : B — B is called strongly pseudocontractive if
there exists k € (0,1) such that

1Tz = Tyl* < o — yl* + k |(I = T)x — (I = T)y||*, for allz,y € B.  (4)

In a real inner product space we have equivalently the following definition: T
is strongly pseudocontractive map if there exists k € (0, 1)such that

(Tx —Ty,x —y) <k|z—y|?, for allz,y € B. (5)
Remark 4. When k& = 1 in (5) then we deal with an pseudocontractive map. A

map S is (strongly) accretive if and only if I—.S is (strongly) pseudocontractive.

The aim of this note is to prove that this sequence converges decreasing to
zero when T is a strongly pseudocontractive. Also similar results hold for an
accretive map and a strongly accretive map. This will be a good tool for the
convergence of Mann iteration without boundeness assumption on the operator.

The following result is proved in [1].

Lemma 5. [1]. Let X be a real inner product space , the following relation is
true for all x,y € X, and for all A € (0,1) :

1L =Nz + Agll* = (1= A) [l + X lyl* = AL =) [z —ylI*.  (6)

2. Some useful inequalities

We need the following inequality

Lemma 6. If X is a real inner product space, then the following relation is
true

Iz +yl)® < ||z|* + 2 (y,z +y), forall z,y e X. (7)

Proof. For all z,y € X we have
lz+yl* = lal® + lyll* +2 (g, 2) < |l=* + 2 (y,9) + 2 (y, )
< el +2(a+y). ©



8 STEFAN M. SOLTUZ

Also we need the convergence of a sequence supplied by an inequality.

Lemma 7. [3]. Let (a,), be a nonnegative sequence which satisfies the fol-
lowing inequality

ant+1 < (1= Ap)an + on, (8)
where X\, € (0,1), for all n € N, >>° A\, = o0 , and 0, = 0o(\,). Then

li =0.
oo ™ 3. Main results
We are able now to give the following result:

Theorem 8. Let X be a real inner product space and let B C X be a nonempty
convex set, and T : B — B a strongly pseudocontractive operator with constant
k. Then the associated Mann sequence (||z,, — z*|),, is decreasing.

Proof. Strongly pseudocontractivity assures the uniqueness of the fixed
point. Thus the sequence (||z, — z*|)),, is well defined. Using (6), we have

* (12 * %\ (12
[#n1 — "7 = [|(1 — an)(@n — %) + o (Tzn — T2")|

=1 —on)[lzn — x*HZ + an [Tz, — x*||2 —an(l—ap) [Tz, — xn”Z :

If there exists the number kg such that ||z, — z*|| = 0, then it is easy to see
that ||z, — z*|| = 0, for all n > k. Hence, we have the conclusion.

If ||z, — z*|| # 0, for all n € N, we will show that

|1 — 2 _ Tz, — | |Tz0 — @n”

=(l1—a,) +« on(l —a <
|z — 2| e +an |z — 2| =) |z — |
The last inequality is equivalent to
To — 212 To. — 2
O PN 11 X PN

lzn — 2| lzn —a*|*

Tz, — 2|

lzn —a*|* ™

| Ty, _mnHQ

1+(1—ap) o
[z — a*|

(9)
The proof is complete if we are able to prove this last inequality. From strongly
pseudocontractivity we have
#)|2
[Ty — 2|

g — 2*|*

| Ty, _mnHQ

<1+k b
[2n — a*|
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Because lim «, = 0, there exists ng such that for all n > ng we have «a,, <

n—oo
1 — k. Hence to see that

k||Txn_xn||2 ||T33n —anQ

1+ L
lzn — 2|

5 <14+ (1 —ay)
[ — ||
Therefore (9) is true. ¥

The following remark help us to extend Theorem 8 for a strongly accretive
map. Remark 4 assures that the map 7 is strongly pseudocontractive map with
k € (0,1) if and only if (I — T') is strongly accretive map. Let us to consider
the following operator equation

Sz = z,

where S is a strongly accretive map and z is a given point in X. Consider the
map Tz = z+ (I — S)z, for all z € D(S). A fixed point for T will be a solution
for the equation Sz = z. The above (see also Remark 4) assures that if S is a
strongly accretive map then T is strongly pseudocontractive and conversely.

Corollary 9. Let X be a real inner product space and S : X — X a
strongly accretive operator with constant k. Then the associated Mann se-
quence (||z, — x*||),, is decreasing, where (x,),, is given by

Tn+1 = (1 - an)xn + an (Z + (I - S)) Ln,

with (o), satisfying (2),where x* is a solution for Sz = z.

Let us to consider the following operator equation
T+ Sx =z,

where S is a strongly accretive map and z is a given point. Consider the map
Tx = z — Sz, for all x € D(S). A fixed point for T" will be a solution for the
equation z + Sx = z.

Remark 10. If S is strongly accretive map then T = z — S is strongly
pseudocontractive map.

Corollary 11. Let X be a real inner product space and S : X — X a
strongly accretive operator with constant k. Then the associated Mann se-
quence (||, — x*||),, is decreasing, where (x,,), is given by

Tnt1 = (1 —ap)zn + an (2 — 9) 2y,

with (o), satisfying (2).
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4. Applications to the convergence of Mann iteration

We are able to give now the following application.

Theorem 12. Let X be a real inner product space and B C X a nonempty
convex closed set. Let T : B — B be a completely continuous and strongly
pseudocontractive map with fixed points. Then (z), given by (1) strongly
converges to the fixed point of T namely x*.

Proof. Strongly pseudocontractivity assures the uniqueness of the fixed
point. Inequalities (7) and (5) lead us

* (12 * %\ (12
[#ns1 — "7 = [|(1 — an)(@n — &%) + o (Tzn — 27|

<(1- Ozn)2 lzn — :z:*||2 + 20 (Txp — %, Tppg1 — 2F)

<(1—an)?||zn — :z:*||2 + 20 (T — ™, — ™) +

+ 20, (Txy — 2°, (X1 — ) — (2, — %))

< (1= an)?||zn — ¥ + 20k |2, — 2*|* +

+ 20, (T2 — 5, Tppi1 — Tp)

< (1—2(1 = k)an +a2) on — 27 + 20 [| T2y — 27| |2ps1 — 20|

< (1—2(1 = k)an +a2) zn — 2" 1* + 200, (| Tzn]| + |27]]) otn [ T2 — 24
*12 *

< (1 =201 = k)an + ) zn — 2*|I° + 202 (|Tzn | + |2*]]) (T2l + 2n])) -

The map T is strongly pseudocontractive, thus from Theorem 8 we know that
(|zn — 2*||)x is decreasing, thus it is bounded. Moreover we get that (z,), is
bounded. Because T is completely continuous and (), is bounded, one obtain
that (||Txy||)n is bounded too. Thus there exists a strict positive M > 0 such
that

lnsr — 7 < (1 20— K)an + ) n — a*|* + a2 M.

Because lim a, = 0, there exists a rank such that from there we have (1—k) >
n—oo

o, and then

IN

(1-2(1 - k) +a2) ||z —*|> + a2 M
(1—2(1—k)an + (1 — k)an) ||z, — 2*||> + 2 M
(1—(1—k)ay) |z, — z*|* + o2 M.

[y

IN
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Let us denote by
*(12
an = ||lzn — 2|7,
A =1 —=k)a, € (0,1),
oy i=a2M.

Observe that o,, = o(A,) and inequality (8) is satisfied. Thus from Lemma 7,
we get lim a, =0, that is lim z, = z*. ]
n—oo n—roo
Remarks 4 and 10 are good tools to extend Theorem 13 for the strongly
accretive and accretive case.

Corollary 13. Let X be a real inner product space and B C X a nonempty
convex closed set. Let T : B — B be a completely continuous and strongly
accretive map with fixed points. Then (x),, given by

Tn+1 = (1 - O‘n)xn + ap (Z + (I - S)) L,y

with (o, ), satisfying (2), strongly converges to the solution of Sx = z.

Corollary 14. Let X be a real inner product space and B C X a nonempty
convex closed set. Let T : B — B be a completely continuous and accretive
map with fixed points. Then (z,), given by

Tnt1 = (1 —ap)zn + an (2 — 9) zp,
with (o), satisfying (2), strongly converges to the solution of  + Sz = z.

Usually for the convergence of Mann iteration, either the set B or the se-
quence (||Txy||)n is bounded. From the above results one can see that in a
inner product space both assumptions are redundant.
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