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ABSTRACT. By using some generalized Riemann integrals instead of ordinary
sums and multiplication systems of Banach spaces instead of Banach spaces, we
establish some natural generalizations of the most basic facts on Schauder bases
so that Hamel bases, and some other important unconditional bases, could also
be included.
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Introduction

By using some generalized Riemann integrals [11] instead of ordinary sums and
multiplication systems of Banach spaces [14] instead of Banach spaces, we shall
establish some natural generalizations of the following basic facts on Schauder
bases [4], [8].
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30 I. KOVACS & A. SZAZ

Definition 1. Let Z be a Banach space over K = R or C. Then a sequence
1= (pn) in Z is called a Schauder basis for Z if for each z € Z there exists
a unique sequence 2 = (%,) in K such that

o0
z = Z Znfhn-
n=1
Remark 1. If f and p are sequences in K and Z, respectively, then we define

Sn(f’ M) = Z fi,U/i
=1

for all n € N. Thus, Y foun = lim S,(f, ) whenever this limit exists.
n=1 n—0oo

Theorem 1. If i is a Schauder basis for Z, and moreover

L, = {f e KN: (Sn(f, u)) converges} ,

and

f], = sup |Sn(fs )|

for all f € L,, then L, is a linear space over K and | |, is a complete norm
on L,, such that the mapping z+ 2 is a continuous linear injection of Z onto
L, such that |z| <|Z|, forall z € Z.

Definition 2. If y is a Schauder basis for Z, then the number

C, = sup ’é’
- w
|z|=1

is called the basis constant of p. Moreover, for each n € N, the function P,
defined by

for all z € Z is called the nth p-projection of Z.

Theorem 2. If ;4 is a Schauder basis for Z, then P, is a continuous linear
map of Z into itself for all n € N such that

Cp = sup || P
neN

and
P =PuoPum =PFPunoPu,

for all n,m € N with n <m.
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Remark 2. Note that

Il = s, o2

for all n € N.

Theorem 3. If y is a sequence in Z, then p is a Schauder basis for Z if and
only if the following three conditions hold :

(1) pn #0 forall neN;
(2) the linear hull of {uy,} -, is dense in Z;

(3) there exists a nonnegative number C' such that

Su(f, )] < C|Sm(fop)|

for all n,m € N, with n < m, and for all f € KN,

In order to keep this paper as self-contained as possible, the necessary pre-
requisites concerning the generalized Riemann integrals of [ 11 | will be briefly
laid out in the subsequent preparatory sections. However, a familiarity with
some basic facts on nets [ 5 ] will be assumed.

1. Integration systems

Definition 1.1. An ordered pair (2, S) consisting of a set 2 and a family S
of subsets of Q will now be called a pre-measurable space.

Remark 1.2. The family S may usually be assumed to be a semi-ring or a
ring in Q [1].

However, for a preliminary consideration, the reader may assume that S is
the family of all finite subsets of ).

Definition 1.3. If (©2,S) is a pre-measurable space, then a family

N = ((0a, Ta))aer’

where T is a directed set, 0o = (0ai)icr, and 7o = (Tai)icr, are finite families
in § and 2, respectively, will be called a defining net for integration over (2, S).

Remark 1.4. To define powerful defining nets for integration, we must usually
assume that  is equipped with a generalized uniformity which is compatible,
in a certain sense, with the family S [ 12 ].

However, for a preliminary consideration, the reader may assume that 91 is

one of the most important particular cases of the following simple defining net
for integration which will actually define summation.
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Example 1.5. Let (2 be a set and S be the family of all finite subsets of (2.
Suppose that (Ay)aer is a net in S and, for each « € I' define

0o = ({i})ica, and Ta = (1)icA, -

Then N = ((0a,7a)),op is a defining net for integration over (€2, S).

er
Remark 1.6. Note that I' may, in particular, be S directed by set inclusion.
And A, may, in particular, be « for all a €T.

Moreover, if in particular Q@ = N (2 = Z) and T' = N, then we may
naturally take A, = {i}%", (Ao ={i}_,) forall a€l.

i=—o

Definition 1.7. An ordered triple (X,Y, Z) of Banach spaces over K, together
with a bilinear map (z,y) — 2y from X X Y into Z such that

lzy| < |z[|y]

forall £ € X and y €Y, will be called a multiplication system with respect
to the above bilinear map.

Remark 1.8. Multiplication systems of Banach spaces play an important role
in advanced calculus [ 6, pp. 135, 372 and 455].

However, for a preliminary consideration, the reader may assume (X,Y, Z)
= (K, Z,Z) with the usual multiplication by scalars.

Definition 1.9. An ordered triple ((Q, S), M, (XY, Z))7 consisting of a pre-
measurable space (£2,S), a defining net for integration

N = ( ai)i€ly, (Tai)i )

((0ai)ietas (Taiier.,) wel
over (£2,8) and a multiplication system (X,Y, Z) of Banach spaces over K, will
be called an integration system.

Remark 1.10. The above notations will be kept fixed throughout in the se-
quel. They contain all the fixed data necessary for our subsequent integration
process.

2. Net integrals

Definition 2.1. A function f from  into X will be called an integrand and
the family of all integrands will be denoted by F(£2, X). Moreover, a function
u from S into Y will be called an integrator. And the family of all integrators
will be denoted by M(S,Y).

Remark 2.2. Note that the families F(2, X) and M(S,Y) are vector spaces
over K under the usual pointwise operations.
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Definition 2.3. If fe F(Q,X) pe M(S,Y) and
Soz(fa N) = Z f(Tozi),u(Uozi)

icl,
for all a € T' , then the limit

léjdu:ggSJﬁu%

whenever it exists, will be called the 1-integral of f with respect to u. More-
over, if the above integral exists then we shall say that f is 9l-integrable with
respect to p and the family of all such functions f will be denoted by £, (€2, X).

Remark 2.4. Note that under the notations of Example 1.5, we simply have

[ rdn=tim 3 i)

i€Aq
forall feF(Q,X) and pe M(S,Y) with feL,.

Theorem 2.5. If f,g € F(Q,X) and p,v e M(S,Y) such that f,g € L,
and f € L,, and moreover )\ € K | then

(1) /Q(f+g)du=/9fdu+/ggdu;
@) [ fdp+w) = [ san+ [ gav
) [ondu=x [ sdu= [ sao.

Sketch of the proof. Note that the approximating sums S, (f, 1) are bilinear
functions of f and p. Therefore, by the continuity of the linear operations in
7, the above assertions are also true.

From Theorem 2.5, we can immediately get the following corollary.

Corollary 2.6. If pu € M(S,Y), then L£,(Q,X) is a linear subspace of
F(Q,X).

Moreover, in addition to Theorem 2.5, we can also easily establish the following
remark.

Remark 2.7. If fe F(Q,K) and pe€ M(S,Y) such that f € L,, then
(1) /(fw)duzx/ fdMZ/fd(acu), for all z € X.
Q Q Q

Moreover, if f e F(,X) and p € M(S,K) such that f e L, then
(2) /((fy)dﬂ = (/1 fdu>y = /( fd(py), forall yeVY.
) ¢ )
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3. The supremum p-norm

Definition 3.1. If f € F(Q,X) and p € M(S,Y), then the extended real

number

If],, =2121§\Sa(f,u)\

will be called the supremum p-norm of f with respect to the net 9.

Theorem 3.2. The above p-norm | |, is an extended valued seminorm on

F(Q,X) such that
fdu‘ <|f
[ s <11,

for all f e L,(2,X).
Proof. By the corresponding definitions, it is clear that

A, = sgp|Sa(/\f,u)| = St;plx\||Sa(f,u)| < [A[I7],,

forall A€ K and f € F(Q,X). Hence, by writing 1/X in place of A\, and Af
in place of f, we can see that the corresponding equality is also true. Moreover,
we can also easily see that

|f + 9], = sup[Sa(f + g, 1)|

S Slip(’Sa(f,M)’ + ’Sa(gvﬂ)’) S ’f‘# + ‘g‘,u

for all f,g € F(Q,X). Therefore, | |, is an extended valued seminorm.
On the other hand, it is clear that

‘/Qfdu’ = [lim S (f, )| = lim|[Sa(f, )| < [/],

for all fe L£,(Q,X).
Remark 3.3. Note that if u € M(S,Y), then we also have

|f] = J2|| £l

forall fe F(Q,K) and z € X.

Moreover, it is also worth noticing that if f € F(Q, X), then the function
| | defined by

luly = 1Sl
for all pe M(S,Y) is also an extended valued seminorm.

From Theorem 3.2, we can get at once the following corollary.
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Corollary 3.4. The family
F,X)={feFOX): |flu<+oo}

forms a closed linear subspace of the space F (2, X).
In addition to this corollary, we can also prove the following result.

Theorem 3.5. The family £,(Q,X) forms a closed linear subspace of the
space F (£, X).

Proof. Note that if (f,,) is a sequence in £,(Q,X) and f € F(Q,X) , then
we have

Jin [Sa(f 1) = S/ )]
< T ([Sa(F, 1) = SalFr )] + Sl ) = S5(For 1)
- ISﬁ(fn,u)*Sﬁ(f,u)D
< (@)‘Sa(f, 11) = Sa(fus )| + (@)‘Sa(fmﬂ) — S5(fn> )|
+ I |S(fas 1) = S5(F. 1)
= 2Tim| Sa(fu, 1) = Salf, 1)

= Q@ISa(fn - fau)‘ < 2’f" - f’,u

for all n € N. Hence, if lim|f, — f|, =0, it follows that
(101(12)|Sa(f5 ,LL) - Sﬁ(fa ,LL)‘ =0.

Therefore, (Sa (f, u)) is a Cauchy net in Z. And thus, by the completeness
of Z , we have f e L,(Q,X).

Now, combining Theorem 3.5 and Corollary 3.4, we can also state

Corollary 3.6. The family
L5, X) = L£,(Q,X) N Fu(Q, X)

forms a closed linear subspace of the space F (2, X).

Remark 3.7. Note that if in particular I' = N with its natural order, then
we simply have L7 (Q, X) = L£,(Q, X).
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4. Admissible integrators

Definition 4.1. An integrator p € M(S,Y) will be called M-admissible if
there exists a nonnegative ¢ € F(Q,R) such that

FO] <),

forall teQ and fe€ F(Q,X).

Remark 4.2. If in addition to the notations of Example 1.5 for each ¢ € )
there exist a¢, 0 € I' such that {t} = A,, \ Ag,, and moreover |zy| = |z||y|
forall x € X and y €Y, then each pe M(S,Y), with p({t})#0 for all
t € Q , is M-admissible.

In this case, we have

(1) = | D] Ou(ie)|
WD X r@mdin) - Zf(i)u({ib‘

= || [Sa (F 1) — S5, (f 1)
(D] (|Sa (£ )] +1S5, (£ w21 |£],

IN

forall teQ and f e F(Q,X).

The importance of admissible integrators is apparent from the following
theorem.

Theorem 4.3. If € M(S,Y) is an N-admissible, then the p-norm | |, is a
complete extended valued norm on F(Q, X).

Proof. If f € F(Q,X) such that |f|, = 0, then by the above definition we
have

If )] < e(®)|fl, =0

for all ¢t € Q, and hence f = 0. Therefore, by Theorem 3.2, | |, is an extended
valued norm.

On the other, if (f,,) is a Cauchy sequence in F (2, X), then for each € >0
there exists an n, such that

|fn— fmlu <e forall n,m>n,.

Hence, by Definition 4.1, it follows that

[fn(t) = fn (O] < [(fn = ) (O] < () fn = finlu < c(t)e
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for all ¢t € Q and n,m > n,. Therefore, (f,(t)) is a Cauchy sequence in
X for all ¢t € Q. Thus, by the completeness of X, we may define a function
feF(Q,X) such that

£() = lim £, (1)

for all t € Q. Now, since

th fn, = hIIl Z fn Taz O'ai)

iel,
= Z f(rai)(oai) = Salf, 1),
i€ly
we can also state that
|Sa(fn — ’—hm‘S — fms )| < ’fn—fm‘#<5

forall @« € T' and n > n,, and hence |f, — f|, <e for all n > n,. Therefore,

li};n|fn—f|uz().

From Theorem 4.3, by Corollaries 3.6 and 3.4, we can get at once the fol-
lowing corollary.

Corollary 4.4. If p € M(S,Y) isN-admissible, then L7,(Q, X) and F, (€2, X)
are Banach spaces.

Remark 4.5. The supremum p-norm | |, could throughout be replaced by
the limit superior pg-norm

|f|; = (@‘Sa(.ﬂﬂ)"

1= 7

for all f € £,(2, X), the limit superior y-norm | [, cannot, in general, be an
extended valued norm.

However, since we have

5. Generalized bases

Definition 5.1. An integrator p € M(S,Y) will be called an 9-basis
(resp. M*-basis) for the multiplication system (X,Y,Z) if for each 2z € Z
there exists a unique 2 € £,(, X) (resp. £ € L}(Q, )) such that

z = / zdu.
Q
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Remark 5.2. Note that if 91 is as in Example 1.5 and (X,Y,Z) is as in
Remark 1.8, then by Remark 2.4 the above definition already gives a substantial
generalization of the notions of the Schauder and the Hamel bases of Z.

Simple applications of Definition 5.1 and Theorem 2.5 yield the following
Lemma 5.3. An integrator p € M(S,Y) is an M-basis (resp. N*-basis) for
(X,Y, Z) if and only if

(1) foreach z € Z there exists f € L,(,X) (resp.f € L},(Q,X)) such
that z = [, fdu;
(2) Jofdp = 0 implies f = 0 for all f € L,(Q,X) (resp.
feL(9,X)).
Moreover, by using Theorems 2.5 and 3.2 we can also easily verify the following
Theorem 5.4. If j is an N-basis (resp. N*-basis) for (X,Y, Z) then the map-

ping z+— % is a linear injection of Z onto L, (2, X) (resp. E;(Q,X)) such
that |z| < |Z|, for all z € Z.

Sketch of the proof. To prove that Z = L£,,(2,X), note that if f e L£,(Q,X),
then z = [, fdu is in Z. Therefore, we also have z = [, 2du. And hence, by

the uniqueness property of 2, it follows that f =2 € Z.
Remark 5.5. In the sequel, an -basis or D*-basis p will usually be said to
have a property P if it has this property as an integrator.

Note that if p is an admissible M-basis or 9M*-basis for (X,Y, Z), then by
Definition 4.1 we also have |2(t)| < c(t)|2], forall z € Z and ¢ € Q.

Moreover, in the latter particular case, we can also easily prove the next
important

Theorem 5.6. If v is an admissible 9M*-basis for (X,Y, Z), then there exists
a nonnegative number C such that |2|, < C|z| for all z € Z.

Proof. In this case, by Corollary 4.4, E;(Q, X) is also a Banach space. More-
over, by Theorem 5.4, the mapping 2 +— z is a continuous linear injection of
L7 (2, X) onto Z. Therefore, by Banach’s isomorphism theorem [ 3, p. 68 ],
the inverse linear mapping z +— 2 is also continuous. And thus, the assertion
of the theorem is also true.

Remark 5.7. Note that if 4 is as in Theorem 5.6, then by Remark 5.5 not only
the ‘Fourier-transform’ z +— 2, but also the ‘coefficient functionals’ z — 2(¥)
are continuous.

Definition 5.8. If y is a 9-basis or an M*-basis for (X,Y, Z), then the ex-
tended real number
Cu = lst 2],
z|=1

will be called the basis constant of u.

By Theorems 5.4 and 5.6, we evidently have the following
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Theorem 5.9. If pu is an admissible 9*-basis for (X,Y, Z), then |Z|,, < Cy|z|
for all z € Z. Moreover 1 < C), < +00.

Sketch of the proof. To prove that 1 < C), note that |z| < |£], < Cylz| for
all z € Z. Moreover, since Z # {0}, there exists a z € Z such that |z| # 0.
Therefore, the required inequality is also true.

Definition 5.10. If y is an M-basis or MN*-basis for (X,Y, Z), then for each
a € I' the function P, defined by

Pua(2) = Sa(2, 1)

for all z € Z will be called the ath u-projection of Z.

Theorem 5.11. If is an admissible W*-basis for (X,Y, Z), then P,, is a con-
tinuous linear map of Z into itself for all « € I' such that

Cyu = sup [ Puall-
acl

Sketch of the proof. To prove the latter equality, note that under the notation

HPALaH = |S?P1’P#a(z)’

we have

Cy = sup |2], = sup sup|Sa(2, )|
|z|=1 |z|=1 €l
= sup sup|Pua(z)| = sup sup |Pua(2)| = sup || Pual|-
|z|=1 a€l a€l |z|=1 a€el

Remark 5.12. Later we shall see that, under some natural conditions on p
and I, the p-projections P, are also idempotent.

6. Regular integrators

Definition 6.1. An integrator p € M(S,Y) will be called finitely additive

: M( U Ak) = > (A

keK keK

for any finite disjoint family (Ax)rex in S with (J,cx Ax € S. And the family
of all such integrators p will be denoted by M,(S,Y).
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Remark 6.2. Note that the family M,(S,Y) forms a linear subspace of
M(S,Y).
Definition 6.3. An integrator p € M(S,Y) will be called M-regular if

p(A) = /Q Xadp
for all A € §. And the family of all such integrators p will be denoted by
M, (S,Y).
Remark 6.4. Note that by the corresponding definitions we have
/Q Xadp=lim > 7 p(0ai)
Tai €A
forall AeS with x, € L,.
Simple applications of the above definitions and Theorem 2.5 give
Theorem 6.5. The family M, (S,Y’) forms a linear subspace of M,(S,Y).

Sketch of the proof. Note that if u € M (S,Y) and (Ag)rex is as in
Definition 6.1, then

M<kL€JKAk> /kagKAde
= [(Z )= 3 [ vate= 3wt

keK keK keK
Therefore, u € M,(S,Y) is also true.

Remark 6.6. In this respect, it is also worth mentioning that under the no-
tations Example 1.5 the following assertions are equivalent:
(1) ©=lim Ay; (2) My (8,Y) =M,(S,Y).
acl

To prove the implication (2) = (1), note that if y € Y and u(A) = card(A)y
for all A € S, then we have p € M,(S,Y). Therefore, if the assertion (2)
holds, then we also have p € M, (S,Y). Hence, in particular, it follows that
for each t € Q we have

y=n({t}) = /Q Xgodp=1m Y~ x,, (Dp{i}) = limx,, (0)y.
€A,
Therefore, if y # 0, then there exists an « € I' such that for each 8> a we
have

v =X, Wyl < |y
and hence t € Ag. Consequently, ¢ € lim  A,, and thus the assertion (1) also
holds.

The importance of regular integrators is apparent from the following theo-
rem.

)
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Theorem 6.7. If p € M (S,Y), and moreover (A)rex and (zx)rex are
finite families in S and X, respectively, then

/Q(Z X%“)dﬂ = wn(Ar),

keEK keK

Proof. By Theorem 2.5 and Remark 2.7, we evidently have

Z rrp(Ar) = Z xk/QXAde

keK keEK
=% [ [ (5 xm )i
keK 7 @ \eek

Remark 6.8. To establish a certain converse to Theorem 6.7, note that if
pe M(S,Y) such that [, x,zdp = zpu(A) forall AeS and z € X, and
there exists a finite family (zx)rex in X such that |y| <7,y |zxy| for all
y € Y, then we can also state that p is 9l-regular.

Definition 6.9. If f € F(Q,X), then the function

foz = Z Xom'f(Tozi)

i€1q

will be called the ath 9-trace of f.
Now, as an immediate consequence of Theorem 6.7, we can also state

Corollary 6.10. If u€ M (S,Y), then

Sa(fim) = /Qfadu

forall a« €T and f e F(Q,X).

7. Normal integrators
Definition 7.1. An integrator p € M(S,Y) will be called S-finite if
[Xalp <400

for all A € §. And the family of all such integrators pu will be denoted by
M*(S,Y).
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Remark 7.2. Note that by the corresponding definitions we have

Z M(Uai)

Tai€A

al, =z

forall A€ S.
Theorem 7.3. The family M*(S,Y) forms a linear subspace of M(S,Y).
Sketch of the proof. Recall that, by Remark 3.3, the function | |4 defined by

|ula = lulx,
for all pe M(S,Y) is an extended valued seminorm for every A € S.
Definition 7.4. An integrand f € F(Q2, X) will be called S-simple if

f= Z Xa, Tk

keK

for some finite families (Ag)rerx and (zx)kex in S and X, respectively. And
the family of all such integrands f will be denoted by Fs(Q, X).

Remark 7.5. Note that the family Fs(€2, X) is a linear subspace of F (£, X).

The importance of S-finite integrators is apparent from the following theo-
rem.

Theorem 7.6. If u € M(S,Y), then the following assertions are equivalent:
Sketch of the proof. Recall that, by Remark 3.3, we have

|XAJ"|M = |$||XA |H

forall AeS and z € X.

Therefore, if (Ax)rex and (xy)rex are finite families in S and X, respecti-
vely, and the assertion (1) holds, then by Theorem 3.2 we also have

Z Xa, Tk| =< Z‘XA)@:C]CLA = Z|$k||XAk‘H < +o0.

keK H keK keK

Consequently, the function 3, Xa, Tk isin Fy, (Q, X), and thus the assertion
(2) also holds.
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Definition 7.7. An integrator p € M(S,Y) will be called 9-normal if it is
N-regular and S-finite. And the family of all such integrators p will be denoted
by M (S,Y).

Remark 7.8. Note that thus we have
M;(S,Y) =M, (S, Y)NnM*(S,Y).

Therefore, M7 (S,Y) is also a linear subspace of M(S,Y).
Now, as a useful consequence of Theorems 6.7 and 7.6, we can also state

Theorem 7.9. If i is a regular M-basis or a normal N*-basis for (X,Y, 7),
and moreover (A )rex and (x)rex are finite families in S and X, respectively,

then .
(Z $k,u(Ak)) = Z Xay, Tk-

keK keK

Proof. If e M, (S,Y), then by Theorem 6.7 we have

> ap(Ar) = / <Z xAkzk)du-

kEK Q \pek

While, if € M7 (S,Y), then in addition to the above equality, by Theorem
7.6, we also have

Z Xa, Tk € L£,(Q,X).
keK

Therefore, by Definition 5.1, the required assertion is also true.

Corollary 7.10. If p is a regular M-basis or a normal M*-basis for (X,Y, Z),
then

fa:Sa(faﬂ)A
forall a« €T and f e F(Q,X).

Proof. By the corresponding definitions and Theorem 7.9, we evidently have

o= Y 0o = (3 Frmutons)) = Suld.0"

i€1q i€l

forall o €l and fe F(Q,X).
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8. Stable defining nets

Definition 8.1. The defining net 91 will be called lower stable if for each
a el and i€ I, there exists a unique j € I, such that 7,; € 045, and for
this j we have 7, = 7q4;.

Moreover, the defining net 91 will be called upper stable if for each a €T’
and ¢ € I, there exists a unique j € I, such that 7,; € 044, and for this j
we have 045 = 0q;.

Remark 8.2. Note that if in particular 7,; € 0o; foralla €' and i€ I,,
and the family (04;)ics, is disjoint for all « € T', then the defining net N is
already both lower and upper stable.

Definition 8.3. The defining net 9t will be called lower superstable if for each
a,B €T, with a <, and for each ¢ € I, there exists a unique j € Ig such
that 7,; € 05, and for this j we have 7, = 73;.

Moreover, the defining net O will be called upper superstable if for each
a,B €T, with o <3, and for each ¢ € I, there exists a unique j € Iz such
that 73, € 044, and for this j we have on; = 0g;.

Remark 8.4. Note that the defining net 91 given in Example 1.5 is lower or
upper superstable if and only if the net (A )qaer is nondecreasing.

The appropriateness of the above definitions is apparent from the following
theorem.

Theorem 8.5. If u € M(S,Y) and the defining net M is lower or upper
stable, then

Sa(fv M) = Sa(faa ,LL)
forall a« €T and f e F(Q,X).
Moreover, if the defining net )N is lower, resp. upper superstable, then
Sa(faﬂ)zsa(fﬁaﬂ)a resp. Sa(faﬂ)zsﬁ(fanu/)
for all o, €T, with o <, and for all f € F(Q,X).

Proof. If o, 8 € I' are such that for each ¢ € I, there exists a unique j € Ig
such that 7,; € 035, and for this j we have 7,; = 735, then it is clear that

Sa(fa, 1) = Z f5(Tai)p(0ai)

_ z ( > o ()75 )

- (X 0 utond)

i€ly Tai€0gj

= Z f(Tai),LL(O'ai) = Sa(fa ,LL)

i€l
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for all f e F(Q,X).

While if a,8 € I' such that for each ¢ € I, there exists a unique j € Ig
such that 73; € 044, and for this j we have o,; = 0g;, then it is clear that

Sp(fartt) =Y, falma;)11(03;)

_ z (Z Ko 73) (7)) (05)
_ Z f()( > e (oo
_ Z ) (Z o) )
= 3 fCradnlon) = Sl )

for all f e F(Q,X).

Corollary 8.6. If u is a regular M-basis or a normal N*-basis for (X,Y, Z)
and the defining net M is lower or upper stable, then

Sa(fa ,LL) - P#a (Sa(fa ‘LL))

forall « €T and f € F(Q,X). Moreover, if the defining net M is lower, resp.
upper superstable, then

Sa(f,,u):P,ua(Sﬁ(f,,U)), resp. Sa(fvﬂ):PHﬁ(Sa(fvﬂ))

for all o €T, with o < f3, and for all f € F(Q,X).

Sketch of the proof. If the defining net 9 is, for instance, lower superstable, by
Theorem 8.5 and Corollary 7.10, we have

Soz(f) N) = Sa(fﬁa ,u) = Sa(Sﬁ(fa M)Aau) = Puoz(Sﬁ(fa M))
for all a €T, with a < g3, and for all f € F(Q, X).
Corollary 8.7. If u is a regular M-basis or a normal M*-basis for (X,Y, Z)
and the defining net N is lower or upper stable, then

P =Pua0 Py

for all o € I'. Moreover, if the defining net N is lower, resp. upper superstable,
then
P, =P,n0P,ug, resp. P =PFPs0Pua
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for all a« €' with a < (.

Sketch of the proof. If the defining net 9 is, for instance, lower superstable, by
the corresponding definitions and Corollary 8.6, we have

Ppa(z) = §a(27u) = PMQ(Sﬁ(é’H’)) = PNO‘ (Pﬂﬁ(z))
forall a €T, with o < g, and for all z € Z.

Remark 8.8. Note that if g € M(S,Y) and the defining net M is upper
superstable, then by Theorem 8.5 we also have

&@mzémw

forall a €' and f e F(Q,X).

9. Characterization of admissible normal 9t*-bases

The importance of superstable defining nets is apparent from the following two
theorems which give a natural generalization of Theorem 3.

Theorem 9.1. If y is an admissible normal 9*-basis for (X,Y,Z) and the
defining net N is lower superstable, then the following two assertions hold:
(1) The set {Sa(f,u): a€l, feLi(Q X)} isdensein Z;
(2) ‘Sa(f,u)‘ < CM‘Sg(f,u)’ for all o € T, with o < (3, and for all
feF(,X).

Proof. By Definitions 5.1 and 2.3, it is clear that the assertion (1) holds. More-
over, by using Corollary 8.6 and Theorem 5.11, we can easily see that

|Salfs )| = [Pua (Sa(fs 1)) | < || Pual||Ss(f, )] < CulSs(f, 1)

for all a €T, with a < g, and for all f € F(Q, X).

Remark 9.2. By the above theorem, an admissible normal 9t*-basis p for
(X,Y, Z) may be called monotone if C, = 1.

Theorem 9.3. If p € MZ(S,Y) is N-admissible and the defining net N is
upper superstable, then p is an admissible normal Mt*-basis for (X,Y, Z) if the
following two conditions hold:

(1) Theset {Sa(f,pn): a €T, feF(Q,X)} isdensein Z;
(2) There exists a nonnegative number C such that

|Sa(f, )| < C|Ss(f, 1)

for all a € T, with o < 3, and for all f € L}, (2, X).



SCHAUDER BASES IN AN ABSTRACT SETTING 47

Proof. If z € Z, then by condition (1) there exist sequences () and (f,,) in
T and F(Q, X) respectively, such that

z =1lim Sq, (fn, 1)
Since the integrator u is 9t-normal, by theorems 6.7 and 7.6, we have

fra, = (fn)ozn, € ‘CZ(QaX)

for all n € N. Moreover, if m,n € N, then by condition (2) and Theorem 8.5,
it is clear that

[Salfman = Frcrns )] < O185(fmen = Frcuns )]
= C‘Sﬁ(fmamaU) - Sﬁ(f"aﬂ’ﬂﬂ
= C|San (fms 1) = San (Fns )]

forall a,8 €T’ with a,, < and «a, < 3. Hence, it follows that
’fmam - fnan‘# < C‘Sam (fm, 1) — San(fna.u)"

Therefore, (fna,) is a a Cauchy sequence in £},(S,Y’). Thus, by Corollary 4.4,
there exists an f € £},(S,Y) such that

lim | fram — f]# =0.

Hence, by Corollary 6.10 and Theorem 3.2, it is clear that
z=1m&S,, (fn, ) =lim / fra,dp = / fdu.
" noJa Q

Now, by Lemma 5.3, it remains to show only that if h € E;(Q,X) is such

that [, hdu =0, then h = 0. For this, note that by condition (2) we have
|Sa(h, )| < C|Sp(h, )

for all o €T, with o < 3. Therefore,

|Sa(h, )| < Clim |Ss(h, )] = ‘/ hdu‘ =0,
Q

and hence S, (h,p) =0 for all a € T'. Thus, in particular, we have |h|, =0.
Hence, since the integrator p is now Jt-admissible, it is clear that h = 0.

Now, as an immediate consequence of Theorems 9.1 and 9.3, we can also
state

Corollary 9.4. If pc M?(S,Y) is M-admissible and the defining net N is
both lower and upper superstable, then the conditions (1) and (2) of Theorem
9.3 imply the assertions (1) and (2) of Theorem 9.1.
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