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ABSTRACT. A construction of colimits in the category of Hausdorff uniform
spaces is carried out by means of a family of pseudometrics. Since this is not
a topological category, its co-completeness can not be ensured by the standard
procedures. A careful revision of the usual arguments is then required to this
end.
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1. Uniformities in terms of pseudometrics

For many purposes, the appropriate generalization of the concept of a metric
space is that of a Hausdorff uniform space, and not merely that of a uniform
space. The latter could rather be viewed as a generalization of the notion of
a pseudometric space. We focus our attention in this paper on the category
Uni fy; of Hausdorff uniform spaces and uniformly continuous maps, to estab-
lish the existence of colimits. Although all topological categories are known to
be co-complete, and the category Unif of uniform spaces and uniformly con-
tinuous maps is such while Uni f1; is not, the construction of colimits in this
latter category deviates somewhat from the standard procedures followed for
the former. First we examine some basic and preliminary facts.

A collection D of pseudometrics on a set X (with values in the real line R)
defines a uniformity on X by means of the subbasis of entourages {V; : d €
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D,e >0}, where Vi ={(z,y) € X xX : d(z,y) < e}. This uniformity is
known to be the coarsest on X such that each d € D is uniformly continuous
for the product uniformity on X x X and the usual additive uniformity on R.

1.1. Definition. Let (X,U/) be a uniform space. The collection Cx of all
finite uniformly continuous pseudometrics on X x X is called the total caliber
of (X,U).

The following two well known results can be found in various textbooks on
General Topology. For instance, in [6] pages 183 and 188.

1.2. Theorem. Let (X,U) be a uniform space and d: X x X — R be a
finite pseudometric. Then d is uniformly continuous if and only if Vj € U, for
every € > 0.

1.3. Theorem. Every uniformity on X is generated by its total caliber.
The next preliminary result is due to R. De Castro, see [4].

1.4. Theorem. Let (X,U), (Y,V) be uniform spaces with respective total
calibers Cx and Cy, and let f: X — Y. The following assertions are equiva-
lent:

(i) f is uniformly continuous.
(ii) There exists a unique function £: Cy — Cx, d — dy, such that
d(f(z), f(y)) = de(z,y) for all z,y € X.
(iii) There exists a function k: Cy — Cx, d — dy, such that

Proof. (i) = (ii) Assume that f is uniformly continuous and let d be a pseudo-
metric in Cy. Then the map d': X x X — R defined by (z,y) — d'(z,y) =
d(f(z), f(y)) is readily seen to be a pseudometric, and since f is uniformly
continuous, for a given V7 € V there exists U € U such that (z,y) € U implies
(f(%), f(y)) € V5. Thus U C V;, and then V € U. Theorem 1.2 then implies
that d' is uniformly continuous, and consequently an element of the total cal-
iber Cx. The conclusion in item (ii) is then obtained by taking dy = d’ for each
de Cy.

(ii) = (iii) If £ is as specified in (ii), the choice k = £ also satisfies (iii).

(iii) = (i) Assume k: Cy — Cx is as specified in item (iii) in the statement
of the theorem. Given Vj € V, take Vj € U. Since (z,y) € Vj implies
(f(x), f(y)) € V§, then f is uniformly continuous. ¥
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2. A construction

2.1. Definition. Given a uniform space (Z,W), an arbitrary set X and a
surjective map h: Z — X, the quotient uniformity on X by h is the uniformity
{UCXxX : (hxh)"L({U) e W}.

2.2. Definition. Let (X;);cr be a family of disjoint uniform spaces, and for
each i € I, call UY; the uniformity of X;. The sum uniformity on Z = Uie 1 X
is the uniformity {V C Z x Z :foreachi € I, VN (X; x X;) € U;}.

2.3. Remark. As a point of reference and comparison, recall that the colimit of
the direct system ((Xa,Ua)qens (faﬁ)(a,ﬁ)eAl) in Unif, where A is a directed
set and A; is the set {(a,8) € A x A: a < B}, is defined in a similar manner as
to that in the category Set. That is, as the uniform space (Z/R, U), where Z
is the disjoint union of the spaces X, equipped with the sum uniformity, R is
the equivalence relation given by z, Rzg <= 37 > «, such that fo,(z.) =
fsy(zg), and U is the quotient uniformity on Z/R by the canonical map ¢ :
Z — Z|R, x, +—> T,. Nevertheless, in the case of the category of Hausdorff
uniform spaces the construction has to be modified somewhat, as shown below.

Denote by Uni fy the category of Hausdorff uniform spaces and uniformly
continuous maps, and by ((Xo,Ua)acas (fas)(a,)er,), a direct system in
Unify. For each a € A, let C, denote the total caliber of the uniform space
(Xo,Uy), and for a given uniformly continuous function fo5: Xo — Xp, let
the unique map £: C3 — Cq such that dg(fap(za), fapYa)) = (dg)e(Za, Ya)
be denoted by £,3.

2.4. Theorem. The direct system ((Xa,Ua)ach; (fap)(a,p)en,) in Unify has
a colimit.

Proof. The construction is carried on in the next four steps.

(1) Let Z = UaEAXa be the disjoint union of the family (X,)qeca and let
C =1im C, be the projective limit of the system C, with maps £,3; that is, let

C= {d = (do)ach € H Ca: (dg)e,; = do for each (a,B) € Al}.

a€A

Consider on Z a collection of subbasic entourages B ={W3 : € >0, d € C},
where

Wi={(®@a,yp) €EZxZ : Iy€As. t.v> 0, & (far(za), [3+(yp)) € V{ }-

For each ¢ > 0 and d € C we have Az C W§, W§/2 o W§/2 C W5 and
(W5)~' = W5. Hence, B is a subbasis for a uniformity W on Z such that all
the canonical injections j,: X, — Z are uniformly continuous. Furthermore,
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the uniformity W on Z is coarser than the sum uniformity. In fact, Vi C
W3nN (Xa x X,), and Vj € U, for each a € A.

(2) Define on Z the equivalence relation

To Ry <= (Vd € C)(Ve > 0)((2a, yp) € W3)-

(3) Let X = Z/R and ¢: Z — X, x4 — Ta, be the quotient map. The
collection {(¢x ¢) (W3) : W5 € B} is a subbasis of entourages for a uniformity
U on X. It is apparent that the map ¢ is uniformly continuous with respect to
the uniformities W and U above.

The uniformity U is in general strictly coarser than the quotient uniformity
on X by ¢. In fact, if W € W then nje J Wjj C W for some collection
in C indexed by a finite set J and some £ > 0. But (¢ x ¢)((V;c; W§,) C
Njes(¢ x 6)(Wg,), and it may well happen that these two sets are different.
Then, it can not be guaranteed that (¢ x ¢)(W) contains a finite intersection

of sets of the form (¢ x @) (W3).

We claim that (X,U) is a Hausdorff space. Suppose that (Za,ys5) € (¢ ¥
®) (WS/B) for all e > 0 and all d € C. Now, since for each £ > 0 and each
d € C there exists (ug,ve) € W§/3 such that T, = Up , Yg = Vg, so that

(To,ug) € W§/3 , (ys,ve) € W§/3, then for every ¢ > 0 and every d € C we
have that (74, y3) € Wg, and therefore T, = 7.

(4) (X,U) is the sought colimit. In fact, define for each a € A, 74: Xy — X,
Lo — To. The map 7, is a morphism in Unify, because 7, = ¢ 0 jo. But
since £ R fop(q), it follows that 75 0 fop = 7 if @ < 6.

Given a second inductive cone for the given system, say for instance ((Y,V),
(Ca: Xo — Y)QEA), we claim that ¥: X — Y, T, — 04(za), is a mor-
phism in Unify (necessarily unique) such that for each a € A, ¥ o 7, = 04.
Indeed:

(a) v is a well defined map. To see this, let Cy be the total caliber of (Y,V).
The uniform continuity of o, and Theorem 1.4 above imply that for each a € A
there exists go: Cy — Cq, d — dy, , such that for each d € Cy and for each
Za, Ya € Xa, d(0a(Ta),0aYa)) = dq, (Za,ya)- Hence, it follows that for each
d € Cy, each (a, 8) € A1 and each (z4, yo) € Xo X X4,

dy., (Ta,Ya) = d(0a(Ta),0a(Ya)) = d(UB(fa,B(ma))aUﬂ(faﬁ(ya)))
= dgs (fap(Ta), fap(Ya)) = (dgs)eas (TasYa)-
Thus, for every d € Cy, dy, = dy, z0q4s; that is, go = £opogp for each (a, §) € Ay.

F
Taking into account that C = lim C,, there exists a unique map ¢: Cy — C,
d— p(d) = (dqa)aeA, such that, for each « € A, a0 ¢ = qq.
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Assume that T, = 7. Given d € Cy, take d = ¢(d). Then, for every ¢ > 0
there exists 7 € A with v > a, 8 such that (faq(za), f31(ys)) € V. Hence,
Y

(Vd € Cv)(¥e > 0)( (7a(a),75(ys)) = (07 X 07)(fary(a), fo+(ys)) € Vi)

Now, since (Y, V) is Hausdorff and {V; : € >0, d € Cy} is a basis of
entourages of V, it follows that ¢(Ta) = 0a(za) = 05(ys) = ¥(¥s). Thus, ¢ is
a well defined map, as claimed.

(b) 9 is a morphism of Unify. Let V5 € V. Then

W x9) " (V§)
={(@a,7p) : (¥ x¥)(Ta,Tp) € Vi}
={(¢ x ¢)(za,yp) : (0a(za);08(ys)) € Vi}
= {(¢ X ¢)(ma7y5) (Fy > 047,8)[(Uv(fa'y(ma))aUw(fﬂ'y(yﬁ))) € VdE]}
={(¢ x ) (za,yp) € X x X : Ty > a,B)[(far(za); fo1(y8)) € V()] }
= {¢ X 9)(2a,y5) € X X X : (2a,y5) € Wiy} = (6 x 9)(We(g) €U.

Unify has a closely related category in which the construction of colimits is
straightforward. Let Pmety be the category whose objects are sets endowed
with a family of pseudometrics (X, (d;)icr) such that z = y if d;(z,y) = 0
for each ¢ € I, and, given a second object (Y,(d;);cs), a morphism is a
pair of functions (f,k) : X x J — Y x I, (z,j) +— (f(x),jr), such that
d;(f(@), f(y)) < dj (z,y) for cach z, y € X.

2.5. Theorem. A direct system ((Xa, (di, )iaera)ach, (fagkap)(ap)er,) in
Pmety has a colimit

Proof. Let Z = |JaeaXo be the disjoint union of the family (X,)qen- Let T
be the limit of the inverse system ((Ia)aca, (Kag)(a,)ea,) in the category
Set. For each i € I consider the pseudometric &;: Z x Z — R, (zq4,y5) —
infyen {di, (fay(2a), f34(ys)): @, B < v}. Let R be the equivalence relation on
Z defined by z4 Ryg if §;(2q,ys) = 0 for each i € I.

If X =Z/Rthen é;: X xX — R, (Ta,¥s) — 0i(Za,ys) is a well defined
pseudometric on X for each i € I, as it can be easily verified. Consequently,

(X, (0;)icr) is an object of Pmety.

For each o € A define 7,: X4 — X by 24 v To. Then (74,7,) is a
morphism in Pmety, and ((X, (0:)icr), ((TasTa): Xa X I — X X Io)aca)
is an inductive cone which is the colimit of the given direct system. The sepa-
ration property of the objects in Pmety is necessary to establish the universal
property of this cone. ¥
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Let Calib be the category whose objects (X,Cx) are sets endowed with a
family of pseudometrics coinciding with the total caliber of the underlying
uniformity. Given a second object (Y,Cy), a morphism is a pair of functions
(f,4) : X xCy — Y xCx, (x,d) — (f(x),ds), such that d(f(z), f(y)) =
de(x,y) for each z, y € X.

2.6. Proposition. The category Unif is equivalent to Calib.

Proof. Let F': Unif — Calib be the functor defined by F(X,U) = (X,Cx),
where Cx is the total caliber of the uniformity U, and by F(f) = (f,£):

X xCy — Y xCx, where £ is as in Theorem 1.4.,if f: X — Y is a uniformly
continuous map. Then F is readily seen to be full, faithful and isomorphism—
dense. Hence, the asserted equivalence of categories (see [2]) follows. ©
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