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An example for the convergence of
Mann iteration

STEFAN M. SoLTUZ
str. Avram Iancu 13, 3400 Cluj-Napoca, Romania

ABSTRACT. Two examples of Mann’s iteration for the same map are
presented. In one of them, the iteration yields a sequence converging
to the unique fixed point of the map. In the other one, the resulting
sequence does not converge to the fixed point and, as a matter of fact,
can be made divergent.
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RESUMEN. Se presentan dos ejemplos de iteraciones de Mann para la
misma, funcién. En una de ellas, la iteracién produce una sucesiéon que
converge a un dnico punto fijo de la funcién. En la otra , la sucesién que
se encuentra no converge al punto ficjo y, de hecho, puede diverger.

1. Introduction

Let X = R? and B C X be a nonempty convex, closed and bounded
set. Let T : B — B be a map. We consider the following iterations (see

[1]):
v1 € B—{(0,0)},

(1) . on
Ut = +1

1
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u1 € B—{(0,0)},
Un+1 = Tun
The aim of this note is to give a class of maps T for which:

(i) the iteration (1) converges to the fixed point of T’
(ii) the iteration (2) is not convergent to the fixed point of 7'

In [2] we established the following Lemma. Here we give another proof
of it.

Lemma 1. [2]. Let (8,), be a sequence such that 3, € (0,1], for all
x o
n €N IfY By = oo, then [[(1 - B) =0.
n=1

n=1

Proof. We know that 1 —z < e * for all z € (0,1]. Thus (1 — ;) <
e #1, and induction readily gives

(3) (1—B1) (1= Bn) <e Brthn) > 1.

Letting n — oo in (3) yields the conclusion. I

2. Main Result

We are able now to state our main result:

Theorem 1. Let X =R?, B={v e R?: |v|< 1} and T : B — B be
given by

@ e =( 4 0 ) (%) @wes,
where
(5) a2+b2=1, 0<b, 0<a<l.
If we have
n? + 2an +1

(6)

-5 o<1, neN,
n24+2n+1 n
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then the sequence (1) converges to the unique fixed point of T, while
the sequence (2) does not.

Proof. We have 7'(0,0) = (0,0). This fixed point of 7" is unique. In
fact, if v = (z*,y*) is such that v = Tw, then

a b z¢\ _ (¥ _ [ az*+by*
—b a v ) v ) \ —br*+ay* )’

where
7) {(a —Dz*+by* =0
—bz*+(a—1)y* =0
But since
D= “_‘bl afl ‘: (a—1)2+b2=a’>+b—-2a+1=2(1—-a)

and 0 < a < 1, then D # 0, and the unique solution of (7) is (z*,y*) =
(0,0).

We first prove that the sequence (2) is not convergent to (0,0). Write

Up = ( ") Then, from
a b
Un+1 = ( b a )una

n
(pn-l—l):( apn+ban )
dn+1 ~bp, +ag,

|tnt1|? = Pai1i+ahi
=(apn+ba)’+(~bpn+ag)’ =
= a2pi + 2abp, g, + b2q72l + an% — 2abpngn, + qui
= (a® +6°)(0} + q5) = pp + a5 = |ual® ;0 > 1.

it follows that

which implies that
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Thus |uy| = |ui| # 0, for all n, and the sequence (|uy|)n is not convergent
to zero.

Now we prove that the sequence (1) converges to (0,0). Let v, =
(Zn, Yn) :- Then

n n 1 T
ntl1 " Ty

_n Ty, n 1 a b T,
n+1\ Yn n+1\ —-b a Un

Un4+1 =

nTy, axy + byn
n+1 n—+1
= +
nYn —bxy, + ayp
n+1 n+1
(a +n)zy + byn
— n+1
—bzy, + (@ +n)yn
n—+1

Thus

2
[Un+1]” = 557214-1 + y121+1
(a+n)°ap + by, + 2(a + 1)buZnyn

(n+ 1)2
(a+ n)%y2 + b%z2 — 2(a + n)byTryn
(n+1)2
~ (@+n)?+0°) (27 +v2)  (a+n)>+b o 2
a (n+1)2 - (n+1)2 T

a2—|—b2—|—2an+n2| |2_1+2an—l—n2
(n+1)2 T T o a2

lon|? < |va]? ,n > 1,
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and the sequence (|v,|), is bounded from below and decreasing. Thus,
(|vn|)n is convergent. Furthermore,

"1+ 2ak + k2 1+ 2k + k2 + 2ak — 2k
2_H ZZH 2

|Un41] 5 |v1] 5 |v1]
k:11+2k+k Pl 14+2k+k
n
2k(1—a
= H (1 - (1(_|_ k)Q)) |’l)1|2 )
k=1
o0 o0 o
) 2(1 —a) 2k( 2(1—a)
andsmcezmgz (1+k 4—|—k = 00, we have
k=1 k=1 =1
o
2k(1
that ; (1(+ k)(;) = 0. Then, from Lemma 1 we get

[ (- 0

k=1

and thus |vp41| — 0. &

1
Remark 1. The case a = b = 7 yields the example in [1]. The

map 7' is a rotation by an angle of /4.
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