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ABSTRACT. We give a convergence result in an arbitrary Banach
space for the Mann iteration when applied to a Hélder map.
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1. INTRODUCTION

Let X be a real Banach space, B be a nonempty convex subset of X
and T : B — B be a map. In [3], the following iteration, known as the
Mann iteration, is introduced:

xleB,

(1)

Tpt1 = (1 - an)xn + anTxna
where the sequence (o, )n>1 C (0, 1), which we maintain fixed through-

out the paper, is such that lim «, = 0, and Z o, = o0. Observe that

n—00
n=1

(®n)n>1 is a sequence of B.

Definition 1. The map T : B — B verifies the Holder condition if
the following relation is true for a fixed k£ € (0,1) and all z.y € B:

(2) 1Tz~ Ty <k |z —yl*

Let us remark that 7" satisfying (2) can be a nonconstant map. For
B a nonempty, convex, bounded set and 7' : B — B satisfying (2),
there exists M > 0 such that:

(3) lz =yl < M,
(4) 1Tz =Tyl < kllz—yl* <k M |z -yl

for all z,y € B. Our aim is to prove convergence results for iteration
(1) and for T a map which satisfies (2).

For this purpose we need the following lemma from [7].
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Lemma 1. [7] Let (8,)n>1 be a sequence such that 5, € (0,1], for
alln € N. If ¥ B, = oo, then[[(1 - B.) = 0.
n=1 n=1

2. MAIN RESULT

We are now able to establish the following result:

Theorem 1. Let X be a Banach space, B be a nonempty convex
subset of X, let T : B — B be a Hélder map with constant k € (0, 1)
and F(T) := {z* € B : Tx* = x*} be the set of fized points of T. Then
for all x* € F(T) and all x; € B such that

1
(5) A

the sequence (Tn)n>1 given by (1) strongly converges to x*. Thus, for
all z1 € B there is at most one fized point x* of T for which (5) holds.

Proof. Because of (1) and (2), we have

|Zn1 — 2% = |1 — an) (@0 — 27) + o (Tzy, — Tz")||
< (1 —an)llzn — || + o || Tz, — Ta™||
< (1 —ap)llzn —2*|| + an k ||z, — x*“Z

= l[#n = 2*[|[1 — o (1 =k [|lzn — 27[])] -
Let a, := ||z, — 2*||, Yn € N. Then
(6) tni1 < ap[1 — ay (1 — kay)],Vn € N.

We intend to prove that lim @, = 0. From (6) we obtain
n—oo

Qp, < Gp—1 [1 — Qp_1 (1 - kan—l)]

(05} S aiq [1 — (1 (1 — kal)]

Hence

(7) ny1 < aq H [1—a;(1—ka;)].

i=1
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1 1
now, from (5) we have a; < o We then suppose that a,, < z and prove
1
that a,41 < x But, from (6), we have

1
a1 < an[l—an(l—kan)]<E[1—an+ankan]

<11 +l€1—1
? an tom ko) =0

and the assertion follows. Thus 0 < 1 — ka, <1 for all n € N, and it
follows from (6) that a,, 1 < a,, n € N. Hence ¢ = inf,,en(1 — kay,) > 0
and we have

(8) 1—a,(l —ka,) <1—a,q, neN

From (7) and (8) we get

n

9) Uny1 < 01 H(l — anq),

=1

oo o0
and fom Lemma 1 we have, since Z goy, = 0o, that = H(l—qan) =0.
n=1 n=1
Thus, (9) ensures that lim a, = 0, i.e., lim x, = z*, and the proof is
n—r0oQ n—0Q

complete. [

Corollary. Let X be a Banach space, let B be a nonempty convex
bounded subset of X and T : B — B be a Holder map with constant
k€ (0,1). Let F(T) :={x* € B: Tz* = z*} be the set of fixed points
of T and assume that

(10) diam (B) = d < %

Then, if x* € F(T), the sequence (z,)n>1 given by (1) strongly con-
verges to x* for all x1 € B, and x* is the unique fized point of T.

Proof. Convergence of (z,) to z* follows from Theorem 1 above by
observing that (5) holds for z* and z;. Uniqueness of z* follows from

this or from the fact under the assumptions 7" is a contraction map.
O

Remark. If B is also closed, the Banach contraction principle ensures
the existence of z* € F(T).

In papers dealing with Mann’s iteration, the space X is usually a
uniformly convex or a smooth real Banach space. In our results, X is
an arbitrary Banach space.
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