Revista Colombiana de Matemáticas Volumen 41(2007)2, páginas 287-302

Open 3-manifolds and branched coverings: a quick exposition

3-variedades abiertas y cubiertas ramificadas

José María Montesinos-Amilibia^{1,a}

1Universidad Complutense, Madrid, España

Dedicado a María Teresa Lozano Imízcoz tras 27 años de fructífera colaboración

Abstract. Branched coverings relate closed, orientable 3-manifolds to links in S^3, and open, orientable 3-manifolds to strings in S^3 ∖ T , where T is a compact, totally disconnected tamely embedded subset of S^3. Here we give the foundations of this last relationship. We introduce Fox theory of branched coverings and state the main theorems. We give examples to illustrate the theorems.

Key words and phrases. Knot, link, manifold, string, wild, tame, locally tame, Cantor set, tangle, branched covering, colored knot, Smith conjecture. 2000 Mathematics Subject Classification. 57M12, 57M30,57N10, 54B15.

Resumen. Las cubiertas ramificadas relacionan las 3-variedades orientables cerradas con los enlaces en S^3 y las 3-variedades abiertas con las cuerdas en S^3 ∖T , donde T es un subconjunto compacto, totalmente desconectado y dócilmente encajado en S^3. Aquí exponemos los fundamentos básicos de esta última relación. Introducimos la teoría de Fox de las cubiertas ramificadas y enunciamos los principales teoremas. Damos ejemplos que ilustran los teoremas.

Palabras y frases clave. Nudo, enlace, variedad, cuerda, salvaje, dócil, localmente dócil, conjunto de Cantor, ovillo, conjetura de Smith.

aSubvencionado por Colciencias # 1118–05-13631 y por MTM2006-00825/.

287

1. Introduction

Branched coverings (to be defined later) relate closed 3-manifolds to (tame) knots and links (see [3], [16], [17], [27]).

From this relationship “knot theory” obtains invariants of knots, and “3- manifold theory” reduces its study to knot theory. As we see, this is a fruitful relationship.

This paper is devoted to give an exposition of this relationship in the case of open 3-manifolds and wild knots and strings in S^3 via branched coverings. Details are in the papers [18], [22], [19], [21], [20]. We give new examples and some new theorems.

2. Some mixed preliminaries

2.1. Topological preliminaries. In Fox´s terminology [7] X is locally connected in Y iff Y has a base whose members intersect X in connected sets.

Every connected, locally connected, locally compact, metrizable and separable space X is contained in a compact space Y with the same properties in such a way that X is dense, open and locally connected in Y , and the end space E(X) := Y ∖ X is (compact and) totally disconnected. Moreover, this compactification Y of X (ideal or Freudenthal compactification) is determined by these properties [9] (see also [7] and [23]).

We say that a compact, totally disconnected subset T of S^3 is tamely embedded if there exists a homeomorphism of S^3 placing T on a rectilinear segment of S^3 = R^3 + ∞. Otherwise, T is wildly embedded. Accordingly, we will consider tamely (or wildly) embedded Cantor subsets of S^3.

A 3-cell will be a space homeomorphic to the closed ball of radius 1 in R^3; an open 3-cell will be a space homeomorphic to R^3.

A 3-manifold M is a connected, metrizable topological space such that every point of M has an open 3-cell neighbourhood. By the theorem of invariance of domain, that open 3-cell neighbourhood is an open subset of M. Therefore, every point of M has also a 3-cell neighbourhood. A 3−manifold-with-boundary M is a connected, metrizable topological space such that every point of M has a 3-cell neighbourhood. Therefore, every 3-manifold is a 3-manifold-with-boundary but the converse is false: a 3-cell is a 3-manifold-with-boundary but it is not a 3 -manifold.

A 3-manifold will be called closed (resp. open) iff it is compact (resp. noncompact). Of course, an open 3-cell is an open 3 -manifold. The 3-sphere S^3 is a closed 3-manifold.

2.2. Combinatorial preliminaires. A polyhedron is the underlying space of a locally finite simplicial complex. Moise proved [12] that all 3-manifolds-with-boundary are triangulated by polyhedra.

2.3. Tame and wild sets. A closed set F in a 3 -manifold-with-boundary M is tame if there is a homeomorphism of M in itself sending F onto a subcomplex

Volumen 41, Número 2, Año 2007

Figure 1. A wild 2-cell.

of some locally finite simplicial complex triangulating M. If there is no such homeomorphism, we say that F is wild. For example the 2-cell in S^3 shown in Figure 1 is wild.

The set X is locally tame at a point x of X if there exist a neighbourhood U of x in M and a homeomorphism of U into M that takes U ∩ X onto a tame set. Otherwise we say that X is locally wild at x.

Bing [1] showed that a closed set is tame in S^3 if it is locally tame at each of its points. The set of points of X at which it is locally tame is open in X and is called the tame subset of X, while the subset at which it is locally wild is closed, and is called the wild subset of X.

A subset N of a 3-manifold is a knot if N is homeomorphic to the 1-sphere S^1. A locally finite disjoint union of knots is a link. A wild knot or link has a non empty wild subset. Otherwise it is a tame knot or link.

Figure 2. A string.

For instance, the wild 2-cell of Figure 1 bounds a wild knot whose wild subset is a tamely embedded Cantor set.

A closed subset of a 3-manifold is a string (see Figure 2) if it is homeomorphic to the real line R^1. A locally finite disjoint union of strings is a string-link. A wild string or string-link has a non empty wild subset. Otherwise it is a tame string or string-link.

A knot N in S^3 is the unknot if N bounds a tame disk in S^3. A string in R^3 is the unstring if it bounds a tame half-plane in R^3.

3. Combinatorial branched coverings

Let f : Y → Z be a (continuous) map. An open neighbourhood W of z ∈ Z is called elementary if f maps each (connected) component of f^{−1}(W ) homeomorphically onto W . A point of Z that admits an elementary neighbourhood is an ordinary point. A non-ordinary point is singular. The set of ordinary points of Z is an open subset Z_o of Z. Its complement Z_s is the closed set of singular points. If Y is connected and locally connected, and Z = Z_o, f is called covering.

The definition of branched covering is relatively easy if the spaces involved are polyhedra.

Thus, if M and N are 3-manifolds and B is a subset of N, then a continuous map f : M → N is a (combinatorial) covering of N branched over B if there are triangulations of M and N such that

(i) B is a subpolyhedron of the 1-skeletton of N; (ii) f is a non-degenerate simplicial map; (iii) the restriction

f|(M ∖ f^{−1}(B)) : M ∖ f^{−1}(B) → N ∖ B

is a covering called the associated covering. (The associated unbranched covering is the composition of the covering f|(M ∖ f^{−1}(B)) with the natural inclusion N ∖ B ⊂ N).

(iv) the set Z_s of singular points of f is B. The set B is called the branching set of f.

Then f^{−1}(B) is a subgraph of M which is the disjoint union of the subgraph ~P (pseudo-branching cover) of points at which f is a local homeomorphism and the subgraph ~B (branching cover) of points at which f is not a local homeomorphism.

The importance of this combinatorial definition of branched covering lies in the fact that, given the monodromy of the associated unbranched covering, it is possible to construct the branched covering (the monodromy is a representation of π_1(N ∖ B) into the group of bijections of the fiber [25]). We explain what we understand by this with an example.

Volumen 41, Número 2, Año 2007

Let (L, ω) be a represented knot or link in X = S^3 (resp. a represented string or string-link in X = R^3), where ω is a simple representation (homomorphism) of π_1(X ∖L) onto the symmetric group S_3 of the indices {1, 2, 3}. Thus ω sends meridians of L to transpositions (1, 2), (1, 3), or (2, 3) of S_3, which, following a beautiful idea of Fox, will be represented by colors Red (R = (1, 2)), Green (G = (1, 3)) and Blue (B = (2, 3)). If the representation exists we can endow each overpass of a normal projection of L with one of the three colors R, G, B in such a way that the colors meeting in a crossing are all equal or all are different. Moreover, at least two colors are used. A knot or link L (resp. string or string-link L) in X = S^3 (resp. X = R^3) with a coloration corresponding to some ω is a colored knot or link (resp. colored string or string-link).

A colored knot or link (resp. string or string-link) (L, ω) in X = S^3 (resp. X = R^3) defines a complete conjugation class of subgroups of π_1(X ∖ L). Namely the set {ω^{−1}(Stab_i) : i ∈ {1, 2, 3}} where Stab_i is the subgroup of elements of S_3 fixing the index i. This class of subgroups determines an ordinary covering of three sheets f^′ : Y → X ∖ L and an unbranched covering f^{′′} = j ∘ f^′ where

j : X ∖ L → X

is the inclusion map. A construction described by Neuwirth in [24] gives an extension of f^{′′}to a combinatorial covering f : M(L, ω) → X branched over L such that the associated unbranched covering of f turns out to be f^{′′}. Due to a theorem of Fox (see the next section), this f is unique. We emphasize that f is uniquely determined by f^{′′}, not in general by f^′ [11]. The space M(L, ω) is a closed (resp. open), orientable 3-manifold.

Figure 3. A colored knot.

Example 1. Consider the colored knot (L, ω) of Figure 3. This colored knot was considered by R. H. Fox in [8]. Neuwirth construction shows that the closed manifold M(L, ω) is S^3 (we do not give details; see [16], [17] and [27]).

On top of the 3-cell Q (resp. S^3 ∖ IntQ) of Figure 3 lies a 3-cell. An easy consequence of this is the following result.

Figure 4. The move.

The move of Figure 4, [13], [14], [16], [17], has the following property: if this move is applied to a portion of a colored knot or link (resp. string or stringlink), we obtain a new colored knot or link (resp. string or string-link) whose corresponding 3-fold branched covering spaces are homeomorphic.

It was proved in [10] and [15], independently, that every closed orientable 3-manifold is of the form M(L, ω) for countably many mutually inequivalent knots L. In other words, every closed orientable 3-manifold is a simple 3 fold covering of S^3 branched over a knot in many different ways.

Example 2. Consider the colored string (L, ω) in R^3 of Figure 5. This colored string was first considered by R. H. Fox in the paper [6]; entitled “A remarkable simple closed curve”. We will call L Fox string. We will prove that the space M(L, ω) is homeomorphic to R^3. Thus there exist a 3-fold simple covering ^p : R^3 → R^3 branched over the Fox string L.

Figure 5. Fox string colored.

In fact, select a sequence of 3-cells {Q_i}^∞_{i=1} such that Q_i ⊂ Int(Q_{i+1}) and

∪^∞_{i=1}Q_i = R^3 = S^3 ∖ {∞},

as indicated in Figure 5. Let

p : M(L, ω) → R^3

Volumen 41, Número 2, Año 2007

be the simple branched covering given by the representation ω. Then, for i ≥ 1, p^{−1}(Q_i) is a 3-cell Q^′_i. In fact,

p | p^{−1}(Q_i) : p^{−1}(Q_i) → Q_i

is a 3-fold simple covering of the 3-cell Q_i, branched over two properly embedded arcs; these arcs are embedded exactly as in case i = 1 (see Figure 5). By Example 1, p^{−1}(Q_i) is a 3-cell Q^′_i. Then

M(L, ω) = ∪^∞_{i=1}Q^′_i.

And from this follows that M(L, ω) is homeomorphic to R^3 [2] as we wanted to prove.

Exercise. Find an alternative proof using the move of Figure 4.

4. Topological branched coverings

We will see in this paper that open 3-manifolds are naturally related to coverings branched over wild knots and strings. Therefore the combinatorial definition of branched covering is not sufficient. We need a topological definition of branched covering.

This definition was provided by R. H. Fox in his celebrated paper [7] (a fresh exposition of it is in [23]). We now explain this definition.

If Z is a topological space denote by E(z) the set of open neighbourhoods of z ∈ Z. If f : Y → Z is a map, a thread y_z over z is a function W −→ y_z(W ) where W ∈ E(z) and y_z(W ) is a component of f^{−1}(W ) such that

y_z(W_2) ⊂ y_z(W_1) if W_2 ⊂ W_1.

A branched covering is a continuous map g : Y → Z between connected, locally connected T_1 spaces such that

(i) the connected components of the inverse images of the open sets of Z form a base for the topology of Y ;

(ii) the set Z_o of ordinary points is connected, dense and locally connected in Z;

(iii) the set g^{−1}(Z_o) is connected, dense and locally connected in Y ; and (iv) g is complete, that is, for every thread y_z over z, and for every z, the intersection �

W ∈E(z)

y_z(W )

is non-empty (and consists of just one point). The map g | g^{−1}(Z_o) : g^{−1}(Z_o) → Z;

is called the unbranched covering associated to g, and the map

g | g^{−1}(Z_o) : g^{−1}(Z_o) → Z_o is called the covering associated to g. The degree of the covering associated to g is, by definition, the degree of g.

In a branched covering g : Y → Z, the set Z_s = Z ∖ Z_o will be called the branching set and we will say that g is a covering of Z branched over Z_s.

Let z_s be a point of Z_s. The branching index b(y) of y ∈ g^{−1}(z_s) is the infimum of the degrees of the coverings associated with the branched coverings

g | C : C → W,

where C is the y-component of g^{−1}(W ), for every open, connected neighbourhood W of z_s. If all these degrees are infinite, we will say that the branching index is infinite.

The subset of g^{−1}(Z_s) of points with branching index 1 is called the pseudobranching cover, and the subset of g^{−1}(Z_s) of points with branching index ≥ 1 is called the branching cover.

The main result in [7] implies the following

Theorem 4.1. Let f : Y → Z be a continuous map between connected, locally connected T_1 spaces that satisfies conditions (i), (ii), (iii) above. Then there exists a unique branched covering g : X → Z extending f.

The branched covering g granted by this theorem will be called the Fox completion of f.

A useful method to construct branched coverings is to complete unbranched coverings by means of Theorem 4.1. This is the content of the next corollary.

Corollary 4.1. Let g : Y → Z be a branched covering. Then g is the Fox completion of its associated unbranched covering

g | g^{−1}(Z_o) : g^{−1}(Z_o) → Z.

Thus, g is determined by the unbranched covering

g | g^{−1}(Z_o) : g^{−1}(Z_o) → Z;

or by the associated covering

g | g^{−1}(Z_o) : g^{−1}(Z_o) → Z_o

and the inclusion Z_o ⊂ Z.

Of course, this construction can be brought about when Z_s is tame (see last section). But for particularly nice wild branching sets we can also bring about the construction. We explain this in the next section.

5. Constructing branched coverings for nice branching sets

Let T be a compact, totally disconnected subset of a manifold M. A T -tangle will be a closed subset F of M containing T such that (i) M ∖ F is dense and locally connected in M and, (ii) F ∖ T is tame in M ∖ T . The interest of this definition lies in the following

Volumen 41, Número 2, Año 2007

Theorem 5.1. Let M be a closed manifold. Let g : Y → M be a finite sheeted covering branched over a T -tangle B. Then g is uniquely determined by the (combinatorial) covering g| � Y ∖ g^{−1}(T ) � : Y ∖ g^{−1}(T ) → M ∖ T branched over the tame set F ∖ T . Moreover, Y is the ideal compactification of Y ∖ g^{−1}(T ).

Proof. It follows from the Jordan separation theorem that if T is a compact, totally disconnected subset of a closed n-manifold M, then M is the ideal compactification of M ∖ T . Since M ∖ B is dense and locally connected in M it follows that M ∖ T is dense and locally connected in M. By the uniqueness of the ideal compatification, it follows that the inclusion of M ∖ T in M is unique up to homeomorphism. Therefore the Fox completion of g| � Y ∖ g^{−1}(T ) � : Y ∖ g^{−1}(T ) → M

is uniquely determined by g| � Y ∖ g^{−1}(T ) � : Y ∖ g^{−1}(T ) → M ∖ T.

That Y is the ideal compactification of Y ∖ g^{−1}(T ) follows from the following theorem (see [7] and [23]). □�

Theorem 5.2. Let X and Z_1 be metrizable and separable spaces. Assume also that they are connected, locally connected, locally compact, but not compact. Let f : X → Z_1 be a surjective branched covering. Let Z be the ideal compactification of Z_1 and let j : Z_1 → Z be the canonical inclusion. If g : Y → Z denotes the Fox completion of j ∘ f : X → Z, then Y is the ideal compactification of X if Z has a base such that, for each member W of it, f^{−1}(W ) has a finite number of components.

Example 1. A tamely embedded or wildly embedded Cantor set C in S^3 is a C-tangle.

Example 2. A wild knot in S^3 with one-point wild subset x is an {x}-tangle. The wild knot in S^3 = R^3 + {∞} with wild subset {∞} whose associated tame string in R^3 is Fox string L of Figure 5 will be called Fox remarkable wild-knot.

Example 3. More generally, let L be a tame string-link in R^3. Then ^L := L ∪ {∞} is a {∞}-tangle in S^3 = R^3 ∪ {∞}. The string-link in R^3 of Figure 6 gives rise to a very complicated {∞}-tangle in S^3.

Figure 6. Colored string-link.

Example 4. The boundary L of the wild disk of Figure 1 is a wild knot in S^3 with wild subset L_w a tamely embedded Cantor set. Moreover L is a L_wtangle because L ∖ L_w is a tame string-link in S^3 ∖ L_w (with countably many components).

Example 5. In S^3 = R^3 ∪ {∞} consider (see Figure 7) the union L^′ of the circles of diameter 1/3^{(n+1)}, lying in the xy-plane and centered at (m/(2·3^n), 0, 0) for every integer n ≥ 1 and every integer m such that 0 < m < 2 · 3^n and gcd(m, 6) = 1, together with the circle centered at (1/2, 0, 0) of radius 1. The adherence L of this set L^′ is a C-tangle. Here C is the standard tamely embedded Cantor set and L ∖ C is the union of half-circles L^′ ∖ ([0, 1] × {0} × {0}).

A represented T -tangle (L, ω) is a T -tangle L in S^3 together with a transitive representation ω of π_1(S^3 ∖ L) into the symmetric group S_n of n indices. The representation is simple if it represents meridians of L ∖ T by transpositions.

A represented T -tangle (L, ω) in S^3 defines a complete conjugation class of subgroups of π_1(S^3 ∖ L). Namely the set {ω^{−1}(Stab_i) : i ∈ {1, 2, ..., n}} where Stab_i is the subgroup of elements of S_n fixing the index i. This class of subgroups determines a combinatorial covering

f^′ : M(L, ω) → S^3 ∖ T

branched over the tame set L ∖ T , where M(L, ω) is an open 3-manifold, oriented and connected that can be constructed by Neuwirth method.

Let f be the composition j ∘ f^′, where

j : S^3 ∖ T → S^3

Volumen 41, Número 2, Año 2007

is the inclusion map. Since f satisfies the conditions listed in Theorem 4.1 there exists the Fox completion ^f : ^M(L, ω) → S^3

of f. This map is a covering of S^3 branched over L, extending f^′.

The space ^M(L, ω) is the ideal compactification of the manifold M(L, ω) (Theorem 5.1).

In general ^M(L, ω) is not a manifold at the points belonging to the end space E(M(L, ω)) := ^M(L, ω) ∖ M(L, ω).

Of course, ^f(E(M(L, ω))) = T .

The covering ^p : ^M(L, ω) → S^3 will be called simple if ω is simple.

Example 6. Fox remarkable wild knot L whose tame part L∖{∞} is depicted in Figure 5 is a colored {∞}-tangle (L, ω). The manifold M(L, ω) is R^3 and ^M(L, ω) is the one-point compactification of R3. Thus there is a 3-fold simple branched covering ^p : S^3 → S^3 branched over the Fox remarkable wild knot L [19].

Trading what is outside the 3-cell Q_1 of Figure 5 with what is inside it, one gets the move indicated in Figure 8.

Figure 7. A C -tangle.

Applying this move to colored (tame) knots one gets wild knots having the same branched coverings. Therefore, exactly as with S^3, every closed, oriented 3-manifold is a 3-fold covering of S^3 branched over a colored wild knot.

Fox remarkable wild knot L admits a representation η onto S_2. The manifold M(L, η) is the 2-fold cyclic covering of R^3 branched over the Fox string of Figure 5. Then M(L, η) is the union of an ascending sequence of solid tori ~Q_i, namely, the solid tori covering the 3-cells Q_i of Figure 5. It is not hard to see that the core of ~Q_i goes twice around the core of ~Q_{i+1} (see Figure 9). An appropriate

Figure 8. A move.

Figure 9. A 2-fold branched covering.

name for this open 3-manifold could be ascending solenoidal manifold (see [20] and [19]).

Example 7. Consider the C-tangle L of Example 5. Here C is the standard tamely embedded Cantor set so that π_1(S^3 ∖ L_w) is trivial. Then π_1(S^3 ∖ L) is freely generated by the meridians of the upper half circles of L^′ ∖ L^′ ∖ ([0, 1] × {0} × {0}) and the meridians of the lower half circles of L^′ ∖ L^′ ∖ ([0, 1] × {0} × {0}). We define a colored C-tangle (L, ω) coloring the upper (resp. lower) meridians red (resp. green) as depicted in Figure 7.

This defines a 3-fold simple covering

^p : ^M(L, ω) → S^3

branched over L.

The space ^M(L, ω) is S^3. In fact, applying the move shown in Figure 10, which does not affect the covering space (see [14]), simultaneously in all possible places in Figure 7 we see that ^M(L, ω) is homeomorphic to the 3 -fold cyclic

Volumen 41, Número 2, Año 2007

covering of S^3 branched over the unknot. Thus ^M(L, ω) is the 3-sphere. (To help the reader, in Figure 5 a sequence of the moves of Figures 10 and 11 (and their inverses) is used to produce the move of Figure 4, [14]).

Figure 10. A move.

As in the previous example, we can apply the move of Figure 8 countably many times to any colored tangle and we easily obtain that every closed, oriented 3-manifold is a 3-fold simple covering of S^3 branched over a colored Ctangle L such that C is a tamely embedded Cantor set and L∖C is a string-link.

Figure 11. A move.

In [18] we have proved the following theorem.

Theorem 5.3. Let M be an orientable 3-manifold. Let E(M) be the end space of M. Then there is a colored T -tangle (L, ω) whose associated 3-fold simple covering ^p : ^M(L, ω) → S^3 branched over L satisfies:

(i) ^M(L, ω) is the ideal compactification of M; (ii) ^p|E(M) maps E(M) homeomorphically onto T ; (iii) T is tamely embedded in S^3;

(iv) if T is not empty, L∖T is a tame string-link in S^3 ∖T with L ∖ T = L; (v) M(L, ω) is M and p := ^p | M is a combinatorial 3-fold simple covering p : M → S^3 ∖ T branched over the tame string-link L ∖ T .

This theorem generalizes [10] and [15]. In these two papers the above theorem is proved for closed, orientable 3-manifolds with the additional property that L is a (tame) knot and T is empty.

A corollary of the above theorem is that if C is a wildly embedded Cantor set in S^3 there exists a 3-fold simple branched covering p : S^3 → S^3 sending C homeomorphically onto a tamely embedded Cantor set. This has interesting consequences (see [21]).

Example 8. Consider the C-tangle of Example 4, which is the boundary L of the wild disk of Figure 1. We have proved [22] that the n-fold cyclic coverings of S^3 branched over L are all 3-spheres for every n ≥ 2. Moreover the preimages of C are wildly embedded. There are uncountably many different disks, like the one of Figure 1, enjoying the same property.

Corollary 5.1. Let M be a closed, orientable 3-manifold which is an n-fold cyclic covering of S^3 branched over a tame knot or link. Then M is also an n-fold cyclic covering of S^3 branched over a C-tangle, where C is a Cantor set in uncountably many different ways. Moreover C can be made to be tamely embedded or wildly embedded.

Proof. We see [22] that there is an n-fold cyclic covering S^3 → S^3 branched over a wild knot L with L_w a tamely embedded Cantor set. If n = 2m, this covering factors through an m-fold cyclic covering S^3 → S^3 branched over a wild knot L^′ with L^′_w a wildly embedded Cantor set, and a 2-fold cyclic covering S^3 → S^3 branched over a wild knot L with L_w a tamely embedded Cantor set. We use these branching sets to create moves. These moves applied to links in S^3 give the required branching sets. □�

These theorems and corollaries can be rephrased in terms of exotic cyclic actions on closed, orientable 3-manifolds. We leave this to the reader.

Another consequence of the moves in the proof of the above corollary is that every closed, oriented 3-manifold is a 3-fold simple covering of S^3 branched over a colored wild knot N such that N_w is a Cantor set. Moreover C can be made to be tamely embedded or wildly embedded.

Volumen 41, Número 2, Año 2007

6. Open problems To finish, here are some open problems.

Question 1 (Allan Edmonds). Let L be a wild knot in S^3 such that, for some n ≥ 2 the n-fold cyclic covering of S^3 branched over L is the 3-sphere. Then L is the boundary of an embedded 2-cell with locally tame interior (see MR2031886).

If the answer to this question is yes, the following conjecture follows.

Conjeture 1 (Smith Conjecture for R^3). Let L be a tame string in R^3 such that for some n ≥ 2, the n-fold cyclic covering of R^3 branched over L is R^3. Then L is the unstring.

Question 2. Is there a 3-manifold M and a covering p : M → S^3 branched over a (wildly embedded) Cantor set? I conjecture in the negative. (Note that there are Cantor sets wildly embedded in S^3 with no simply connected complement.)

Acknowledgments. Agradezco a las Profesoras Débora María Tejada y Margarita Toro Villegas de la Facultad de Ciencias de la Universidad Nacional (campus de Medellín) su maravillosa hospitalidad durante la preparación de este trabajo, subvencionado por Colciencias # 1118–05-13631 y por MTM2006- 00825/. Especiales gracias doy a Margarita Toro Villegas por confeccionar las excelentes ilustraciones que aparecen en este artículo.

References

[1] Bing, R. H. The collected papers of R. H. Bing. American Mathematical Society, Providence, 1988. Ed. by Sukhjit Singh, Steve Armentrout and Robert J. Daverman, RI: . xix, 1654 p.

[2] Brown, M. The monotone union of open n-cells is an open n-cell. Proc. Amer. Math.

Soc. 12 (1961), 812–814.

[3] Burde, G., and Zieschang, H. Knots. Walter de Gruyter, Berlin - New York, 1985.

Gruyter Studies in Mathematics, 5.

[4] Coxeter, H. S. Symmetrical definitions for the binary polyhedral groups. American Mathematical Society, Providence, 1959.

[5] Coxeter, H. S., and Moser, W. O. Generators and relations for discrete groups.

Springer-Verlag, New York-Heidelberg, 1972. Ergebnisse der Mathematik und ihrer Grenzgebiete.

[6] Fox, R. H. A remarkable simple closed curve. Ann. of Math. 50, 2 (1949), 264–265. [7] Fox, R. H. Algebraic Geometry and Topology. Princeton Univ. Press, Princeton, 1957, ch. Covering spaces with singularities, pp. 243–257. A Symposium in honor of S. Lefschetz.

[8] Fox, R. H. Topology of 3-manifolds and related topics. In Construction of simply connected 3-manifolds (1962), Proc. The Univ. of Georgia Institute, pp. 213–216. Prentice- Hall, Englewood Cliffs, N.J.

[9] Freudenthal, H. Über die enden diskreter räume und gruppen. Comment. Math. Helv.

17 (1945), 1–38.

[10] Hilden, H. M. Every closed orientable 3-manifold is a 3-fold branched covering space of S^3. Bull. Amer. Math. Soc. 80 (1974), 1243–1244.

[11] Hunt, J. H. Branched coverings as uniform completions of unbranched coverings. Contemporary Mathematics 12 (1982), 141–155.

[12] Moise, E. E. Geometric topology in dimensions 2 and 3. Springer-Verlag, New York- Heidelberg, 1977. Graduate Texts in Mathematics.

[13] Montesinos-Amilibia, J. M. Sobre la conjetura de Poincaré y los recubridores ramificados sobre un nudo. Tesis doctoral, Universidad Complutense, Madrid, 1971.

[14] Montesinos-Amilibia, J. M. A note on a theorem of Alexander. Rev. Mat. Hisp. Amer.

32, 4 (1972), 167–187.

[15] Montesinos-Amilibia, J. M. A representation of closed orientable 3-manifolds as 3-fold branched coverings of S^3. Bull. Amer. Math. Soc. 80 (1974), 845–846.

[16] Montesinos-Amilibia, J. M. Some aspects of the theory of branched coverings. In Proceedings of the seventh Spanish-Portuguese conference on mathematic (Sant Feliu de Guíxois, 1980), pp. 109–126.

[17] Montesinos-Amilibia, J. M. Lectures on 3-fold simple coverings and 3-manifolds.

Combinatorial methods in topology and algebraic geometry. Amer. Math. Soc., 1985. Rochester, N.Y., 1982, 157–177, Contemp. Math., 44, Providence, RI,.

[18] Montesinos-Amilibia, J. M. Representing open 3-manifolds as 3-fold branched coverings. Rev. Mat. Complut. 15, 2 (2002), 533–542.

[19] Montesinos-Amilibia, J. M. 3-manifolds, wild subsets of S^3 and branched coverings.

Rev. Mat. Complut. 16, 2 (2003), 577–600.

[20] Montesinos-Amilibia, J. M. Embedding strings in the unknot. J. Math. Sci. Univ.

Tokyo 10, 4 (2003), 631–660.

[21] Montesinos-Amilibia, J. M. On Cantor sets in 3-manifolds and branched coverings. Q.

J. Math. 54, 2 (2003), 209–212.

[22] Montesinos-Amilibia, J. M. Uncountably many wild knots whose cyclic branched covering are S^3. Rev. Mat. Complut. 16, 1 (2003), 329–344.

[23] Montesinos-Amilibia, J. M. Branched coverings after Fox. Bol. Soc. Mat. Mexicana 11, 1 (2005), 19–64.

[24] Neuwirth, L. P. Knot groups. Princeton University Press, Princeton, 1965. Annals of Mathematics Studies (56).

[25] Seifert, H., and Threlfall, W. Topologie. Naturforschung und Medizin in Deutschland 1939–1946. Dieterich’sche Verlagsbuchhandlung, Wiesbaden, 1948.

[26] Spanier, E. H. Algebraic topology. Springer-Verlag, New York-Berlin, 1981. [27] Tejada, D. M. Construction of 3-manifolds and branched coverings. Lect. Mat. 18, 1 (1997), 3–21.

(Recibido en mayo de 2005. Aceptado en septiembre de 2007)

Departamento of Matemáticas Universidad Complutense Madrid, España e-mail: montesin@mat.ucm.es

Volumen 41, Número 2, Año 2007