Revista Colombiana de Matemáticas Volumen 39 (2005), páginas 37–55

Polynomial identities for hyper–matrices

Victor Tapia Universidad Nacional de Colombia, Bogotá

Abstract. We develop an algorithm to construct algebraic invariants for hyper–matrices. We then construct hyper–determinants and exhibit a generalization of the Cayley–Hamilton theorem for hyper–matrices. Keywords and phrases. Polynomial identities, hyper–matrices.

2000 Mathematics Subject Classification. Primary: 14M12. Secondary: 15A24.

Resumen. Se desarrolla un algoritmo para construir invariantes algebraicos para hiper-matrices. A continuación se construyen hiper-determinantes y se muestra una generalización del teorema de Cayley-Hamilton para hipermatrices.

1. Introduction

Hyper–matrices appear in several contexts in mathematics [22, 23, 24] and in applications such as in the quantum mechanics of entangled states [1, 5, 7, 13], and image processing [2, 3]. Important mathematical problems associated to hyper–matrices are the construction of algebraic invariants and the determination of the minimal number of algebraically independent invariants. In this work we address these problems.

For ordinary matrices the algebraic invariants associated to a matrix a can be obtained as traces of powers of the given matrix. According to the Cayley–Hamilton theorem only a finite number of powers of a matrix a are linearly independent and therefore there is a finite number of algebraically independent invariants. A different set of invariants are the discriminants, which are suitable combinations of traces. The advantage of discriminants is that only the first d ones are non trivial while the rest is identically zero. 37

Then, the Cayley–Hamilton theorem is easily written in terms of discriminants. A different method is to consider alternating products with a second matrix b. Generalized discriminants can then be defined and the Cayley–Hamilton theorem takes a simpler form.

In view of further developments we construct algebraic invariants (discriminants) by considering all possible products among a matrix a and a second matrix b. These products are in a one–to–one correspondence with semi–magic squares of rank 2 (a semi–magic square is a square array of numbers such that the sum of the elements in each row and each column gives the same result). The discriminants can be obtained in terms of semi–magic squares by a counting procedure which we explain in detail. Furthermore, for practical purposes, the discriminants can be constructed using a graphical algorithm in terms of grids which we develop and explain here.

We then proceed to the construction of a Cayley–Hamilton for hyper– matrices. We restrict our considerations to the fourth–rank case. Ordinary matrix multiplication is not defined for hyper–matrices. Therefore, we use the equivalent formalism based on semi–magis squares. We obtain the corresponding discriminants, the determinant and the Cayley–Hamilton theorem.

2. Matrix calculus

2.1. Index notation. For the purposes of dealing with higher–rank matrices (or hyper–matrices from now on) we introduce an adequate notation. We have found that an index notation similar to that of tensor analysis is more convenient. In this case it is necessary to distinguish between covariant and contravariant indices. According to this scheme, a matrix a is a second–rank matrix. We can represent the matrix a by a second–rank covariant matrix with components a_{ij} ; by a second–rank contravariant matrix with components a^{ij} ; or, by a matrix of mixed covariance with components a^i_j .

For two matrices a and b of mixed covariance the matrix multiplication is defined by the resulting matrix c = a · b with components c^i_j given by

c^i_j = d∑ k=1 a^i_k b^k_j . (1)

From now on the summation convention over repeated indices is assumed. This means that we simply write

c^i_j = a^i_k b^k_j . (2)

The unit element e for the matrix multiplication has components e^i_j given by e^i_j = δ^i_j = { 1, for i = j;

0, otherwise, (3) which is known as the Kronecker delta. The inverse matrix a^{−1} is a matrix with components (a^{−1})^i_j satisfying

(a^{−1})^i_k a^k_j = a^i_k (a^{−1})^k_j = δ^i_j . (4)

The product of a matrix a with itself, a^2, is the matrix with components

(a^2)^i_j = a^i_k a^k_j . (5)

Higher powers of a are defined in a similar way. Then it is direct to construct discriminants and the Cayley–Hamilton theorem. The similarity transformations are now constructed in terms of a matrix u of mixed covariance with components u^i_j and the inverse matrix u^{−1} with components (u^{−1})^i_j . Then, the discriminants are invariant under this similarity transformations.

However, for matrices with a different covariance the scheme above does not work anymore. If a and b are covariant matrices with components a_{ij} and b_{ij} , then the Cartesian product is defined by the resulting matrix c with components c_{ij} = a_{ik} I^{kl} b_{lj} . (6)

where I is a second–rank contravariant matrix with components

I^{ij} = { 1, if i = j;

0, otherwise. (7)

With these conventions we can reproduce all the standard definitions and results. At this point an observation is necessary. We may define the product with an arbitrary matrix I, not given by (7) and we will obtain formally the same results. The only reason to choose I as in (7) is that generalizes the Cartesian product. In the next section we consider this general case. 2.2. Alternating products and discriminants. In order to compute the inverse matrix of a matrix a all what we need is to compute its determinant, c_d(a) = det(a). The determinant is the discriminant of order d. There is, however, a second manner for constructing the determinant. Let us consider the Levi–Civita symbol ϵ^{i1···id} defined by

ϵ^{i1 ···id} =

1, if i_1 · · · i_d is an even permutation of 1 · · · d; −1, if i_1 · · · i_d is an odd permutation of 1 · · · d; 0, otherwise. (8)

Then, the determinant of a matrix a with components a_{ij} is given by

det(a) = 1 d! ϵ^{i1 ···id} ϵ^{j1 ···jd} a_{i1 j1} · · · a_{idjd} . (9)

This is the usual definition of the determinant in matrix calculus. Let us denote the determinant of a simply by a, that is, a = det(a). If a ≠ 0, then we have a^{−1} = 1 a ∂a ∂a . (10)

In terms of components we have

(a^{−1})^{ij} = 1 a ∂a ∂a_{ij}

. (11)

Now the notation (a^{−1})^{ij} is redundant; therefore, we simply write a^{ij} for the components of the inverse matrix. Explicitly we have

a^{ij} = 1 a 1 (d − 1)!

ϵ^{ii1 ···id} ϵ^{jj1 ···jd} a_{i1j1} · · · a_{i(d−1) j(d−1)} . (12)

It is easy to verify that a^{ik} a_{kj} = δ^i_j . (13) Analogously we can define a covariant Levi–Civita symbol ϵ_{i1 ···id} by

ϵ_{i1 ···id} =

1, if i_1 · · · i_d is an even permutation of 1 · · · d; −1, if i_1 · · · i_d is an odd permutation of 1 · · · d;

0, otherwise.

(14)

Then, the determinant of a matrix b with components b^{ij} is given by

b = det(b) = 1 d! ϵ_{i1···id} ϵ_{j1···jd} b^{i1j1} · · · b^{idjd} . (15)

Its inverse matrix b^{−1} with components b_{ij} is given by

b_{ij} = 1 b 1 (d − 1)!

ϵ_{ii1 ···id} ϵ_{jj1 ···jd} b^{i1j1} · · · b^{i(d−1) j(d−1)} . (16)

For a matrix b with components b^{ij} we can define the following symbols

q^{i1j1 ···isjs} s (b) = P_j b^{i1 j1} · · · b^{isjs} = 1 s! b^{|[i1 j1} · · · b^{isjs ]|} , (17)

where P_j denotes the sum over all permutations with respect to the indices j’s; |[· · ·]| denotes complete antisymmetry with respect to the indices j’s or, equivalently, with respect to the indices i’s. Due to the antisymmetry the symbols q are non trivial only for s ≤ d. For the first values of s, q is given by

q^{ij}_1 (b) = b^{ij} ,

q^{i1 j1 i2 j2}

2 (b) = 1 2 (b^{i1 j1} b^{i2 j2} − b^{i1 j2} b^{i2j1} ) , q^{i1 j1 i2 j2 i3 j3}

3 (b) = 1 3! [b^{i1 j1} b^{i2j2} b^{i3 j3} (b^{i1 j1} b^{i2j3} b^{i3j2}

+b^{i1j3} b^{i2 j2} b^{i3j1} + b^{i1j2} b^{i2j1} b^{i3 j3} ) +(b^{i1 j2} b^{i2 j3} b^{i3j1} + b^{i1j3} b^{i2 j1} b^{i3j2} )] . (18)

Let us observe that

q^{i1 ···idj1 ···jd} d (b) = 1 d! b^{|[i1j1} · · · b^{idjd ]|} = det(b) 1 d! ϵ^{i1···id} ϵ^{j1···jd} . (19)

Then, we define the b–discriminants for a matrix a by

c^b_s (a) = q^{i1 j1 ···is js} s (b) a_{i1 j1} · · · a_{isjs} . (20)

For the first values of d we have

c^b_2 (a) = 1 2 [⟨ b · a

⟩_2 − ⟨ (b · a)^2 ⟩] , c^b_3 (a) = 1 3! [⟨ b · a

⟩_3 − 3 ⟨ b · a ⟩ ⟨ (b · a)^2 ⟩ + 2 ⟨ (b · a)^3 ⟩] , c^b_4 (a) = 1 4! [⟨ b · a

⟩_4 − 6 ⟨ b · a

⟩_2 ⟨

(b · a)^2 ⟩ +8 ⟨ b · a ⟩ ⟨ (b · a)^3 ⟩ +3 ⟨ (b · a)^2

⟩_2 − 6 ⟨ (b · a)^4 ⟩] , c^b_5 (a) = 1 5! [⟨ b · a

⟩_5

− 10 ⟨ b · a

⟩_3 ⟨

(b · a)^2 ⟩ +15 ⟨ b · a ⟩ ⟨ (b · a)^2

⟩_2 +20 ⟨ b · a

⟩_2 ⟨

(b · a)^3 ⟩ − 20 ⟨ (b · a)^2 ⟩ ⟨ (b · a)^3 ⟩ −30 ⟨ b · a ⟩ ⟨ (b · a)^4 ⟩ + 24 ⟨ (b · a)^5 ⟩] , (21)

Using (19), we obtain

c^b_d (a) = det(b) 1 d! ϵ^{i1···id} ϵ^{j1···jd} a_{i1j1} · · · a_{idjd} . (22)

Therefore c^b_d (a) = det(b) det(a) . (23) Let us denote c^b_d (a) simply by a_b; then a_b = a · b. If a ≠ 0 and b ≠ 0, we obtain 1 a_b

∂a_b ∂a = 1 a ∂a ∂a . (24)

Therefore a^{−1} = 1 a ∂a ∂a = 1 a_b

∂a_b ∂a . (25)

This is the new expression of the Cayley–Hamilton theorem. In fact, for the first values of d we have

a · b · a − c^b_1 (a) a + c^b_2 (a) b^{−1} ≡ 0 , a · b · a · b · a − c^b_1 (a) a · b · a + c^b_2 (a) a − c^b_3 (a) b^{−1} ≡ 0 , a · b · a · b · a · b · a − c^b_1 (a) a · b · a · b · a +c^b_2 (a) a · b · a − c^b_3 (a) a + c^b_4 (a) b^{−1} ≡ 0 . (26)

There are two particularly interesting instances of these relations. The first case is b = I. In the second case we would like to have an expression concomitant of the matrix a alone. To this purpose we choose b = a^{−1}. In that case all collapses to a useless identity. However, in our generalization to fourth–rank matrices the first case is excluded while the second one is allowed and gives the fourth–rank version of the Cayley–Hamilton theorem.

3. Semi–magic squares and graphical construction of invariants

For hyper–matrices the expressions (21) are nor adequate. Therefore we need a new algorithm for hyper–matrices. We have developed an algorithm based on the use of semi–magic squares which allow to characterize all invariants and furthermore we have developed a graphical algorithm to construct the semi– magic squares. We now introduce both these algorithms and exemplify them with the second–rank case.

3.1. Semi–magic squares. In order to construct algebraic invariants we consider products of a’s, with components a_{ij} and b’s, with components b^{ij} . In order for the result to be an invariant all indices must be contracted. This means that we must consider an equal number n of a’s and b’s. Since both a and b have two indices each, a can be contracted at most with 2 indices belonging to b’s and the same is true for b’s. The way in which the n a’s are contracted with the n b’s can be represented by an n × n square array of numbers s, where the components s_{IJ} denote the number of contractions between the Ith a and the Jth b. Monomial algebraic invariants are characterized by the way in which the indices of a are contracted with the indices of b. This contraction scheme can be represented by a semi–magic square. Graphically

s = b_1 · · · b_n a_1 s_{11} · · · s_{1n} . . . . . . a_n s_{n1} · · · s_{nn}

. (27)

If the Ith a is contracted once with the Jth b, then s_{IJ} = 1; if the Ith a is contracted twice with the Jth b, then s_{IJ} = 2; if there is no contraction between the Ith a and the Jth b, then s_{IJ} = 0. Since all indices must be contracted the sum of the elements of each row and each column must be equal to 2, that is, n∑ I=1 s_{IJ} = 2 , n∑ J=1 s_{IJ} = 2 . (28)

Arrays with this property are known as semi–magic squares [17]. Therefore, the number of possible algebraic invariants is determined by the number H_n(2) of semi–magic squares s. Semi–magic squares of rank r are defined by the relations n∑ I=1 s_{IJ} = r , n∑ J=1 s_{IJ} = r . (29)

The number of different possible semi–magic squares H_n(r) is given by [14, 16, 17] H_1(r) = 1 , H_2(r) = r + 1 ,

H_3(r) = 6 + 15 ( r − 1 1 ) + 19 ( r − 1 2 ) + 12 ( r − 1 3 ) + 3 ( r − 1 4 )

= 1 8 ( r^4 + 6 r^3 + 15 r^2 + 18 r + 8 )

= 1 2 R (R + 1) ,

H_4(r) = 24 + 258 ( r − 1 1 ) + 1468 ( r − 1 2 ) + 4945 ( r − 1 3 )

+10532 ( r − 1 4 ) + 14620 ( r − 1 5 ) + 13232 ( r − 1 6 )

+7544 ( r − 1 7 ) + 2464 ( r − 1 8 ) + 352 ( r − 1 9 ) . (30)

where R = (r + 1)(r + 2)/2.

For r = 2 the result is: H_n(2) = {1, 3, 21, 282, · · ·}.

For n = 1 and n = 2 the corresponding semi–magic squares are given by

s_{2,1} = {(2)} , s_{2,2} = {( 2 0 0 2 ) , ( 0 2 2 0 ) , ( 1 1 1 1 )} . (31)

Since each column and each row represents the same matrix, semi–magic squares which are related by the permutation of rows and/or columns represent

the same algebraic invariant. For example, for n = 2, ( 2 0 0 2 ) and ( 0 2 2 0 ) are the same invariant. Therefore, semi–magic squares can be classifed into equivalence classes related by permutations of rows and/or columns. Then, we need to take care only of the representatives s_{r,n} = {s_i, i = 1, · · · , p_r(n)} for each equivalence class, where p_r(n) is the number of equivalence classes for rank r and order n. For r = 2 the number of equivalence classes p_2(n) is given by the number of integer partitions of n, that is, p(n). Therefore, p_2(n) = {1, 2, 3, 5, · · ·}. For the first values of n the representatives of each equivalence class are

s_{2,1} = {(2)} ,

s_{2,2} = {( 2 0 0 2 ) , ( 1 1 1 1 )} ,

s_{2,3} =

2 0 0 0 2 0 0 0 2 , 2 0 0 0 1 1 0 1 1 , 0 1 1 1 0 1 1 1 0 ,

s_{2,4} =

2 0 0 0 0 2 0 0 0 0 2 0 0 0 0 2 , 2 0 0 0 0 2 0 0 0 0 1 1 0 0 1 1 , 2 0 0 0 0 0 1 1 0 1 0 1 0 1 1 0 , 1 1 0 0 1 1 0 0 0 0 1 1 0 0 1 1 , 1 1 0 0 0 1 1 0 0 0 1 1 1 0 0 1

. (32)

The algebraic invariants to which each semi–magic square corresponds are given by

(2) = ⟨ b a ⟩ , ( 2 0 0 2 ) = ⟨ b a ⟩_2 , ( 1 1 1 1 ) = ⟨ (b a)^2 ⟩ ,

2 0 0 0 2 0 0 0 2 = ⟨ b a ⟩_3 , 2 0 0 0 1 1 0 1 1

= ⟨b a⟩ ⟨(b a)^2⟩ ,

0 1 1 1 0 1 1 1 0 = ⟨ (b a)^3 ⟩ , 2 0 0 0 0 2 0 0 0 0 2 0 0 0 0 2 = ⟨ b a ⟩_4 ,

2 0 0 0 0 2 0 0 0 0 1 1 0 0 1 1 = ⟨ b a ⟩_2 ⟨ (b a)^2 ⟩ ,

2 0 0 0 0 0 1 1 0 1 0 1 0 1 1 0 = ⟨ b a ⟩ ⟨ (b a)^3 ⟩ ,

1 1 0 0 1 1 0 0 0 0 1 1 0 0 1 1 = ⟨ (b a)^2

⟩_2 , 1 1 0 0 0 1 1 0 0 0 1 1 1 0 0 1 = ⟨ (b a)^4 ⟩ . (33)

Let us observe that block semi–magic squares can be decomposed in terms of lower order semi–magic squares as ( 2 0 0 2 ) = (2)^2 ,

2 0 0 0 2 0 0 0 2

= (2)^3 ,

2 0 0 0 1 1 0 1 1

= (2) ( 1 1 1 1 ) , 2 0 0 0 0 2 0 0 0 0 2 0 0 0 0 2

= (2)^4 ,

2 0 0 0 0 2 0 0 0 0 1 1 0 0 1 1

= (2)^2 ( 1 1 1 1 ) ,

2 0 0 0 0 0 1 1 0 1 0 1 0 1 1 0

= (2)

0 1 1 1 0 1 1 1 0 ,

1 1 0 0 1 1 0 0 0 0 1 1 0 0 1 1 = ( 1 1 1 1 )_2

. (34)

3.2. Graphical construction of invariants. Each semi–magic square determines an algebraic invariant. On the other hand, semi–magic squares are obtained by considering all possible permutations of indices. However, for large values of n this algorithm becomes unpractical. In order to avoid this difficulty we now develop a graphical algorithm for the construction and characterization of algebraic invariants which allows to simplify this task. Let us represent the matrix a by a vertical grid with two boxes, namely

(35)

The product of n matrices is represented by

· · ·

1 2 n

(36)

Each algebraic invariant is characterized by the way in which indices are contracted. We can always choose to keep fix the indices of the first row and look at how the indices in the second row are contracted with the indices in the first row. A void grid indicates that no permutation has been performed

(37)

A permutation of the indices ith and jth is indicated by � � i j (38)

A double permutation is indicated by

� � � � (39)

A cyclic permutation is indicated by

� � � (40)

In this case, however, it is necessary to take into account the sense in which the permutation is performed. There are 2 possibilities

� � �

� � � � � � � (41)

When the sense of the permutation is irrelevant we use the right–oriented grid. The next possibility is � � � � (42)

In this case there are 6 possibles senses for the permutation, namely,

� � � �

� � � � � � � � � � � �

� � � �

� � � � � � �

� � � � � � � � � (43)

As in the previous case, when the sense of the permutation is irrelevant we use only the right–oriented grid.

The semi–magic square corresponding to a given grid is obtained as follows. The number of empty boxes in each column corresponds to the diagonal entries in the semi–magic square. The lines correspond to the off–diagonal terms. For example � � ∼ 2 0 0 0 1 1 0 1 1

. (44)

The multiplicity is the number of possible ways in which the given permutation can be performed over the n boxes (indices). The parity is given by the number of lines for the permutation. For example � � = −3

2 0 0 0 1 1 0 1 1

. (45)

Let us perform the explicit construction of the semi–magic squares and discriminants for the first values of n. For n = 2 the result is = ( 2 0 0 2 ) , � � = − ( 1 1 1 1 ) . (46)

For n = 3 the result is = 2 0 0 0 2 0 0 0 2 ,

� � = −3

2 0 0 0 1 1 0 1 1 ,

� � � � � = 2 1 1 0 0 1 1 1 0 1 .

(47)

For n = 4 the result is

= 2 0 0 0 0 2 0 0 0 0 2 0 0 0 0 2 ,

� � = −6

2 0 0 0 0 2 0 0 0 0 1 1 0 0 1 1 ,

� � � � = 3 1 1 0 0 1 1 0 0 0 0 1 1 0 0 1 1 ,

� � � � � = 8 2 0 0 0 0 1 1 0 0 0 1 1 0 1 0 1 ,

� � � �

� � � = −6

1 1 0 0 0 1 1 0 0 0 1 1 1 0 0 1

. (48)

The number of semi–magic squares depends on the number of possible permutations. For large values of n and r this counting becomes quite involved. Therefore, it is advisable to have an easy recipe to obtain the correct counting.

For each order we have a different number of possible permutations P_n. We can represent them as

P_2 = 0 − 1 , P_3 = 0 − 3 · 1 + 2 · 2 , P_4 = 0 − 6 · 1 + 3 · 1^2 + 8 · 2 − 6 · 3 , P_5 = 0 − 10 · 1 + 15 · 1^2 + 20 · 2 − 20 · (2 1) − 30 · 3 + 24 · 4 , P_6 = 0 − 15 · 1 + 45 · 1^2 − 15 · 1^3 + 40 · 2 − 120 · (2 1) +40 · 2^2 − 90 · 3 + 90 · (3 1) + 144 · 4 − 120 · 5 . (49)

The number of terms involving some given permutations is given by the coefficients in (49). This can be easily verified in the graphical construction above.

4. Hyper–matrices. The fourth–rank case

There is not a natural multiplication operation for hyper–matrices in the sense that the product of two hyper–matrices be again a hyper–matrix of the same rank. Therefore, the construction of algebraic invariants must be performed using the semi–magic square technique developed above. This algorithm can be easily extended to hyper–matrices of any arbitrary even–rank r.

Our construction is based on alternating products. To this purpose let us consider a fourth–rank matrix A with components A_{ijkl} and a fourth–rank matrix B with components B^{ijkl} . The discriminants are represented by semi– magic squares of rank 4. They are constructed using the graphical algorithm of the section above.

4.1. Alternating products and discriminants. In analogy with (9), for a fourth–rank matrix A with componentes A_{ijkl} we can define

det(A) = 1 d! ϵ^{i1 ···id} · · · ϵ^{l1···ld} A_{i1 j1 k1l1} · · · A_{id jdkdld} . (50)

Let us denote A = det(A). In analogy with (10) we define

A^{−1} = 1 A ∂A ∂A . (51)

In term of components A^{ijkl} = 1 A ∂A ∂A_{ijkl}

. (52)

Then

A^{ijkl} = 1 (d − 1)! 1 A ϵ^{ii1 ···i(d−1)} · · · ϵ^{ll1 ···l(d−1)} × A_{i1j1 k1 l1} · · · A_{i(d−1) j(d−1) k(d−1) l(d−1)} . (53)

This hyper–matrix satisfies

A^{ik1 k2 k3} A_{jk1 k2k3} = δ^i_j . (54)

The definitions (50) and (52–54) were used in previous works [18, 19, 20, 21] concerning the applications of fourth–rank geometry to the formulation of an alternative theory for the gravitational field.

As an example of the relation above let us consider the simple case d = 2. The determinant (50) is then given by

A = A_{1111} A_{2222} − 4 A_{1112} A_{1222} + 3 A^2_{1122} . (55)

The components of the hyper–matrix A^{ijkl} are given by

A^{1111} = 1 A A_{2222} ,

A^{1112} = − 1 A A_{1222} ,

A^{1122} = 1 A A_{1122} . (56)

and similar expressions for the other components. In order to check the validity of eq. (56) let us consider the cases 11 and 12. We can then verify that

A^{1ijk} A_{1ijk} = 1 , A^{1ijk} A_{2ijk} = 0 , (57)

and similar relations for the other indices.

The determinant for a fourth–rank matrix B with components B^{ijkl} is given by det(B) = 1 d! ϵ_{i1 ···id} · · · ϵ_{l1···ld} B^{i1 j1 k1l1} · · · B^{id jdkdld} . (58)

Let us now consider a fourth–rank matrix B with components B^{ijkl}. In a way similar to (17) we define

Q^{i1 j1k1 l1 ···isjs ksls} s (B) = 1 s! B^{|[i1j1 k1 l1} · · · B^{isjs ksls]|} . (59)

For the first values of s we obtain

Q^{ijkl}_1 (B) = B^{ijkl} , Q^{i1 j1 k1l1 i2 j2k2 l2}

2 (B) = 1 2 [B^{i1 j1 k1 l1} B^{i2 j2 k2 l2} − (B^{i1 j1 k1 l2} B^{i2 j2 k2 l1} +B^{i1j1 k2 l1} B^{i2 j2 k1 l2} + B^{i1 j2 k1 l1} B^{i2 j1 k2 l2} (60) +B^{i2j1 k1 l1} B^{i1 j2 k2 l2} ) + (B^{i1 j1 k2l2} B^{i2 j2 k1l1} +B^{i1j2 k1 l2} B^{i2 j1 k2 l1} + B^{i2 j1 k1 l2} B^{i1 j2 k2 l1} )] ,

etc. Let us observe that

Q^{i1 j1 k1l1 ···idjd kdld} d (B) = 1 d! B^{|[i1 j1k1 l1} · · · B^{idjd kdld]|} (61)

= det(B) 1 d! ϵ^{i1···id} · · · ϵ^{l1···ld} .

Then, the B–discriminants of A are defined by

C^B_s (A) = Q^{i1j1 k1 l1···is jsks ls} s (B) A_{i1 j1 k1 l1} · · · A_{is js ksls} . (62)

For s = 2 we obtain

C^B_2 (A) = 1 2 [ (B^{ijkl} A_{ijkl} )^2 − 4 B^{ijkl} A_{jklm} B^{mnpq} A_{npqi} (63)

+3 B^{ijkl} A_{klmn} B^{mnpq} A_{pqij} ] . For s > 3 the corresponding expressions are too long to be exhibited here. Instead we will determine the B–discriminants with semi–magic squares.

In analogy with (23) we obtain

C^B_d (A = det(B) det(A) . (64)

Let us denote C^B_d (A) simply as A_B ; then A_B = A · B. If A ≠ 0 and B ≠ 0, we obtain 1 A_B

∂A_B ∂A = 1 A ∂A ∂A . (65)

Therefore A^{−1} = 1 A ∂A ∂A = 1 A_B

∂A_B ∂A . (66)

This is the statement of the Cayley–Hamilton theorem for hyper–matrices. For s = 2 we have

(B^{ijkl} A_{ijkl} ) A_{abcd} − 4 A_{(a|ijk} B^{ijkl} A_{l|bcd)} +3 A_{(ab|ij} B^{ijkl} A_{kl|cd)} − C^B_2 (A) (B^{−1})_{abcd} ≡ 0 . (67)

If we now choose B = A^{−1}, that is B^{−1} = A, the above expression reduces to

A_{(ab|ij} A^{ijkl} A_{kl|cd)} − 1 2 (A_{(mn|ij} A^{ijkl} A_{kl|pq)} A^{mnpq} ) A_{abcd} ≡ 0 . (68)

4.2. Semi–magic squares. The algebraic invariants which can be constructed in this case are given by the semi–magic squares of rank 4. Their number is H_n(4) = {1, 5, 120, 7558, · · ·}. As for the second–rank case we must take care only of the representatives for each equivalence class. The number of equivalence classes p_4(n) is given by the generating function ∞∑ n=0 p_4(n) x^n = ∞∏ n=1 1 (1 − x^n)^{n!}

, (69)

For the first values of n p_4(n) is given by

p_4(n) = {1, 1, 3, 9, 36, · · ·} . (70)

4.3. Construction of discriminants. Each semi–magic square determines an algebraic invariant. However, in this case, the corresponding invariant can no longer be represented by mean of traces, as was done for ordinary matrices. The semi–magic squares of order 1 and 2 correspond to the following invariants

(4) = B^{ijkl} A_{ijkl} , ( 4 0 0 4 ) = ( B^{ijkl} A_{ijkl}

)_2 , ( 3 1 1 3 ) = B^{i1 j1 k1 l1} A_{l1 i2 j2k2} B^{i2 j2 k2 l2} A_{l2 i1 j1 k1} , ( 2 2 2 2 ) = B^{i1 j1 k1 l1} A_{k1 l1i2 j2} B^{i2 j2 k2 l2} A_{k2 l2 i1j1} . (71)

It is obvious from the expressions above that semi–magic squares are more practical for representing algebraic invariants.

The corresponding discriminants are linear combinations of the monomial algebraic invariants (semi–magic squares) of the same order. In order to determine the coefficients of this linear combination we proceed in a way similar to that for ordinary matrices. The hyper–matrices can be contracted according to the allowed number of possible permutations. The possible permutations are the same as described in Section 3.2. However, this time there are three additions involved. It is obvious that the number of terms which must be computed growth very fast, as (n!)^{r−1}. Therefore, even when this algorithm provides a direct answer, a more practical way to evaluate the coefficients is necessary. Then we must consider the graphical algorithm developed in Section 3.2.

4.4. The Cayley–Hamilton theorem. Let us write the Cayley–Hamilton theorem in terms of almost–magic rectangles. For the first values of d we obtain ( 4 0 0 4 ) − 4 ( 3 1 1 3 ) + 3 ( 2 2 2 2 ) − C^B_2 (A) B^{−1} ≡ 0 ,

1 2 4 0 0 0 4 0 0 0 4 − 4 3 1 0 1 3 0 0 0 4 + 3 2 2 0 2 2 0 0 0 4 − 4 4 0 0 0 3 1 0 1 3 + 3 4 0 0 0 2 2 0 2 2 + 4 3 1 0 0 3 1 1 0 3 + 6 3 0 1 0 3 1 1 1 2

+ 12

3 1 0 1 2 1 0 1 3

− 12

3 1 0 1 1 2 0 2 2 −12 3 0 1 1 2 1 0 2 2 + 3 2 2 0 2 0 2 0 2 2

− 12

2 2 0 2 1 1 0 1 3 + 6 2 2 0 1 1 2 1 1 2

+ 12

2 1 1 2 1 1 0 2 2 − 6 2 1 1 1 2 1 1 1 2

−C^B_3 (A) B^{−1} ≡ 0 . (72)

The above is the Cayley–Hamilton theorem for fourth–rank matrices.

5. Concluding remarks

We have developed an algorithm to construct algebraic invariants for hyper– matrices. We constructed hyper–determinants and exhibit an extension of the Cayley–Hamilton theorem to hyper–matrices.

These algebraic invariants were considered by Cayley [6]; see [8, 9] for an updated account.

Higher–rank tensors look similar to hyper–matrices and the results presented here are a first step for the construction of algebraic invariants for higher–rank tensors. Higher–rank tensors appear in several contexts such as in Finsler geometry [4, 15], fourth–rank gravity [18, 19, 20, 21], dual models for higher spin gauge fields [10, 11, 12].

Acknowledgements. This work was partially done at the Abdus Salam International Centre for Theoretical Physics, Trieste. This work was partially supported by Dirección de Investigación – Bogotá, Universidad Nacional de Colombia.

54 Victor Tapia

References

[1] A. Acín, J.I. Latorre & P. Pascual, Three–party entanglement from positronium, Phys. Rev. A. 63, 042107 (2001).

[2] D. G. Antzoulatos & A. A. Sawchuk, Hypermatrix algebra: Theory, CVGIP: Image Understanding 57 (1993), 24-41.

[3] D. G. Antzoulatos & A. A. Sawchuk, Hypermatrix algebra: Applications in parallel imaging processing, CVGIP: Image Understanding 57 (1993), 42–62.

[4] G. S. Asanov, Finsler Geometry, Relativity and Gauge Theories, Reidel, Dordrecht, 1985.

[5] E. Briand, J.–G. Luque & J.–Y. Thibon, A complete set of covariants of the four qubit system, J. Phys. A: Math. Gen. 36 (2003), 9915-9927.

[6] A. Cayley, On the Theory of Linear Transformations, Cambridge Math. J. 4 (1845), 193–209.

[7] V. Coffman, J. Kundu & W.K. Wootters, Distributed entanglement, Phys.

Rev. A. 61 052306 (2000).

[8] I. M. Gelfand, M. M. Kapranov & A. V. Zelevinsky, Hyperdeterminants, Adv. Math. 96 (1992), 226–263.

[9] I. M. Gelfand, M. M. Kapranov & A. V. Zelevinsky, Discriminants, Resultants, and Multidimensional Determinants, Birkhäuser, Boston, 1994.

[10] C. M. Hull, Strongly coupled gravity and duality, Nucl. Phys. 583 B (2000), 237–259.

[11] C. M. Hull, Symetries and compactifications of (4, 0) conformal gravity, J. High Energy Phys. 12 007 (2000).

[12] C. M. Hull, Duality in gravity and higher spin gauge fields, J. High Energy Phys. 9 027 (2001).

[13] J.–G. Luque & J.–Y. Thibon, Polynomial invariants of four qubits, Phys. Rev.

A. 67 042303 (2003).

[14] P. A. MacMahon, Combinatory Analysis (Cambridge University Press, 1915);

reprinting Chelsea, New York, 1960.

[15] H. Rund, The Differential Geometry of Finsler Spaces Springer, Berlin, 1959. [16] M. L. Stein & P.R. Stein, Enumeration of stochastic matrices with integer elements, Los Alamos Scientific Laboratory, report LA–4434 (1970).

[17] R. P. Stanley, Linear homogeneous diophantine equations and magic labelings of graphs, Duke Math. J. 40 (1973), 607–632.

[18] V. Tapia, Integrable conformal field theory in four dimensions and fourth–rank geometry, Int. J. Mod. Phys. D. 3(1993), 413–429.

[19] V. Tapia, D. K. Ross, A. L. Marrakchi & M. Cataldo, Renormalizable conformally invariant model for the gravitational field, Class. Quantum Grav. 13 (1996), 3261–3267.

[20] V. Tapia & D. K. Ross, Conformal fourth–rank gravity, non–vanishing cosmological constant, and anisotropy, Class. Quantum Grav. 15 (1998), 245–249.

[21] V. Tapia, Polynomial identities for hypermatrices, math–ph/0208010 (2002). [22] J. Weyman, Calculating discriminants by higher direct images, Trans. Am.

Math. Soc. 343 (1994), 367–389.

[23] J. Weyman & A. V. Zelevinsky, Singularities of hyperdeterminants, Ann.

Inst. Fourier Grenoble 46 (1996), 591–644.

[24] J. Weyman & A. V. Zelevinsky, Multiplicative properties of projectively dual varieties, Manuscripta Math. 82 (1994), 139–148.

(Recibido en mayo de 2005. Aceptado en agosto de 2005)

Departamento de Matemáticas Universidad Nacional de Colombia Bogotá, Colombia e-mail: tapiens@gmail.com