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Rigidity of minimal hypersurfaces
of spheres with constant
ricci curvature
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ABsTRACT. Let M be a compact oriented minimal hypersurface of the unit n-
dimensional sphere S™. In this paper we will point out that if the Ricci curvature

of M is constant, then, we have that either Ric = 1 and M is isometric to an
n—1 n—1

equator or, n is odd, Ric = Z—:g and M is isometric to S~ 2 (?) x Sz (?)

Next, we will prove that there exists a positive number e(n) such that if the

Ricci curvature of a minimal hypersurface immersed by first eigenfunctions
M satisfies that 2=3 — ¢(n) < Ric < 2=3 + ¢(n) and the average of the scalar

n
n—3
n—27

M must be isometric to S%(g) X Sanl(g)

curvature is then, the ricci curvature of M must be constant and therefore
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1. Introduction

Let ¢ : M — S™ be a minimal immersion of a compact oriented (n — 1)-

dimensional manifold into the unit sphere. We will identify M with the set

#(M) ¢ R™ | and the space T,,, M with the linear subspace dg, (T}, M) of

R"t!. The easiest examples of these immersions are the equators, i.e. the

totally geodesic S"!’s in S”, and the Clifford hypersurfaces, M}, which are

product of spheres, namely: For every pair of positive integers k£ and [ with
73
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k+l=n-1,

I
T and Jy” = —

Mg = {(2,y) € R¥ xR af? = 2 )

Let v be a unit normal vector field along M. Notice that v : M — S™ satisfies
that (v(m), m) = 0. For any tangent vector v € T,,, M, m € M, the shape oper-
ator A is given by A(v) = —V,v, where V denotes the Levi Civita connection
in S™. The shape operator at each m € M defines a symmetric linear trans-
formation from T,,M to T,,M, the eigenvalues of this linear transformation,
k1(m),...Kkp—1(m), are known as the principal curvatures of M at m. Let us
fix some notation: we will denote by A the laplacian on M; ||A|? = Z?;ll K2
will denote the square of the norm of the shape operator, notice that since the
second fundamental form I7 is given by I1(v) = (A(v),v), then ||Al|? = || I1]|?;
given two linearly independent vectors v,w € T,,M, k(v,w) will represent
the sectional curvature of the plane spanned by v and w; for any unit vector
v € T,, M, the Ricci curvature is defined by

n—2
1
Ric(v) = — Z kv, v;)
i=1

where {v,v1,...,0,_2} is an orthonormal basis of T,, M; the scalar curvature
is defined by

n—1
1 .
R= — ;:1 Ric(v;)

where {vy,...,v,_1} is any orthonormal basis of T,, M. It is known that if
|Al? = n — 1 for all m € M, then M is isometric to a minimal Clifford
hypersurface ([3], [7]). We also have that if M is neither an equator nor a
Clifford hypersurface, then ||A[[*(m) > (n — 1) for some m € M [11]. In this
paper we will pose the following conjecture:

Conjeture 1.1. If M is a non-equatorial closed minimal embedded hypersur-
face in S™, then [, |A|? > [,,(n — 1) with equality only if M is a minimal
Clifford hypersurface.

For n = 3, i.e. for surfaces, we have, by the Gauss-Bonnet theorem and the

minimality of M, that
J o= [ 2+sng-1)
M M

where g is the genus of the surface [10], therefore [, [|A||* < [,,2 only when
M 1is a sphere or M is a torus; we also have that, if M is a sphere immersed
in S3, then M is an equator [1], therefore, in this case, the conjecture 1.1 is
equivalent to the Lawson conjecture: the only embedded minimal torus in S3
is the Clifford torus.
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Remark 1.1. If true, Conjecture 1.1 provides a new proof of Simons’ key
inequality Ay < —2(n — 1) [11] (here Ay is the first eigenvalue of the stabil-
ity operator). For any estimate of the form [, |A|* > [, o, (a constant)
immediately bounds A1 from above:

A < fMJ(f)f:—fM||A||27fM(n71) <—(n-1+a).

Ju 12 Jut
Simons’ inequality is the crucial step in ruling out any stable minimal hyper-
cones in R™ other than hyperplanes, when n < 8. This result in turn has
powerful consequences such as the Bernstein theorem in dimensions n <9 and
the codimension 7 reqularity result ultimately proved by Federer [4]. Moreover,
suppose one could strengthen Conjecture 1.1 to the effect that if M is neither
Clifford nor equatorial, then

LA > [ o117

Combining this with Simons’ paper and the theorem of Simon & Solomon in
[12], one would then obtain a complete classification of area-minimizing hyper-
surfaces in R®, a major advance.

In this paper we will prove that if the first eigenvalue of the laplacian of M
is n — 1 and the Ricci and scalar curvature satisfy the inequality

n—3 2Ric(v)
_|_

R <
n—1 n—

for any v € TM with |v] =1 (%)

then [, [|A||> > [,,(n — 1) with equality only if M is Clifford. In particular,
for embedded hypersurfaces that satisfy the inequality (x), we have that Yau’s
conjecture, “the first eigenvalue of the laplacian of an embedded hypersurface
in S™ is n — 1”7, implies the conjecture 1.1. Recently, Huang, X. [5] have pub-
lished an article on the web with a proof of Yau’s conjecture for all dimensions
except for surfaces, i.e., in our notation, for n > 4. Using Huang Theorem
and ours we will obtain that if an embedded minimal hypersurface M in S™
with n > 4 satisfies the condition %, and [, [|A||*> = [,,(n — 1), then M is
a Clifford hypersurface. There is a large variety of minimal hypersurfaces in
S™ that satisfies the inequality (%), for example, we will show that if for ev-
ery m € M, each eigenvalue of the shape operator has multiplicity at least 2,
then the condition (%) is satisfied with the strict inequality, in particular, the
Clifford hypersurfaces Mj; with k£ and [ greater than 1 satisfy the condition
(%) with the strict inequality. We also have that for surfaces, the condition (%)
is trivially true because the scalar curvature and the Ricci curvature are the
same. Therefore, in this case we obtain the following result that was already
proved by Montiel and Ros [9]:
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If M is a compact minimal torus immersed in S by first eigenfunctions of the
laplacian, then M is isometric to the Clifford torus.

Before I proceed, I would like to thank my advisor, Professor Bruce Solomon,
for his lessons on mathematics and his comments on this paper. I would like
also to thank Colciencias for its financial support.

2. Preliminaries

Let ¢ : M — S™ be a minimal immersion of a compact oriented (n — 1)-
dimensional manifold into the unit sphere. We will identify M with the set
#(M) C R™! and the space T,,M with the linear subspace d¢,,(T,, M) of
R*tL. Let w € R*! be fixed. We will define the functions l,, : M — R and
fw: M — R by

ly(m) = (m,w)

Jw(m) = <V(m),w)} for all m € M.

A direct computation using the minimality of M and the Codazzi equations
gives us:

Proposition 2.1. The gradient and the laplacian of the functions l,, and fy
are given by:

Vi = w’ Viw=-Aw")
—Aly =(n— 1)lw —Afu ||AH2fw

Here wT denotes the tangential component of w on the tangent space T, M.

The following lemma is based on the minimax characterization of eigenvalues
for elliptic operators.

Lemma 2.1. Let M C S™ be a minimal compact oriented hypersurface. If
the first eigenvalue of —A on M is (n — 1), then for every smooth function
f:M — R with [,, f =0 we have that

/ IVfI? > (n— 1)/ f?  with equality only if — Af=(n—1)f.
M M

Our main theorem is based on a technique that uses the group of conformal
applications from S™ to S™; this technique was introduced by Li and Yau in
[8]. Let B"™! be the open unit ball in R"*!. For each point g € B"™! we
consider the map

p+ (up,g) +Ng
A{p,g) +1)

Fy(p) =
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for all p € S, where A = (1—|g|?)~2 and p = (A—1)|g|~2. A direct verification
([9]) shows that F} is a conformal transformation from S™ to S™ and, for every
v,w € 1,5, its differential dF, satisfies

1—|g?

<ng(U)ang(w)> = m

(v, w).

In [8], Li and Yau proved that if ¢ : M — S™ is a conformal immersion, then
there exists g € B"*! such that fM Fy0¢ =1(0,...,0). In this paper we will
need the same result for immersion which may not be conformal.

Lemma 2.2. Let M be a compact riemannian manifold. If ¢ : M — S™ is a
continuous map such that for every b € S™, the volume of ¢~ 1(b) = {m € M :
¢(m) = b} vanishes, then there exists g € B"*! such that [, Fgo¢ = (0,...,0).

Proof. For every measurable set T C M we will denote its volume by |T|. Let
us define the map H : B"*! — B"*! in the following way

where e; = (1,0,..., 0), R (0, ...,0,1). Notice that H(g) € B™*!
since

n+1
2
[H( \MPZ / Fyod,e1)

n+1

\MP Z / /M (Fye6,e1)’)
n+1 )
\MlZ / (Fyoder)’)

= — [ 1=1
i,

We need to show that H(g) = (0,...,0) for some g € B""!. We will achieve
this by showing that H can be extended continuously to dB"*! = S with
H(b) = b for all b € S™ since every continuous map from B"+1 to Bn+1 which
fixes 9B™ ! = 8™ must be onto. Using the hypothesis of the lemma we have

Vb € S™ klgglo H{m 1+ (é(m),bo) < EH =o' (=bo)| =0 (1)

For every b € S™ and ¢ > 0 let us define Ms(b) = {m € M : (p(m),b) +1 < 6}.
Let by be a fixed vector in S™ and € be a positive number. By (1) we can find a
positive integer k such that k > 1 and |M1(bo)| < §|M]. A direct verification

shows that if b € S™ and |b — by < 5% then M (b) C M (bo).
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We will prove the lemma by showing that there exists a positive number §
such that for any g € B"*! with |% —bo| < 57 and |g| > 1 — & we have:

g €
H(g), L)>1-=. 2
(Ho). L) 1 @
Once we have (2), the lemma will follow by noticing that
g g
uﬂmww=<wagp+UHmmw—<H@x@p
€ g
>1—-—|(H(g9),— —b
€ 1
St s
5 2% €

Let us start the proof of (2). Notice that for every m ¢ M X (‘ ‘) we have

9y lgl =1+ 1+ (o(m),g)
lg] lq] '

or <1+ (60m),
Then,

S 1ol + (1= lgl) <1+ (6(m), g}

and therefore,
1-lgP 1— gl
lg1(1+(e(m)) ~ (zxlgl + (1 = lg)lgl
For a fixed g € B"T! with |2 Tal bo\ < 2k’ we will use the inequality above to
estimate the function (Fg(¢(m)) ro7) defined on the complement of M 1 (‘g‘)

7i m), )\
@mexﬁ»:<()m0+ww()>+)m

9] A((p(m), ) +1)
_ {g(m), g) + (A = 1){o(m), g) + AgI*
gl ((¢(m), g) + 1)
1 1—|g|?
gl lgl({p(m), 9) + 1)
1 1—|g[?

“ ol 19l(GRlgl+ (1 —1gl)

Since the last expression is independent of m and converge to 1 when |g| goes
to 1, we can find 6 > 0 such that for all m ¢ Mﬁ(‘%‘), if 1 -6 < |g| then

>1- 5

9> -

<%@qua

Hence for any g € B"+! with |% —bo| < 57 and |g| > 1 — & we have:
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g g
F,0¢, = F,0¢, =
><g ¢m>+A@J;fg ¢mW

M (%

1 € g 1 g
> —(1— ) (|M|—-|Mi1(=)|)— —|M. (=
> 5= POMI = (D) = M ()

€ g
>1— 2— M1 (=

v

€ 1
1—-—2—|M1(b
> 1 |M\| %(0)|
>1- &

2
This completes the proof of (2) and henceforth the proof of the lemma. v

3. The average of the norm of the shape operator of a
minimal hypersurface of the unit sphere

In this section we will make some estimates on the average of the norm of the
Jar 1412
L
the condition (x). We will prove that av > "5 for these immersions, moreover,

if the immersion is given by first elgenfunctlons then, av > n — 1 with equality
only if M is a Clifford hypersurface. We start this section with the following
lemmas.

shape operator av = for minimal hypersurface on spheres that satisfies

Lemma 3.1. Let M be an oriented closed minimal hypersurface in S™. If
w € R is a fized vector such that the function 1+ f,,(m) is always positive
on M, then

— Jw|? wT 2| A]12 + 2 || A||* — 2] A(wT)|?
1+.fw) M (1+.fw)
Pmof Let us deﬁne f M — R by f =1In(l + f,). A direct verification
shows that Vf = (1+f 3 and
. _HAH fw |Vfw‘2 1 2|‘A||2fw(fw+1)+2|vf’w|2
Af=divVf = — - _-
e ey ol A (1 + fu)? )

L@t B et — vl - ol 1 - B)IAP + 2V
2 A+ fu)?

__Lage ¢ (el = DIAP = (ol = £2 = B)IAI® = BIAI® + 2V ful?
2 1+ fuw)?

= 1(”14”2 (|w|2 _ I)HA”Z _ |wT|2||A||2 _ ZIQUHAHQ + Q\A(wT)P)
2 (1+ fu)? :

Since [,, Af =0, then the lemma follows o
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Lemma 3.2. Let ¢ : M — S™ be a smooth map, g € B"' and {e;} 1}
be an orthonormal basis of R, If we define h; : M — R by h;(m) =
(Fy(d(m)),e;) and s; : M — R by s;(m) = (¢p(m), e;), then

n+1 n+1

12 _ |9|2
Z |Vhi|*(m) 1+ Z ‘VSZ|

Proof. Let {v;}7~' be an orthonormal basis of T,, M. We have that

|
—

n

Vhil2(m) = 3~ (v;(hs))?

3 .
|
-

(((AFy) gm) (d (), €0)) .

1

<.
Il

Therefore,
n+1 n+ln—1 )
D IVRiPm) =D ((dF) g(m (db(v;)), €))
i=1 i=1 j=1

S () g () |1

j*l
g
—Z — >)2||d¢(vj)||2
n—1 n+1
1—|g|2
_Z 1500 E Z v;( 81

n+1

(1+ (1+ (¢(m), 9))2 '
™

Theorem 3.1. Let M be a compact oriented minimal hypersurface immersed in
S™ by first eigenfunctions of the laplacian. Denote by {m(m)}?z_ll the eigenval-
ues of the shape operator at m € M. If M is not totally geodesic and k?(m) <
W=2211H( ) for every m € M and every i € {1,...,n — 1},
then [, [|AII* > (n — 1)|M| with equality only if M is isometric to a Cliﬁord
hypersurface.

Proof. Let v: M — S™ be the Gauss map. We will start the proof verifying
that the map v satisfies the hypothesis of the Lemma 2.2. For any b € S™ let
us take a vector wg € S™ such that (wp,b) = 0, since v=1(b) C f,1(0) and fu,
satisfies and elliptic equation then the nodal set f;1(0) has measure 0 in M
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[2], therefore |[v~1(b)| = 0. Since v satisfies the hypothesis of the Lemma 2.2,
we can find g € B"t! such that

/M(Fgol/) =(0,...,0)

The equality above implies that the functions h; = (F;(v(m)), e;) are perpen-
dicular to the constant function, i.e. fM h; = 0. By the Lemma 2.1 we have

that
n+1 n+1

Z|Vh|2 n712/h2 (n—1)|M|

with equality only if —Ah; = (n — 1)h;. On the other hand by the Lemma 3.2
we have that
n+1 n+1

> VM = e 2V = T
i=1 l (1+ 2 “ + (v(m), 9))*

Therefore, using Lemma 3.1 we get that
1— 2 A 2
n-iar < [ A= BPIAR

m (14 (v(m), g))

:/ ||A||2_/ lg" PIIA]1Z + 2] Al1? = 2[A(gT)]?
M M (14 fy)?

with equality only if —Ah; = (n — 1)h;. Notice that the hypothesis on the
eigenvalues of the shape operator A implies that the expression
/ g PIAIP + EIIAI* — 2| A(g™)
M (1+ fg)?
is positive unless g = 0. Therefore, we have that [, [|A[* > (n — 1)|M].

Moreover if [, [|A* = (n — 1)|M| then g = 0; therefore, for i = 1,...,n+1
we have that h; = f., and

(n - 1)]7‘1 = (7’L - 1)f€i = —Ah; = _Afei = ||A||2f61

The equality above implies that ||A||> = n — 1. Therefore, M is isometric to a
Clifford hypersurface. o

Corollary 3.2. If M C S3 is a compact minimal torus immersed by first
eigenfunctions, then M is a Clifford torus.

Corollary 3.3. Let M be a compact oriented minimal hypersurface immersed
in S™ by first eigenfunctions. If M is not totally geodesic and the Ricci and
scalar curvatures satisfy the inequality
n—3  2Ric(v)
< +
n—1 n—1

for any v € TM with |v| =1 (%)
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then [, |A|I> > (n — 1)|M| with equality only if M is isometric to a Clifford
hypersurface.

Proof. Let {r;}I-}' be the eigenvalues of A. Let {v;}!"}' be an orthonormal
basis of T,, M such that A(v;) = kv; for @ = 1,...,n — 1. By the Gauss
equation we have that for ¢ # j the sectional curvature E(vi,v;) = 14 Kik;.
Using this expression we get

Z k) = (n—2) Z k(vi,vj) = (n — 2) — (n — 2)Ric(v;) (1)
i#£] i#£j

From the equation above we obtain that ||A]|> = (n — 1)(n — 2)(1 — R). Using
the hypothesis of the corollary we get

ki = (n—2) — (n — 2)Ric(v;)
-3 _n— 1
S(n—2)+(n—2)( 5 5 R)
(n—=2)(n—=3) (@m-1)(n-2) A
= — 2 —
(n—2)+ 5 5 + >
_ 4
2
Therefore the hypothesis of Theorem 3.1 is satisfied and the corollary follows.

]

4. Minimal hypersurfaces with constant ricci curvature

Let us start by classifying the minimal hypersurfaces on spheres with constant
ricci curvature. Using the equation (1) in §3 we have that the ricci curvature of
any minimal hypersurface on S™ can not be greater than 1, moreover if the ricci
curvature is constant, then we have that the principal curvatures of M must also
be constant and they can only take the values +1/(n — 2)(1 — Ric). This obser-
vation forces M to be an isoparametric hypersurface with either one principal
curvature or two principal curvatures, i.e. M is either an equator or a Clifford
hypersurface. A direct computation shows that the only Clifford hypersurfaces
with constant ricci curvature are those of the form ™z ( 2y x Sz ( 2) w1th
n odd. Therefore, if the ricci curvature of a minimal hypersurface in S™ i

constant, this constant must be either 1 or 2=2. Let €(n) = % We
will show that if M C S™ is a minimal hypersurface immersed by first eigen-
values with |Ricy, (v) — 2=3| < €(n) for all (m,v) € TM \v| = 1, and with
Jar A2 = [ (n—1) (or equivalent with [,, R = [, 2=2), then, n must be
odd and M must be isometric to the Clifford hypersurface M no1onoi. Namely

we have the following theorem:
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Theorem 4.1. Let M C S™ be a minimal compact hypersurface immersed by
first eigenfunctions. If the average of the scalar curvature is 27:3 and for every

2
unit vector v in T M
3 2n—3

[Ric(v) — %| <e(n) = m=22n—1)

then n must be odd and M must be isometric to SnT_l(%) x S'T (%)

Proof. By Theorem 3.1, it is enough to show that if k1, . .. k,,—1 denote the prin-
cipal curvatures of M, then k; < %\A|2. Let {v1,...,v,—1} be an orthonormal
bases of T,,, M such that A,,(v;) = k;(m)v;. The bounds on the ricci curvature
imply the same kind of bounds for the scalar curvature R, namely we have that
|R — 2=3| < ¢(n), since [|A||? = (n —1)(n — 2)(1 — R) then we get that

n—3 n—1

—e(n) =2 (2)

AR 2 (1= (n—2)(1 - S

n—2

On the other hand, using the equation (1) in §3 and the bounds on the ricci
curvature we get,

k7 = (n —2)(1 — Ric(vy))

n—3
< (n-2)(1 —
< (- 2)(1+e(n) - =)
n—1
2n—1
<2142
In the last inequality we have used the equation (2). o]

Notice that by the corollary 3.3, we can remove the condition on the ricci
curvature when n = 3. The following example shows that the condition on the
first eigenvalue of the laplacian is necessary.

Example 4.1. Let us consider the following family of minimal genus zero
surfaces studied by Lawson in [6]. For any pair of relative prime integers r and
s, let us define:

T,s = {é(x,y) = (cosra cosy,sinrx cosy, cos sesiny, sinsxsiny)} : z,y € R}

The immersion ¢ satisfies that |¢,|> = E = r? cosy + s?siny, (¢, ¢,) = 0 and
|py|* = 1, here ¢, and ¢, denote the partial derivatives with respect to = and
y respectively. A direct computation shows that the vector

Pog VE
v(z,y) = msmycosy% + Z%y
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defines a unit normal vector of T} as a submanifold of S3 because |v| = 1 and
(V, ¢z) = (v, dy) = (v, ) = 0. We also have that

A(¢z) = Vg = %bea
A(¢y> ="y = 2 Gq-

VE3
If we write the matrix of the linear transformation A : T,, T, — T,,T;s in the
orthonormal base {E _%qﬁm, ¢y} we can deduce that the principal curvatures of
T,s at ¢(x,y) are +a,s(z,y) where a,, = rsE~'. Notice that if » = s+ 1, then
a,s goes uniformly to 1 when r goes to infinity. Since a? = (1 — Ric), then the
ricci curvature of T;.; goes uniformly to zero when r = s + 1 goes to infinity.

Remark 4.1. For n = 3 the Clifford torus is the only minimal surface with
constant ricci curvature equal to Z—:g = 0. The example above shows that there

exist infinitely many immersed minimal surfaces in S® with ricci curvature
arbitrarily close to zero and with zero average of the scalar curvature. By the
corollary 3.3, the first eigenvalue of the laplacian of these examples is less than
2. Therefore, at least for the case n = 3, we have that the condition on the first
eigenvalue of the Theorem 4.1 is necessary.
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