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ABSTRACT. A convergence result and a data dependence for Ishi-
kawa iteration are established dealing with contractions.
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RESUMEN. Se demuestra un resultado sobre la convergencia y la
dependencia para la iteracién de Ishikawa en el caso de contrac-
ciones.

1. Introduction

Let X be a Banach space and B C X be a nonempty convex closed
and bounded set. Let 7,5 : B — B be two maps. For given z; € B and
u1 € B, we consider the Ishikawa iteration (see [4]) for T" and S :

Tn+l1 = (1 - an)xn + o Tyn, yn = (1 - ﬂn)xn + BnT'zy ; (1)
Unp+1 = (1 - an)un + ansvna Up = (1 - /Bn)un + ﬂnsun 5 (2)
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where (an)n, (Bn)n C (0,1) and Zan = 0.
n=1

The map T is a contraction if there exists k € (0,1) such that
[Tz =Tyl < kllz—yl , (3)
for all x,y € X. In this note we prove a data dependence result for

Ishikawa iteration.

The following proposition is in [7]. The sequence (a, ), there appea-
ring, is very famous, being present in most papers on Mann and Ishikawa
iterations. As far as we know, there is not so far a different proof of such
proposition than that in [7]. Here we give another proof.

Proposition 1.1. Let (a,), be a nonnegative sequence satisfying the
inequality

an+1 < (1= \p)an + Ane, (4)

where A, € (0,1), for alln € N, Y~ A, = 00 and € > 0 is fixed. Then,

n=1

the following holds:

0 < lim supa, <ce. (5)

n—oo

Proof. (I) We first assume that a; < e. Then we have az < (1 —\)a; +
Ae < e, and assuming that a, < €, we prove that a,+1 < e. Indeed,

a1 < (1T =Ap)an + e < (1=A)e+\e=¢,
i.e., for allm € N, a, <e. Hence, the conclusion holds in this case.
(IT) Now we assume aj > . Then
as < (1 — )\1)(11 + e =a1 — Ma1 + e < aj.

Now, two cases are always possible:

(1°) There exists ng such that an,, < €. Then from (I) (with ay,,
instead of a1), we get the conclusion.
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(2°) For all n € N we have a,, > ¢. By iterating the same argument
in (II) we obtain

ay>2ag > ...20ay > ... > €,

so that if we assume lim sup a,, > ¢ then, for some p € N,
n—oo

€
e+-<a,, neN.
b

Thus

p
A < Apan—L— neN,
n€ > nanp+1 n

and (4) yields
an+1 < (1= Ap)ap + Ape

D An
< (1= M\)an + Map—— = (1 —
< (1= M) + A =

so that

n
A
a1 <[]0 = Z5) o

k=1
Since for all z € [0,1] we have (1 — z) < exp(—=x), it follows that

1 [oe)
Oganﬂgexp(—m;)\n) ap— 0, (n— o0).

Hence we get lim a, = 0, in contradiction with ¢ < a,, for all n € N.
n—oo

The proof is complete.

From the argument in the above proof we can observe that:
Remark 1.2. If (8,), is sequence such that (3, € (0,1], for alln € N,
o o
and ifZﬁn = oo then H(l — Bn) =0.

n=1 n=1
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2. A convergence result

We are now able to establish a convergence result.

Theorem 2.1. Let X be a Banach space and B C X be a nonempty
convex, closed and bounded set. Let T : B — B be a contractive map.
Then iteration (1) converges to a unique fixed point of T'.

Proof. The existence and uniqueness of the fixed point follow from the
Picard-Banach theorem. Let x* = Tz* be such fixed point. Then we
have

[#n41 = 2| = [|(1 = an)(zn — 27) + an(Tyn — 27)||
< (1 =on) lzn — 2| + on [Ty — 27|
< (1= on) lzn — 2| + ank |lyn — 27|
< (1= o) lzn = 2| + ank(l = Bp) lzn — 27|
+ kB T2 — 27
< (1= an)l|on — 27| + ank(l = Bp) lzn — 27|
+ ank? By ||, — x|
= (1= an(1 = k(1 = Bn) = K°Bn)) |z — ||

Thus

241 = 2| < (1= an(l = k(1 = Ba) — k*Bn)) [lzn — 27|,
||xn - x*” < (1 - anfl(l - k(l - ﬁnfl) - k2ﬁn71)) ”xnfl - 33*” >

ez — a*| < (1= (1 = k(L= B1) — K2B)) [l — 2| -

From this we obtain

n

lnss — o] < [H a —anu—k))} a1 — 2]

k=1
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But Zan(an(l — k(1 — B,) — k%8,)) = oo, and from Remark 2.1 we
n=1
have

[[a-ant—%k)—o.

k=1

Hence lim ||z, —z*|=0. ©
n—oo

3. Data dependence

We are now able to establish the following data dependence result.

Theorem 3.1. Let X be a Banach space and B C X be a nonempty,
convex, closed and bounded set. Let € > 0 be a fixed number. If S and
T are contractions and if

|Tz—Sz|<e, z€B
holds, then we have

9
* *
— P
R

for x* = Tx* u* = Su*.
Proof. Theorem 2.1 grants the existence of z* and «*. From (1) and (2)
we have Zp11 — Up+1 = (1 — an)(n — up) + an(Tyn — Svy,). Thus,
[2n41 — tns1 ]| =[[(1 — an)(@n — un) + an(Tyn — Svp)||
<(1 = an)llzn — unll+ an |Tyn — Syn + Syn — Sva|
<(1 = an)llzn — unll+ an |Tyn—Syn||+ an [[Syn—Sva|
<(1 = an)llzn — unll + ane + ank |lyn — va||
< (1 —an)l[zn — unl| + one + ank(1 = Bp) ln — un|
+ ankBy [|Txn — Suy|



154 STEFAN M. SOLTUZ

< (1= ap) ||zn — un|| + ane + ank(l — By) ||2n — uy|
+ ankBy (||Szn — Supl|| + ||Txn — Szpl|)
< (1= ap) ||zn — un|| + ane + ank(l — By) ||2n — uyl|
+ ank?Bn || Tn — un|| + ankfne
< (1= an(l— k(1= By) — k*Bn)) llzn — unll + ane (L + kB,)
< (1 —an(1 = k(1= 8,) - k25n)) |Zn — un |
e(l+ kG,
+ oy (1= k(1= Bn) — k*Bn) 1k(§@§) T
e(1+kBn)
k(1 — Bn) — k2B

an (1= k(1= Bn) = 8n) 7=
< (1 —an(l—k(1-5,) — kQQn)) [ — unl

toap (1— k(1= Ba) — K2B,) —

1-k

We have used that % = 195 Thus, let

Aoi= an(1— k(1 = B,) — k26,) € (0,1), ap = ||zn — unl|
From Proposition 1.1 it follows that

. €
0 <limsupa, < ——.

But lim sup a,, = lim sup ||z, — u,||, and from Theorem 2.1 we know that
n—oo n—oo

lim z, = 2, lim wu, = «*. Then we have
n—oo n—oo

€
| < —. o
= =1
The result can be improved by assuming that only S is a contraction

and that lim z, = 2*. For 3, = 0, n € N, the above result can be
n—oo

found in [10]. Theorem 2.1 is not new. We can recognize it in classical
analysis books, where for the proof, the Picard—Banach iteration is used
instead of the Ishikawa iteration. Normally the Picard—Banach iteration
converges geometrically to the fixed point of a contraction. The Ishikawa
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iteration is much more slower in convergence. This fact does not change
the data dependence result.
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