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Error inequalities for a quadrature
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ABSTRACT. An optimal 2-point quadrature formula of open type is derived. It is
shown that the optimal quadrature formula has a better error bound than the
well-known 2-point Gauss quadrature formula. Various error inequalities for
this formula are established. Applications in numerical integration are given.
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1. Introduction

In recent years a number of authors have considered an error analysis for quad-
rature rules of Newton-Cotes type. In particular, the mid-point, trapezoid and
Simpson rules have been investigated more recently ([2], [3], [4], [5], [6], [11],
[14]) with the view of obtaining bounds on the quadrature rule in terms of a
variety of norms involving, at most, the first derivative. Gauss-like quadrature
rules are considered in [12] and [15] from an inequalities point of view. These
results enlarge the applicability of the mentioned quadrature rules.

In this paper we derive an optimal 2-point quadrature formula of open type.
It is optimal in the sense that it has a minimal error bound. In Section 2
we derive the optimal quadrature formula. We show that this formula has a
better estimation of error than the well-known 2-point Gaussian quadrature
rule (which is also 2-point quadrature formula of open type). In section 3 we
establish some error bounds for the optimal formula. Similar estimations can be
found in [11], [12], [13] and [14], where some different quadrature formulas are
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considered. These estimations ensure that we can apply the optimal quadrature
formula to different classes of functions. In Section 4 we give applications of
the above mentioned results in numerical integration.

2. An optimal quadrature formula

Here we seek an optimal quadrature formula of the type

/&@w—ﬂm—ﬂw /K@@wﬂ@ﬁ (2.1)

where z,y € [—1,1], z < y. We define

%(t —a)? 4y, te[-1,7]
K(x7y7t): ?(tfﬁ)z“i’ﬂla tE(IL’,y)
(t—=) 47, tezl],
where o, oy, 3, 81,7,71 € R are parameters which have to be determined such

that (2.1) is optimal, i.e. that it has a minimal error bound. Integrating by
parts, we obtain
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+1'(y) [(y —B)* + b1 — %(y -7)? - %}

/W) 50274 ]
1)1+ 0) + Fa)la— B) + F)(8 ) + A1~ )

+/1f(t)dt.

We require that

1
5(1+a)2+a1 =0,

@ —aP tay— (e B~ B =0,

1 1
SW=BP+s -5 —1—n=0,
1
5(1 -7 +y =0,
1+a=0,
Oé—ﬁ: _1a
67’7: 717
1—~v=0.
From the above equations we easily find
1 1
a:_17'}/:17 Ofl:07’7120,,6:0,ﬂ1:$+§:_y+§
which implies x = —y. Hence, we get
%(t_‘_l)ga te [_1,.'11]
K@yt)=q g’ +ats i@y
s(t—1)% te[zr,1]

We now consider the quadrature formula
1

1
[ 10t~ @)~ 1) = [ Klzs"@at
—1 —1
where K (x,y,t) is given by (2.2). We have

1
[ K0 O] < 1K@ 1
1

where

1
Wﬁ:/ﬂm%.
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We define
2
T —T 1
1 (t +1)*dt + (th +z+ 1)2dt+1 (t —1)*dt
T 1 2" TP 1
—1 T —x
_ 14 43 2, 1
6 T3 TN T
and seek x such that g(z) — min, i.e. we seek a global minimum of the
function g on the interval [—1, 1]. For that purpose, we calculate

2
g (z) = —§x3 — 42? — 2.

From the equation ¢’(x) = 0 we find the solutions: z; = 0, 5 = V6 — 3 and
x3 = 3 — V6. We have

1
98
9(V6-3) = = -8V6,
4
-1 = —=
9(-1) 5
12
1) = ——.
9(1) 3
We conclude that z = v/6—3 is the point of global minimum. For x = V6—3
we get
1 1
/f(t)dt — f(V6—3)— f(3-6) = /K(\/é —3,3-V6,t)f"(t)dt
-1 -1
and

/K(\/é ~3,3-V6,t)f"(t)dt| < Wllf’llg :

We now summarize the above obtained results.

Theorem 1. Let I C R be an open interval such that [—1,1] C I and let
f I — R be a twice differentiable function such that " € La(—1,1). Then we

have
1

/ )t — F(V6 - 3) — (3 V/6) = Ra(f) (2.3)

Ba(F) < /% ~8VEILf"- (2.49)

and
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Remark 1. The quadrature formula (2.3) is optimal in the sense mentioned
in Section 1.

We now compare the above result with the 2-point Gauss formula. We have

V3 V3 4
_?,?,') 2:—7“?7\/3

2
34
135 27

8

Thus

)

[ s s B < R LA, e
1

Hence, the estimate (2.4) is better than the estimate (2.5), since /2 — 86 <

5
f% + %\/g If we consider the above problem on the interval [a,b] then

we get the following result.

Theorem 2. Let I C R be an open interval such that [a,b] C I and let f: I —
R be a twice differentiable function such that f"” € La(a,b). Then we have
b
[ 0t = fn) + 7o)+ RO,
where
b—a a+b a—b a+b

= _— = = V0O — 2.
1 2x+2,x2 2x—|—2,x\/63 (2.6)

9 1 .
RN <4/ g5~ 1\/5||f Iy (b— ).

3. Error inequalities

and

First we consider some basic properties of the spaces L, (a, b), for p = 1,2, cc.
As we know, X = (La(a,b), (+,-)) is a Hilbert space with the inner product

b
Uﬂ)=/mﬂﬂmﬂﬁ- (3.1)

In the space X the norm ||-||, is defined in the usual way,

b 1/2
fm=</f@%0 . (3.2)



98 NENAD UJEVIC

We also consider the space Y = (Lz(a,b), (-, -)) where the inner product (-,-)

is defined by
L — / f(t) (3.3)

It is not difficult to see that Y is a Hilbert space, too. In the space Y the norm

||l is defined by
[RAESRVAVEN IR (3-4)

We also define the Chebyshev functional

T(f?.g):<f7g>_<fve> <97€>7 (35)

where f,g € La(a,b) and e = 1. This functional satisfies the pre-Griiss inequal-
ity ([9, p. 296]),

T(f.9)° <T(f,f)T(9.9)- (3.6)
Specially, we define
o(f) =o(fia,b) =/ (b—a)T(f, f). (3.7)
The space Li(a,b) is a Banach space with the norm
b
11, = [ 1rolar 38)
and the space L (a,b) is also a Banach space with the norm
1flloe = esssup|f(t)]. (3.9)
t€la,b]
If f € Li(a,b) and g € Loo(a,b) then we have
LDl < 1 9l - (3.10)

More about the above mentioned spaces can be found, for example, in [1].
Finally, we define the functional

Q(f) = Q(f;a,b) (3.11)
b —a
_ /f@ﬁ—%rﬁ@ﬂ+ﬂm»

where x1, 24 are given by (2.6). We also need the following lemma.

Lemma 1. Let

fit), te€a,z]
f) = fa(t), te (z1,22] (3.12)

(t)v (x27b]
where 1, To E [a,b], z1 < a2 , f1 € Ctla,z1], f2 € Ct[z1,22], f3 € Ct[x2,0].
If fi(x1) = fa(z1) and fo(xa) = fs(x2) then f is an absolutely continuous

function.

A variant of this lemma can be found in [15].
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Theorem 3. Let f : [-1,1] — R be a function such that f' € Li(—1,1). If
there exists a real number v1 such that v1 < f'(t), t € [-1,1], then

QU =1, 1) < 2(3 = V6)(S = m), (3.13)
and if there exists a real number T'y such that f'(t) < Ty, t € [-1,1], then
QUi =1, 1) < 23 = V6)('1 - 9), (3.14)

where Q(f; —1,1) is defined by (5.11) and S = [f(1) — f(=1)] /2. If there exist
real numbers 1,1 such that v1 < f'(t) < T, t € [-1,1], then

Q(f: —1,1)] < (2;’ _ 5\/6> Ty — 7). (3.15)

Proof. We first prove that (3.15) holds. We define the function

t+1, te[-1,z]
p1(t) = t, te(zr,y . (3.16)
t—1, te(y,1]

where z = v/6 — 3 and y = —z. It is easy to verify that

(p1, f') = —Q(f; -1,1). (3.17)
On the other hand, we have
(f/ - 111—2’—%7])1) = (f/apl)’ (318)

since (p1,e) = 0. From (3.10) we get

I I Iy —
(f’ - ;”m) < ‘f’ — By < (25— 10v6) =
~ (3.19)
since
f,_F1+’Y1 SFI_’Yl
2 |5 2
and

Ip1ll; = 25— 10V6.
From (3.17)-(3.19) we see that (3.15) holds. We now prove that (3.13) holds.
We have

(= yp0)] < lallog 1 =2l = 23 = VB)(S = m),

since
Ip1llo =3 — V6

and

T / /() — )t = F(1) = F(~1) — 29

-1
= 2(5 — ’yl).
In a similar way we can prove that (3.14) holds. o
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Remark 2. Note that we can apply the estimate (3.15) only if the first de-
rivative f' is bounded. It means that we cannot use (3.15) to estimate directly
the error when approximating the integral of such a well-behaved function as
f(t) = vVt on [0,1], (since f'(t) = 1/(2Vt) is unbounded on [0,1]). On the
other hand, we can use the estimation (5.13), (since y1 = 1/2 on [0,1] for the
given function).

Remark 3. In [12] we can find the following result for the 2-point Gaussian
quadrature formula,

f(—? \f /f t)dt| < 7(5—2\0 (3.20)

We see that (3.15) is better than (3.20), since 2 — 56 < 5= Q‘f

Theorem 4. Let f : [a,b] — R be a function such that f' € Li(a,b). If there
exists a real number 1 such that y1 < f'(t), t € [a,b], then

3 f
Q(f;a,b)] < (S =m)(b—a)?, (3.21)
and if there exists a real number T'y such that f'(t) <Ty, t € [a,b], then
3-6
Q(f;a,b)] < =—5—=(T1 = )(b—a)*, (3.22)

)
where Q(f;a,b) is defined by (3.11) and S = (f(b) — f(a))/(b— a). If there
exist real numbers v1,T1 such that v1 < f'(t) < T4, t € [a,b], then

25 5
|Q(f;a,0)| < (8 -3 6) Ty —m) (b—a)*. (3.23)
Theorem 5. Let f : [—1,1] — R be an absolutely continuous function such

that f' € La(—1,1). Then

QU111 < /5~ 10VB o7 -1, 1), (324)

where o(f; —1,1) is deﬁned by (8.7). The inequality (3.24) is sharp in the sense
that the constant \/ —10v/6 cannot be replaced by a smaller one.

Proof. Let p; be defined by (3.16). We have

<p13 f/> = _%Q(fao, 1)7

since (3.17) holds and (f, g) = (f, g) if [a,b] = [~1,1]. On the other hand, we
have

(p1, [") =T(f',p1),
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since (p1,e) = 0. From (3.6) it follows

(o0l < VTG VT T = 5 il o5 -1,1)

1 [74 .
= 5 3—10\/60(f,—1,1),
74
Ipill, = /5 — 10VE.

Hence, the inequality (3.24) is proved. We have to prove that this inequality is
sharp. For that purpose, we define the function

since

%(t—# 12, te[-1,7]
f(t) = ?t?, t e (x,y] (3.25)
§(t_1)2’ te (yv 1]

such that f/(t) = p1(t). From Lemma 1 we see that the function f, defined
by (3.25), is an absolutely continuous function. For this function the left-hand
side of (3.24) becomes
74
L.H.S.(324) = o - 10V6.
The right-hand side of (3.24) becomes
74
RH.S.(3.24) = - — 10V/6.

We see that L.H.S.(3.24) = R.H.5.(3.24). Thus, (3.24) is sharp. of

Theorem 6. Let f : [a,b] — R be an absolutely continuous function such that
f' € La(a,b). Then

37 5

Qs a,b)l < /35 = V6 o(f3a,b)(b—a)*, (3.26)
where o(f;a,b) is defined by (3.7). The inequality (5.26) is sharp in the sense
that the constant \/% — g 6 cannot be replaced by a smaller one.

Remark 4. The estimate (3.23) is better than the estimate (3.26). However,
note that the estimate (3.23) can be applied only if f’ is bounded. On the other
hand, the estimate (3.26) can be applied for an absolutely continuous function

if f' € La(a,b).

There are many examples where we cannot apply the estimate (3.23) but we
can apply (3.26).
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1
Example 1. Let us consider the integral | Vsint2dt. We have
0

2t cos t2
f(t) = Vsint? and f'(t) = ———
3Vsin? ¢2

such that f'(t) — oo, t — 0 and we cannot apply the estimate (3.23). On the
other hand, we have

1

/ 2 g S 4 t? cos t2 / 16
9te[01 sin 2 m

0

i.e. ||f'ly < 5 and we can apply the estimate (3.26).

4. Applications in numerical integration

Let 7 = {xp =a < z1 < --- <z, = b} be a given subdivision of the interval
[a, b] such that h; = 2,41 — 2; = h = (b— a)/n. From (3.11) we get
Q(f; iy iv1)
Ti41 h
= [ 0= 5 ) + S
where
h Ti+ it h xi_"a:i-‘rl’x:\/é_&

TS gt Ty e i = g 2

If we now sum the above relation over 4 from 0 to n — 1 then we get

Z Q faxlvlerl)

/ far -5 > i) + J(aa].
We introduce the notation i
S(f;a,b)zfQ(f;:ci,xm). (4.1)
We also define -
= Z J L - (i) ) (4.2)

and
1/2

anlf) =[0I L0 - @] (4.3
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Theorem 7. Under the assumptions of Theorem 2 we have

b n—1
h 3£E1 + Ti+1 x; + 31’14.1
o B52(t)  (r)

49 1 "
oSBT e,
80 4 ny/n
Proof. Apply Theorem 2 to the intervals [x;, z;41] and sum. o

Theorem 8. Under the assumptions of Theorem J we have

1S(f:a,0)| < (25 - %) D= gy,

8 4 n

St 0 < (3-V6) 2 - a2,

S(rab) < (3-v8) 0w

where S(f;a,b) is defined by (4.1) and {a = xo < x1 < -+ <z, = b} is a uni-
form subdivision of [a,b], i.e. x; =a+ih, h=(b—a)/n,i=0,1,...,n.

Proof. Apply Theorem 4 to the intervals [x;, z;+1] and sum. Note that

|
—

n

[f(ziv1) = f(zi)] = f(b) — f(a).

s
Il
=)

Theorem 9. Under the assumptions of Theorem 6 we have

S(frab) < /2 2 Gb;aan(f)ﬁ ?;—Z\/éb_\/ﬁawn(f), (4.4)

where S(f;a,b), on(f) and w,(f) are defined by (4.1), (4.2) and (4.3), respec-

tively and {a =z < 1 < -+ < x, = b} is a uniform subdivision of [a,b], i.e.
xi=a+ih, h=(b—a)/n,i=0,1,..,n.

Proof. We apply Theorem 6 to the interval [x;, z;+1] and sum. Then we have

S(f:a.0)
5w S i - L ]
SRS Ol [FRUCMENE

From the above relation and the fact h = (b — a)/n we see that the first
inequality in (4.4) holds.
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Using the Cauchy inequality we get

_ 1/2
}jhfm L Fag) - ﬂa»ﬂ (4.5)
0

n—1 1/2
< [”f Hz — Z (f(@iy1) — f(xz))ﬂ
50
1 R
< o [I91E - 255 G0 - @]
Thus the second inequality in (4.4) holds, too. vf

1]
2]
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