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Abstract. We prove the existence and analyticity of lump solutions (finite-

energy solitary waves) for generalized Benney-Luke equations that arise in the

study of the evolution of small amplitude, three-dimensional water waves. The

family of generalized Benney-Luke equations reduce formally to the general-

ized Korteweg-de Vries (GKdV) equation and to the generalized Kadomtsev-

Petviashvili (GKP-I or GKP-II) equation in the appropriate limits. Existence

lumps is proved via the concentration-compactness method. When surface ten-

sion is sufficiently strong (Bond number larger than1/3), we prove that a suit-

able family of generalized Benney-Luke lump solutions converges to a nontrivial

lump solution for the GKP-I equation.
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1. Introduction

The Benney-Luke equation is a model to describe dispersive and weakly non-

linear long water waves with small amplitude (see [1],[4], [5]). For a general

nonlinearity F (u,Q1, Q2, v) where u, v ∈ R and Q1, Q2 ∈ R
2, the Benney-Luke

equation has the form:
71
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Φtt − ∆Φ + µ(a∆2Φ − b∆Φtt) + εF (Φt,∇Φ,∇Φt,∆Φ) = 0, (1)

where ε, µ, a and b are positive numbers.

For three dimensional water waves, ε is the amplitude parameter (nonlin-

earity coefficient) and µ = (h0/L)2 is the long-wave parameter (dispersion

coefficient) when L is long compared with h0, where L represents the horizon-

tal length of motion and h0 is the depth at infinity. The parameters a and

b should be positive and satisfy a − b = σ − 1
3 where σ is called the Bond

number and is defined by T = h2
0ρgσ with T being the coefficient of surface

tension, ρ being the density (assumed constant) and g being the gravitational

acceleration. In this particular case the nonlinearity is given by

F1(Φt,∇Φ,∇Φt,∆Φ) = Φt∆Φ + (∇Φ)2t . (2)

and the variable Φ is the nondimensional velocity potential on the bottom

z = 0, satisfying

φ(x, y, z = 0, t) =
εh0

√
gh0√
µ

Φ(x̂, ŷ, t̂),

where φ is the velocity potential and the space-time variables are scaled via

(x, y, z, t) = h0

(
x̂√
µ
,
ŷ√
µ
, ẑ,

t̂√
µgh0

)
.

For three-dimensional water waves, Pego and Quintero derived (1) in the pres-

ence of surface tension or Bond number σ 6= 0 ([5]), Benney and Luke ([1])

derived (1) with ε = µ, a = 1
6 , b = 1

2 in the absence of surface tension (σ = 0).

Related work without the long-wave assumption has recently been done by

Mileswki and Keller for ε = µ and σ = 0 ([4]).

In this paper we are interested in considering equation (1) when F contains

some powers. More exactly, let p ∈ N or p = m1/m2 ≥ 1, where m1, m2 are

relative prime odd numbers, so that we can define ωp and ω
p±1
2 for any ω ∈ R.

Now we consider a generalized gradient and a generalized Laplacian

∇pφ = ([∂xφ]
p
, [∂yφ]

p
) and ∆pφ = ∇ · (∇pφ ) = ∂x [∂xφ]

p
+ ∂y [∂yφ]

p
.

Note that ∇p and ∆p are the usual gradient and Laplacian operators for p = 1.

We will consider therein nonlinearities containing some powers of the follow-

ing type

Fp = F (Φt,∇pΦ,∇Φt,∆pΦ) = Φt∆pΦ +

(
2

p+ 1

)
|∇ p+1

2 Φ|2t , (3)

where for p ∈ N, |∇ p+1
2 Φ|2 = (Φx)p+1 + (Φx)p+1. Clearly for p = 1 we obtain

the usual Benney-Luke equation (see [5]).
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We note that for p ≥ 1 the generalization of the Benney-Luke equation

obtained by using Fp defined by (3) in equation (1)

Φtt−∆Φ+µ(a∆2Φ−b∆Φtt)+ε

(
Φt∆pΦ +

(
2

p+ 1

)
|∇ p+1

2 Φ|2t
)

= 0, (GBL)

reduces formally to the generalized Kadomtsev-Petviashvili (GKP) equation

when we seek waveforms propagating predominantly in one direction, slowly

evolving in time and having weak transverse variation. More precisely, when

we seek a solution of (1) in the form

Φ(x, y, t) = γf(X,Y, τ)

where τ = ε
2

p+1

2 t, X = x − t, Y = ε
1

p+1 y and γpε
p−1
p+1 = 1. If we substitute

µ = ε
2

p+1 and η = fX + O(ε
2

p+1 ) then, after neglecting O(ε
2

p+1 ) terms, we find

that η satisfies the generalized Kadomtsev-Petviashvili (GKP) equation

(
ητ −

(
σ − 1

3

)
ηXXX + (p+ 2)ηpηX

)

X

+ ηY Y = 0. (GKP)

Pego and Quintero in [5] proved the existence of solitary waves

Φε,µ,c(t, x, y) = uε,µ,c(x− ct, y)

for the Benney-Luke equation, whenever p = 1, ε > 0, µ > 0 and the wave speed

c > 0 satisfies c2 < min{1, a/b}. When the Bond number σ > 1
3 , They also

showed that physically meaningful finite-energy (lumps) solutions, apparently,

corresponds to waves with speed close to one and having weak dependence on

y . To obtain this result they proved that in a suitable limit of a renormalized

family of the Benney-Luke lump solutions (ε = µ and c2 = 1 − ε), one obtains

lump solutions for the KP-I equation as ε→ 0+.

The paper is organized as follows. In section 2, using the Hamiltonian

structure of the generalized Benney-Luke equation we determine the natural

finite-energy space for solitary waves solutions. In this space, finite-energy

solitary waves (lumps) correspond to critical points of an action functional.

Then to prove the existence of solitary waves for the generalized Benney-Luke

equation we use the concentration-compactness method, whenever the wave

speed c > 0 satisfies c2 < min{1, a/b} and p ∈ N or p = m1/m2 ≥ 1 (m1,

m2 relative prime odd numbers). In section 3 we prove the analyticity of the

solitary wave solutions for p ∈ N. In section 4, when 1 ≤ p < 2 and σ > 1/3,

we show that it is possible to obtain GKP lump solutions through a suitable

limit of a renormalized family of the generalized Benney-Luke lump solutions

found in section 2.



74 JOSÉ RAÚL QUINTERO

2. Existence of solitary waves

In this section we are going to prove the existence of a finite-energy solitary

wave for the generalized Benney-Luke equation (1) for fixed positive values of

the parameters a, b, ε, µ and p ∈ N or p = m1/m2 ≥ 1 (m1, m2 relative prime

odd numbers), when the non dimensional speed c is small enough, satisfying

0 < c2 < min{1, a/b}. We will characterize the solitary wave variationally, as

a minimizer of a functional, and apply the concentration-compactness method

to prove that the minimum is attained.

To determine such functional we will use the fact that the generalized Ben-

ney-Luke equation has a Hamiltonian structure. In fact, first note that equation

(1) arises as the Euler-Lagrange equation for the action functional

S =

∫ t1

t0

L(Φ,Φt) dt, (4)

where the Lagrangian L is given by

L(Φ,Ψ) =

1

2

∫

R2

(
Ψ2 + µb|∇Ψ|2 − |∇Φ|2 − µa|∆Φ|2 +

2ε

p+ 1
Ψ|∇ p+1

2 Φ|2
)
dx dy. (5)

To find a Hamiltonian form for (1), we follow a standard procedure. Introduce

the conjugate momentum variable

Q = D2L(Φ,Φt) = Φt − µb∆Φt +
ε

p+ 1
|∇ p+1

2 Φ|2.

Then

Φt = B−1

(
Q− ε

p+ 1
|∇ p+1

2 Φ|2
)
,

where B denotes the linear operator B = I − µb∆. The Hamiltonian is given

via the Legendre transform as

H =

∫

R2

QΦt dx dy − L(Φ,Φt)

=
1

2

∫

R2

Φ2
t + µb|∇Φt|2 + |∇Φ|2 + µa|∆Φ|2 dx dy,

(6)

or in terms of (Φ, Q) as

H(Φ, Q) =
1

2

∫

R2

(
Q− ε

p+ 1
|∇ p+1

2 Φ|2
)
B−1

(
Q− ε

p+ 1
|∇ p+1

2 Φ|2
)

+ |∇Φ|2 + µa|∆Φ|2 dx dy.
(7)

We find that

HQ(Φ, Q) = B−1

(
Q− ε

p+ 1
|∇ p+1

2 Φ|2
)

= Φt, (8)
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HΦ(Φ, Q) = −∆Φ + µa∆2Φ + ε∇ ·
(
B−1

(
Q− ε

p+ 1
|∇ p+1

2 Φ|2
)
∇pΦ

)

= −∆Φ + µa∆2Φ + ε

(
∆pΦΦt +

(
1

p+ 1

)
|∇ p+1

2 Φ|2t
)

= −Φtt + µb∆Φtt −
ε

p+ 1
|∇ p+1

2 Φ|2t

= −
(

Φt − µb∆Φt +
ε

p+ 1
|∇ p+1

2 Φ|2
)

t

= −Qt.

(9)

Thus the generalized Benney-Luke equation (1) is equivalent to the system

(8)-(9), which is in canonical Hamiltonian form:
(

Φt

Qt

)
=

(
0 1

−1 0

)
∇H(Φ, Q).

The Hamiltonian in (6) or (7) is formally conserved in time for solutions of (1).

Moreover, the Hamiltonian is translation-invariant, so by Noether’s theorem

there is an associated momentum functional N which is also conserved in time.

In fact, consider the functional given by

N(Φ, Q) =

∫

R2

Q∇Φ dx dy =

∫

R2

(
(Φt − µb∆Φt + ε

p+1 |∇
p+1
2 Φ|2)Φx dx dy

(Φt − µb∆Φt + ε
p+1 |∇

p+1
2 Φ|2)Φy dx dy

)

Before we continue our discussion about the functional and the space, we will

unscale the amplitude and the space variables to eliminate µ and ε from the

problem. Thus, we look for traveling-wave solutions in the form

Φ(x, y, t) =

(√
µ

ε
1
p

)
u

(
x− ct√

µ
,
y√
µ

)
. (10)

The traveling-wave profile u should satisfy

(c2 − 1)uxx + (a− bc2)uxxxx − uyy + auyyyy + (2a− bc2)uxxyy

+ c
(
(p+ 2)up

xuxx + puxu
p−1
y uyy + 2up

yuxy

)
= 0.

(11)

We look for traveling-wave solutions with finite energy. In terms of the profile

u, the energy from (6) takes the form H = (µ/ε
2
p )E(u), where

E(u) =
1

2

∫

R2

(1+ c2)u2
x +u2

y +(a+ bc2)u2
xx +(2a+ bc2)u2

xy + au2
yy dx dy. (12)

Hereafter p ∈ N or p = m1/m2 ≥ 1 where m1 and m2 are relative prime odd

numbers.

Theorem 2.1. Let a and b be fixed positive numbers. If c > 0 and 0 <

c2 < min{1, a/b}, then equation (11) has a nontrivial weak solution whose
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derivatives of positive order are all square-integrable. Moreover, If p ∈ N, then

any weak solution of equation (11) is already analytic.

It is natural first to look for a weak solution u in the “finite-energy” space

V defined below. We use the following standard notation for function spaces.

Let Ω ⊂ R
n be an open set, α = (α1, ..., αn) ∈ N

n be a multi-index , k ≥ 0 be

an integer and r be a positive number with 1 ≤ p <∞. Then

C∞(Ω) = {f : Ω → R| Dαf is continuous on Ω for any α},
C∞

0 (Ω) = {f ∈ C∞(Ω)| supp f is compact},

where Dα : ∂|α|/∂xα1
1 ∂xα2

2 . . . ∂xαn
n with |α| =

∑i=n
i=1 αi. D′(Ω) is the space of

distributions on Ω, the continuous linear functionals on C∞
0 (Ω).

The Sobolev space W k,r(Ω) is defined as the closure of C∞(Ω) with respect

to the norm

‖u‖W k,r(Ω) =





∑

|α|≤k

∫

Ω

|Dαu|r dx






1
r

.

We also denote W 0,r(Ω) = Lr(Ω). For r = 2, W k,2(Ω) is a Hilbert space with

respect to the inner product

(u, v)W k,2(Ω) =
∑

|α|≤k

∫

Ω

Dαu ·Dαv dx.

In the inequalities below, C denotes a generic constant whose value may change

from instance to instance.

Definition 2.1. Let V denote the closure of C∞
0 (R2) with respect to the norm

given by

‖ψ‖2
V :=

∫

R2

ψ2
x + ψ2

y + ψ2
xx + 2ψ2

xy + ψ2
yy dx dy.

Note that (V , ‖.‖) is a Hilbert space with inner product

(u, v)V = (∂xu, ∂xv)W 1,2(R2) + (∂yu, ∂yv)W 1,2(R2),

Equation (11) can be considered in weak form on the space V , by defining

A(u, v) =(1 − c2)(ux, vx)0 + (uy, vy)0 + (a− bc2)(uxx, vxx)0+

(2a− bc2)(uxy, vxy)0 + a(uyy, vyy)0,

B(u, v) =
c(p+ 2)

p+ 1
(up+1

x , vx)0 + c(uxu
p
y, vy)0 +

c

p+ 1
(up+1

y , vx)0

for all u, v ∈ V , where (u, v)0 denotes the inner product in L2(R2). We say

that u ∈ V is a weak solution of (11) if

A(u, v) +B(u, v) = 0 ∀v ∈ V . (13)
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Note that a weak solution satisfies (11) in the sense of distributions. Conversely,

a distributional solution that lies in V is a weak solution.

Our goal now is to establish the existence of a weak solution of (11) which

will be characterized as a minimizer of a suitable minimization problem. To do

this we observe that a variational principle for the traveling wave profile u can

be obtained by substituting the form (10) into the action functional in (4) and

requiring the resulting functional to be stationary. We find that this means

that I(u) +Gc,p(u) should be stationary, where the functionals I and Gc,p are

defined by

I(u) =

∫

R2

{(1 − c2)u2
x + u2

y + (a− bc2)u2
xx + (2a− bc2)u2

xy + au2
yy}dV,

Gc,p(u) = c

∫

R2

{up+2
x + up+1

y ux}dV,

where dV = dx dy. We note that the functionals I and Gc,p are smooth maps

from V to R. To show that Gc,p(u) is well-defined for all u ∈ V , note that

ux, uy ∈ W 1,2(R2) ⊂ Lq(R2) for all q ≥ 2, therefore by applying Young’s

inequality to the second member of G(u) we obtain

|Gc,p(u)| ≤ c

∫

R2

(
|ux|p+2 +

1

p+ 2

(
|ux|p+2 + (p+ 1)|uy|p+2

))
dV

≤ (p+ 3)c

p+ 2
‖u‖p+2

V .

(14)

So it is natural to look for functions u0 ∈ V that are characterized as follows:

I(u0) = Ip
def
= inf{I(u) : u ∈ V with Gc,p(u) = 1}. (15)

Note that there exists v ∈ V such that Gc,p(v) 6= 0, so Gc,p(tv) = 1 for some t.

Thus the set in (15) is nonempty, and since I ≥ 0, the infimum is nonnegative

and finite. Moreover, Ip > 0. In fact, the assumptions on c, a and b imply

that I(u) ≥ 0 for all u ∈ V . On the other hand, the inequality (14) and the

definition of the functional I imply that

|Gc,p(u)| ≤ C1(a, b, c, p)I(u)
p+2
2 .

So, if Gc,p(u) = 1 then (C1)
2

p+2 I(u) ≥ 1. Therefore Ip > 0.

Note that Theorem 2.1 will follow as a direct consequence of Lemma 3.1,

which will be proved at the end of this section, Lemma 2.1 and Proposition 2.1

below.

Lemma 2.1. If u0 is a minimizer for problem (15), then u = −λ1/pu0 is a

weak solution of (11), where λ =
(

2
p+2

)
Ip > 0.
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Proof. Since u0 is characterized as the minimizer for Ip, by the Lagrange

theorem there is a Lagrange multiplier λ such that

I ′(u0)(w) − λG
′

c,p(u0)(w) = 0 ∀w ∈ V .

But, we know that

I ′(u0)(w) = 2A(u0, w) and G
′

c,p(u0)(w) = (p+ 1)B(u0, w).

That is, for all w ∈ V , A(u0, w)−λB(u0, w) = 0. If we put w = u0 and use the

following facts

I ′(u0)(u0) = 2I(u0) and G
′

c,p(u0)(u0) = (p+ 2)Gc,p(u0) = p+ 2,

we conclude that λ =
(

2
p+2

)
Ip > 0. Then u = −λ1/pu0 is a nontrivial weak

solution of (11). �X

Proposition 2.1. Assume a, b, c > 0 and c2 < min{1, a/b}. If {um}m≥1 ⊂
C∞

0 (R2) is a minimizing sequence for (15), then there is a subsequence (denoted

the same), a sequence of points (xm, ym) ∈ R
2, and a minimizer u0 ∈ V of (15),

such that the translated functions vm = um(· + xm, · + ym) converge strongly

in V to u0.

Before beginning the proof, we want to discuss the main tool used in order

to prove our theorem.

Let {um} ⊂ C∞
0 (R2) be a minimizing sequence for Ip. Define

ρm(x, y) = (1 − c2)(um)2x + (um)2y + (a− bc2)(um)2xx

+ (2a− bc2)(um)2xy + a(um)2yy.
(16)

Then we have

lim
m→∞

I(um) =

∫

R2

ρm(x, y) dV = Ip and Gc,p(um) = 1.

Consider the positive measures νm = ρm(x, y) dV given by (16). By the

concentration-compactness lemma [7, Lemma 4.3, p 37] there exists a sub-

sequence of {νm} (which we denote the same) such that one of the following

three conditions holds:

(i) (Vanishing) For all R > 0 there holds

lim
m→∞

(
sup

(x,y)∈R2

∫

BR(x,y)

dνm

)
= 0.

(ii) (Dichotomy) There exists θ ∈ (0, Ip) such that for any γ > 0, there

exist a positive number R and a sequence {(xm, ym)} ⊂ R
2 with the
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following property: Given R′ > R there are nonnegative measures

ν1
m, ν

2
m such that

(a) 0 ≤ ν1
m + ν2

m ≤ νm,

(b) supp(ν1
m) ⊂ BR(xm, ym), supp(ν2

m) ⊂ R
2 \BR′(xm, ym),

(c) lim supm→∞

(
|θ −

∫
R2 dν

1
m| + |(Ip − θ) −

∫
R2 dν

2
m|
)
≤ γ.

(iii) (Compactness) There exists a sequence {(xm, ym)} ⊂ R
2 such that for

any γ > 0, there is a radius R > 0 with the property that
∫

BR(xm,ym)

dνm ≥ Ip − γ, for all m.

The general strategy is to show that Vanishing (i) and Dichotomy (ii) are

impossible. Then we have Compactness (iii) to prove the proposition, in which

case convergence will follow in a fashion typical for the direct minimization

method. The basic result needed to rule out (i) and (ii) are to use the scaling

properties of the functionals I and Gc,p and the Sobolev inequality.

Proposition 2.2 (A Sobolev inequality). There exists a positive constant C1

such that for all u ∈ C∞(Rn) and q ≥ 2

(∫

A(R,x0)

|u(x) − a(R, x0)|q dV
)1/q

≤

C1R
n( 1

q
− 1

2 )+1

(∫

A(R,x0)

|∇u(x)|2 dV
)1/2

,

where

a(R, x0) =
1

V ol(A(R, x0))

(∫

A(R,x0)

u(x) dV

)
.

and A(R, x0) = B(2R, x0)\B(R, x0) with B(R, x0) denoting the R-ball around

x0 ∈ R
n.

We will first establish some basic results.

Lemma 2.2. Vanishing (i) is not possible.

Proof. Suppose that we have vanishing (i). Let (x, y) be any point in R
2 and

let B1 denote the ball of radius 1 around the point (x, y). Since W 1,2(B1) is
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continuously embedded into Lq(B1) for q ≥ 2, we have
∫

B1(x,y)

|(um)x|q + |(um)y|qdV

≤ C2

(
‖(um)x‖2

W 1,2(B1) + ‖(um)y‖2
W 1,2(B1)

) q

2

≤ C3

(
‖(um)x‖2

W 1,2(B1) + ‖(um)y‖2
W 1,2(B1)

)(∫

B1

ρm(x, y) dV

) q−2
2

.

We can cover R
2 by balls of radius 1 such that any point of R

2 is contained

in at most 3 balls. Summing up, using the inequality above and the fact that

‖∇u‖2
W 1,2(R2) ≤ CI(u), we find that

∫

R2

|(um)x|q + |(um)y|qdV

≤ 3C4(q, C3)I(um)

(
sup

(x,y)∈R2

∫

B1(x,y)

ρm(x, y) dV

) q−2
2

.

Taking q = p+ 2 and using the inequality (14), it follows

1 = Gc,p(um) ≤ (p+ 3)c

p+ 2

∫

R2

|(um)x|p+2 + |(um)y|p+2 dV

≤ 3c(p+ 3)

p+ 2
C4I(um)

(
sup

(x,y)∈R2

∫

B1(x,y)

ρm(x, y) dV

) q−2
2

.

Then using the vanishing condition, we get the contradiction

1 = lim
m→∞

Gc,p(um) = 0.

This rules out vanishing. �X

To rule out dichotomy (ii), we shall obtain a contradiction by a standard

sub-additivity argument, after showing that a minimizing sequence um splits

appropriately into two sequences u1
m and u2

m with gradients having disjoint

supports. Because of the nature of the finite-energy space V , the construction

of this splitting is non-standard. First note that if dichotomy (ii) holds, we can

choose a sequence γm → 0 and corresponding sequence Rm → ∞, such that,

passing to a subsequence if necessary, we can assume

(d) supp(ν1
m) ⊂ BRm

(xm, ym), supp(ν2
m) ⊂ R

2 \B2Rm
(xm, ym),

(e) lim supm→∞

(
|θ −

∫
R2 dν

1
m| + |(Ip − θ) −

∫
R2 dν

2
m|
)

= 0.
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Note that in particular, conditions (d) and (e) imply that

lim sup
m→∞

(∫

A(m)

ρm(x, y) dV

)
= 0,

where A(m) is the annulus

A(m) = B2Rm
(xm, ym) \BRm

(xm, ym).

In fact,

∫

A(m)

ρm(x, y) dV =

{∫

R2

−
∫

BRm (xm,ym)

−
∫

R2\B2Rm (xm,ym)

}
ρm(x, y) dV

≤
(∫

R2

ρm(x, y) dV − Ip

)
+

∣∣∣∣θ −
∫

R2

dν1
m

∣∣∣∣

+

∣∣∣∣(Ip − θ) −
∫

R2

dν2
m

∣∣∣∣ .

In consequence,

∫

A(m)

|∂xum|2 + |∂yum|2 + |∂xxum|2 + 2|∂xyum|2 + |∂yyum|2 dV → 0

as m→ ∞.

Next, we will prove a result which is a generalization of the Splitting Theorem

proved by Pego and Quintero in [5].

Lemma 2.3. (Splitting of a minimizing sequence). Fix φ ∈ C∞
0 (R2,R+) such

that supp(φ) ⊂ B2(0, 0) and φ ≡ 1 in B1(0, 0), and let

am =
1

vol(Am)

∫

A(m)

um dV, φm(x, y) = φ

(
x− xm

Rm
,
y − ym

Rm

)
.

Define

u1
m = (um − am)φm, u2

m = (um − am)(1 − φm) + am.

Then as m→ ∞ we have

(1) I(um) = I(u1
m) + I(u2

m) + o(1),

(2) Gc,p(um) = Gc,p(u
1
m) +Gc,p(u

2
m) + o(1).

Proof. We use the notation ∂1 = ∂x, ∂2 = ∂y, etc. The first part is already

proved in the Splitting result by Pego and Quintero [5]. To prove part (2) note
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that the Hölder’s inequality and an estimate as in (14) imply that

|G(um) −G(u1
m) −G(u2

m)|

=

∣∣∣∣∣

∫

A(m)

(∂xum)|∇um|p+1 − (∂xu
1
m)|∇u1

m|p+1 − (∂xu
2
m)|∇u2

m|p+1 dV

∣∣∣∣∣

≤ C12

∫

A(m)

(|∂xum| + |um − am||∂xφm|)
(
|∇um|p+1 + |um − am|p+1|∇φm|p+1

)
dV

≤ C13

∫

A(m)

|∇um|p+2 +
|um − am|p+2

Rp+2
m

dV ≤ C

(∫

A(m)

ρm(x, y) dV

) p+2
2

→ 0

as m→ ∞. This proves part (2), finishing the proof of the Lemma. �X

We can now rule out dichotomy using a standard sub-additivity argument.

Lemma 2.4. Dichotomy is not possible.

Proof. Let λm,1 = Gc,p(u
1
m) and λm,2 = Gc,p(u

2
m). Suppose that limm→∞ λm,1

= 0. Then limm→∞ λm,2 = 1. So, for m sufficiently large, λm,2 > 0. Define

wm = λ
− 1

p+2

m,2 u2
m. Then wm ∈ V and Gc,p(wm) = 1. So by Lemma 2.3,

I(um) = I(u1
m) + I(u2

m) + δm

≥
∫

BRm (xm,ym)

ρm(x, y) dV + (λm,2)
2
3 Ip + δm

≥
∫

R2

dν1
m + (λm,2)

2
3 Ip + δm

(because (um − am)φm = um − am in BRm
(xm, ym)). Then as m → ∞, it

follows Ip ≥ θ + Ip. This is a contradiction.

Hence we may assume limm→∞ |λm,i| = |λi| > 0, i = 1, 2 . Then for m

sufficiently large, |λm,i| > 0. Now, we define functions wm,1 and wm,2 by

wm,1 = λ
− 1

p+2

m,1 u1
m, wm,2 = λ

− 1
p+2

m,2 u2
m.

Then wm,i ∈ V and Gc,p(wm,i) = 1. So,

I(um) = |λm,1|
2

p+2 I(wm,1) + |λm,2|
2

p+2 I(wm,2) + o(1)

≥ Ip

(
|λm,1|

2
p+2 + |λm,2|

2
p+2

)
+ o(1).

Taking the limit as m→ ∞, we conclude that

1 ≥ |λ1|
2

p+2 + |λ2|
2

p+2 ≥ (|λ1| + |λ2|)
2

p+2 ≥ 1.

Thus |λ1| + |λ2| = 1. Since we have λ1 + λ2 = 1 then λi ≥ 0. So by the first

case we have to have λi > 0. Since the function f(t) = t
2

p+2 is strictly concave
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for t > 0, then the inequality above gives us again a contradiction. In other

words, we have ruled out dichotomy. �X

Proof of Proposition 2.2. By the previous results, we have compactness (iii).

I.e., there exists a sequence {(xm, ym)} ⊂ R
2 such that for any γ > 0, there is

a radius R > 0 with the property
∫

BR(xm,ym)

dνm ≥ Ip − γ ∀m.

Define ρ̂m(x, y) = ρm(x + xm, y + ym) and vm(x, y) = um(x + xm, y + ym).

Then we have

Gc,p(vm) = 1, lim
m→∞

I(vm) = Ip,

and ∫

BR(0,0)

ρ̂m(x, y) dV ≥ Ip − γ, ∀m. (17)

In particular, ‖vm‖V is bounded. Since (vm)x, (vm)y ∈W 1,2(BR(0, 0)) and this

space is compactly embedded in Lq(BR(0, 0) for q ≥ 2, we conclude that there

exist a subsequence of {vm} (denoted the same) and v0 ∈ V such that

vm ⇀ v0 in V ,
∂ivm ⇀ ∂iv0 in L2(R2), i = 1, 2,

∂ijvm ⇀ ∂ijv0 in L2(R2), i, j = 1, 2,

∂ivm → ∂iv0 in L2
loc(R

2), i = 1, 2,

∂ivm → ∂iv0 a.e. in R
2, i = 1, 2.

We claim that actually for some further subsequence (denoted the same),

∂ivm → ∂iv0 in L2(R2), i = 1, 2. (18)

By the compactness condition (17) we have that given any γ > 0, there exists

R > 0 such that for m large enough,
∫

BR((0,0))

|∂ivm|2dV ≥
∫

R2

|∂ivm|2dV − 2γ.

Since the inclusion W 1,2(BR(0, 0)) ⊂ Lq(BR(0, 0)) for q ≥ 2 is compact, this

inequality implies the strong convergence of ∂ivm to ∂iv0 in L2(R2). In fact,
∫

R2

|∂iv0|2dV ≤ lim inf
m→∞

∫

R2

|∂ivm|2dV ≤ lim inf
m→∞

∫

BR(0,0)

|∂ivm|2dV + 2γ

=

∫

BR((0,0))

|∂iv0|2dV + 2γ ≤
∫

R2

|∂iv0|2dV + 2γ.

Consequently, ∫

R2

|∂iv0|2dV = lim inf
m→∞

∫

R2

|∂ivm|2dV,

and the claim (18) follows.
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Now we want to prove that

Gc,p(v0) = 1. (19)

First, note that Hölder’s inequality and the inclusion W 1,2(R2) ⊂ L2(p+1)(R2)

give us that
∫

R2

|∂i(vm − v0)|p+2dV ≤ ‖∂i(vm − v0)‖L2 · ‖∂i(vm − v0)‖p+1

L2(p+1)

≤ C14‖∂i(vm − v0)‖L2(p+1) · [I(vm) + I(v0)]
p+1
2 = o(1)

since I(vm) is bounded. Hence
∫

R2(∂i(vm − v0))
p+2dV = o(1), and using

Hölder’s inequality we find that
∣∣∣∣
∫

R2

∂x(vm − v0)(∂y(vm − v0))
p+1dV

∣∣∣∣ = o(1),

thus Gc,p(vm − v0) = o(1). On the other hand, it is not hard to show that

Gc,p(vm − v0) = Gc,p(vm) −Gc,p(v0) + o(1).

Then we conclude that Gc,p(v0) = limm→∞Gc,p(vm) = 1.

In particular, (19) implies v0 6= 0 and I(v0) ≥ Ip. Now a direct computation

using weak convergence gives us that

I(vm − v0) = I(vm) − I(v0) + o(1) = Ip − I(v0) + o(1) ≤ o(1).

This implies

lim
m→∞

I(vm) = I(v0) = Ip.

In other words, v0 is a minimizer for Ip. Moreover, this also proves that

the subsequence {vm} converges to v0 in V . This finishes the proof of the

proposition. �X

3. Analyticity

In this section we will establish that weak solutions of (11) are analytic for any

p ∈ N. The proof of this result is based on a Proposition (3.1) below1.

Proposition 3.1. (1) If f : R → R is a C∞(R) and φ ∈ W k,2(R2) for all

k ≥ 1, then

∂α (f(φ)) =

|α|∑

j=1

f (k)(φ)

j!

∑

A(α,j)

α!

α1!α2! · · · αj !
∂α1φ∂α2φ · · · ∂αjφ ,

1The author wants to thank professor F. Soriano for pointing out about this result, which

was used to prove analyticity of solitary wave solutions for a K.P.-Boussinesq type sys-

tem ([6]).
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where A(α, j) = {(α1, · · ·, αj) : α1 + α2 + · · · + αj = α, |αi| ≥ 1, 1 ≤
i ≤ j}.

(2) For each (n1, n2, · · ·, nj) ∈ N
j we have

|α|! =
∑

A(α,j),|αi|=ni

α!|α1|!|α2|! · · · |αj |!
α1!α2! · · · αj !

.

(3) There exists C1 such that for all j, k ∈ N,

∑

k1+k2···+kj=k

1

(k1 + 1)2 + (k2 + 1)2 · · · +(kj + 1)2
≤ Cj−1

1

(k + 1)2

Lemma 3.1. If p ∈ N, then any weak solution u ∈ V of (11) is already analytic.

Proof. First we will establish that for any weak solution u ∈ V of (11) we have

that ux, uy ∈W k,2(R2) for any k ≥ 1. Note that ux, uy ∈ W 1,2(R2) ↪→ Lq(R2)

for q ≥ 2. Let

g1 =
p+ 2

p+ 1
up+1

x +
1

p+ 1
up+1

y , g2 = uxu
p
y,

P (ζ, η) = (1 − c2)ζ2 + η2 + (a− bc2)ζ4 + (2a− bc2)ζ2η2 + aη4. (20)

Then g1, g2 ∈ L2(R2), and by taking the Fourier transform of (11) we find

ûx(ζ, η) = − c

P (ζ, η)

(
ζ2ĝ1 + ζηĝ2

)
,

ûy(ζ, η) = − c

P (ζ, η)

(
ηζĝ1 + η2ĝ2

)
.

(21)

Since the coefficients in (20) are all positive, it is evident that for some constant

M > 0 we have

P (ζ, η) ≥M(ζ2 + η2)(1 + ζ2 + η2)

for all real ζ, η. From (21) it follows that ux, uy ∈ W 2,2(R2). A simple

bootstrapping argument then yields that ux, uy ∈ W k,2(R2) for all k ≥ 1. In

other words, u is smooth.

The main step to prove the analyticity of u is the following result:

Claim 1. There exists R > 0 such that for all α ∈ N
2, with |α| ≥ 1,

‖∂αu‖W 2,2(R2) ≤ C
(|α| − 1)!

|α| + 1
R|α|−1 . (22)

Proof of Claim 1. Case |α| = 1 follows since ux, uy ∈ W k,2(R2) for all k ≥ 1.

Now suppose that (22) holds for |α| = 1, 2, · · ·n and R (which will be choosen

later). First we obtain an estimate for ||∂αu||W 1,2(R2). To do this, we apply
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operator ∂α to equation (11) and compute the L2- inner product with ∂αu.

Then we get

(1 − c2)||∂α∂xu||2 + ||∂α∂yu||2 + (a− bc2)||∂α∂2
xu||2

+ (2a− bc2)||∂α∂2
xyu||2 + a||∂α∂2

yu||2

=
c(p+ 2)

p+ 1

〈
∂α(up+1

x ), ∂α∂xu
〉

+ c
〈
∂α(uxu

p
y), ∂α∂yu

〉

+
c

p+ 1

〈
∂α(up

y), ∂
α∂xu

〉
. (23)

Using the formula given below in the right hand side of (23)

∂α(uxu
p
y) = ∂α(ux)up

y +

|α|−1∑

|β|=k≥1

(
|α|
k

)
∂α−β(ux)∂β(up

y) + ux∂
α(up

y)

and applying the Hölder inequality, we conclude that there exists a positive

constant C3 such that

||∂α∇u||W 1,2(R2) ≤ C3

(
||up

y||2+||∂α(up+1
x )||2+||∂α(up+1

y )||2+||ux||2||∂α(up
y)||2

+

|α|−1∑

|β|=k≥1

(
|α|
k

)
||∂α−β(ux)||2||∂β(up

y)||2
)

(24)

Now in Proposition (3.1), we consider f(t) = tq for q = p + 1 and φ = ux or

φ = uy (or q = p and φ = uy). We then get

||∂αf(φ)||2 ≤ C2

q∑

j=1

∑

A(α,j)

α!

α1!α2! · · · αj !
||∂α1φ∂α2φ · · · ∂αjφ||2.

But

||∂α1φ∂α2φ · · · ∂αjφ||2 ≤ ||∂α1φ||2j ||∂α2φ||2j · · · ||∂αjφ||2j .

We also know that for any β ∈ N
2,

||∂βφ||2j ≤ C(j)||∂βφ||W 1,2(R2) ≤ C3||∂βφ||W 1,2(R2),

where C3 = max{C(j) : 1 ≤ j ≤ q}. In consequence, for i = 1, 2

||∂α1∂iu∂
α2∂iu · · · ∂αj∂iu||2

≤ Cj
3 ||∂α1∂iu||W 1,2(R2)||∂α2∂iu||W 1,2(R2) · · · ||∂αj∂iu||W 1,2(R2)

≤ Cj
3 ||∂α1u||W 2,2(R2)||∂α2u||W 2,2(R2) · · · ||∂αju||W 2,2(R2).

Since |αk| + 1 ≤ |α| for 1 ≤ k ≤ j, we use the induction hypothesis to get

||∂α1∂iu∂
α2∂iu · · · ∂αj∂iu||2 ≤ Cj

3C
j (|α1| − 1)!(|α2| − 1)! · · · (|αj | − 1)!

(|α1| + 1)(|α2| + 1) · · · (|αj | + 1)
R|α|−j
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This implies that,

||∂αf(φ)||2

≤ C2

q∑

j=1

Cj
3C

j
∑

A(α,j)

α!( |α1| − 1)!(|α2| − 1)! · · · (|αj | − 1)!R|α|−j

α1!α2! · · · αj !(|α1| + 1)(|α2| + 1) · · · (|αj | + 1)

≤ C2

q∑

j=1

∑

B(α,j)

∑

A(α,j),|αi|=ni

(C3CC4)
jα! |α1|!|α2|! · · · |αj |!R|α|−j

α1!α2! · ·αj !(|α1| + 1)2(|α2| + 1)2 · ·(|αj | + 1)2

≤ C2R
|α|

q∑

j=1

∑

B(α,j)

(C3CC4)
j |α|!

(|n1| + 1)2(|n2| + 1)2 · · · (|nj | + 1)2
R−j

≤ C2R
|α| |α|!

(|α| + 2)2

q∑

j=1

Cj
3C

jCj−1
1 Cj

4R
−j ,

where B(α, j) = {(n1, ·, ·, ·, nj) : n1 + ·, ·, · + nj = |α|, ni ≥ 1} and Ck does not

depend on α for 1 ≤ k ≤ 4. Thus for R large enough,

C2

q∑

j=1

Cj
3C

j−1Cj−1
1 Cj

4R
−j < 1,

which proves that

||∂αf(φ)||2 ≤ CR|α| |α|!
(|α| + 2)2

. (25)

On the other hand, observing that |α|−|β| < |α| and using previous inequality,

|α|−1∑

|β|=k≥1

(
|α|
k

)
||∂α−β(ux)||2||∂β(up

y)||2

≤
|α|−1∑

|β|=k≥1

(
|α|
k

)
||∂α−βu||W 1,2(R2)||∂β(up

y)||2

≤ C2

|α|−1∑

k≥1

(
|α|
k

)
(|α| − k − 1)! k!

(|α| − k + 1)(k + 2)2
R|α|−1

≤ C2R|α|−1

|α|−1∑

k≥1

|α|!
(|α| − k)! k!

(|α| − k − 1)! k!

(|α| − k + 1)(k + 2)2

≤ C2R|α|−1|α|!
|α|−1∑

k≥1

1

(|α| − k)2(k + 2)2

≤ C2C5R
|α|−1 |α|!

|α| − 1
≤ CR|α| |α|!

|α| + 2
CC5C6R

−1

( |α| + 2

|α| − 1

)
.
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As above, for R large enough,

CC5C6R
−1

( |α| + 2

|α| − 1

)
≤ 4CC5C6R

−1 < 1.

Thus, we have proved that for R large enough,

|α|−1∑

|β|=k≥1

(
|α|
k

)
||∂α−β(ux)||2||∂β(up

y)||2 ≤ CR|α| |α|!
|α| + 2

.

Finally,

||ux||2||∂α(up
y)||2 ≤ C1CR

|α| |α|!
|α| + 2

.

In other words,

‖∂α∇u‖W 1,2(R2) ≤ C
|α|!

|α| + 2
R|α|.

Now we have to estimate terms of the form:

||∂α∂3
ijku||2 for 0 ≤ i, j, k ≤ 3, i+ j + k = 3.

To do this, we apply operator ∂α∂x (∂α∂y) to equation (11) and compute

the L2- inner product with ∂α∂xu (∂α∂yu). Then we get, after doing similar

calculations as above, that

||∂α∂x∇u||W 1,2(R2) + ||∂α∂y∇u||W 1,2(R2) ≤

C3

(
||up

y||2 + ||∂α(up+1
x )||2 + ||∂α(up+1

y )||2 + ||ux||2||∂α(up
y)||2

+

|α|−1∑

|β|=k≥1

(
|α|
k

)
||∂α−β(ux)||2||∂β(up

y)||2
)
.

Putting previous estimates together, we conclude that for R large enough

‖∂α∇u‖W 2,2(R2) ≤ C
|α|!

|α| + 2
R|α|.

Claim 2. Given (x0, y0) ∈ R
2, there exists r > 0 such that for all (x, y) ∈

B((x0, y0), r)

u(x, y) =
∑

α

∂αu(x0, y0)

α!
(x− x0, y − y0)

α.

Proof of Claim 2. By Taylor’s Theorem

u(x, y) =

N−1∑

k=0

∑

|α|=k,α∈N2

∂αu(x0, y0)

α!
(x− x0, y − y0)

α +RN (x, y),
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where

RN (x, y) =
∑

|α|=N,α∈N2

∂αu(x0 + t(x− x0), y0 + t(y − y0))

α!
(x− x0, y − y0)

α.

Since 2k = (1 + 1)k =
∑

|α|=k
|α|!
α! , we conclude that |α|!

α! ≤ 2|α|. On the other

hand, for |α| ≥ 1

|∂αu(x, y)| ≤ ||∂αu||W 2,2(R2) ≤ CR|α|−1 (|α| − 1)!

|α| + 1
.

In consequence if we take r > 0 such that 23r2R < 1, then

|RN (x, y)| ≤ C
∑

|α|=N,α∈N2

(N − 1)!R|α|−1

(N + 1)α!
(|x− x0||y − y0|)|α|

≤ C
2N (N − 1)!RN

(N + 1)α!
r2N ≤ C2N2N (Rr2)N

≤ C(22Rr2)N ≤ C2−N → 0, as N → ∞ .

In other words, the Taylor’s series converges in B((x0, y0), r). �X

4. From Benney-Luke lumps to a KP-I lump

As it was shown by Pego and Quintero in [5], solitary wave with some sort of

physical sense can be obatined when the wave speed c is not taken fixed. To see

this, let µ = ε
2

p+1 suppose for ε small the existence of a traveling-wave solution

Φ(x, y, t) = ϕ(x − ct, y) with order one derivatives, as given by Theorem 2.1,

so that 0 < c2 < min{1, a/b}. Then ϕ should satisfy

(1 − c2)ϕxx + ϕyy = O(ε
2

p+1 ).

If 1 − c2 remains bounded away from zero, we expect that no solutions with

order-one derivatives will exist. This suggests that if 1 − c2 = O(ε2/p+1),

then ϕyy = O(ε2/p+1), so the waves should travel with speed close to 1 and

have weak dependence on y. This further suggests introducing scaled variables

similar to those used to derive the GKP equation in section 2. Namely, we let

Y = ε
1

p+1 y, X = x− ct where 1 − c2 = ε2/p+1 and look for a solution of GBL

of the form Φ(x, y, t) = γv(X,Y ), where γpε
p−1
p+1 = 1. Then v should satisfy

− vXX − vY Y + (a− bc2)vXXXX + ε2/p+1(2a− bc2)vXXY Y + ε4/p+1avY Y Y Y

− c
(
(p+ 2)vXXv

p
X + ε

(
pvp−1

Y vY Y vX + 2vXY v
p
Y

))
= 0. (26)
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Formally this means

−vXX − vY Y +

(
σ − 1

3

)
vXXXX − (p+ 2)vp

XvXX = O(ε2/p+1). (27)

If we differentiate with respect to x and neglected the O(ε2/p+1), then w = vX

satisfies
(
wX −

(
σ − 1

3

)
wXXX + (p+ 2)wpwX

)

X

+ wY Y = 0. (28)

This is the equation for a traveling wave solution of the generalized GKP equa-

tion.

This remark shows us that appropriate order one solutions can be con-

structed for arbitrarily small values of the parameters, if the wave speed c

is chosen in an appropriate way, mainly close to 1. We will prove that it is

possible to obtain a GKP-I lump solution as a limit in V of a sequence of GBL

lum solutions when the wave speed c is not taken fixed but close to 1.

The scaling leading to (26) is related to that of the previous section as

follows. Let Iε,p and Gε,p be the functionals defined in V by

Iε,p(u) =
∫

R2

{ε2/p+1u2
x + u2

y + (a− b+ bε2/p+1)u2
xx + (2a− b+ bε2/p+1)u2

xy + au2
yy}dV,

Gε,p(u) = c

∫

R

{up+2
x + uxu

p+1
y }dV.

Since a − b = σ − 1
3 > 0, Iε,p and Gε,p are just the functionals I and G

from section 2 with wave speed satisfying c2 = 1 − ε2/p+1. Given an arbitrary

function u in V , let v be the function defined by

u(x, y) = ε
1−p

(p+1)(p+2) v(ε1/p+1x, ε2/p+1y).

Then

Iε,p(u) = ε
4−p

(p+1)(p+2) Jε,p(v) and Gε,p(u) = Kε,p(v).

where

Jε,p(v) =
∫

R2

{v2
x + v2

y + (a− b+ bε2/p+1)v2
xx + ε2/p+1(2a− b+ bε2/p+1)v2

xy

+ ε4/p+1av2
yy}dV,

Kε,p(v) = c

∫

R2

{v3
x + εvxv

p+1
y }dV .
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In particular, we have that

ε
p−4

(p+1)(p+2) Iε = Jε

where

Iε,p = inf{Iε,p(u) : u ∈ V , Gε,p(u) = 1},
Jε,p = inf{Jε,p(v) : v ∈ V , Kε,p(v) = 1}.

Now by Theorem 2.1, we know the existence of a family {uε}ε>0 ⊆ V such that

Iε,p(u
ε) = Iε,p and Gε,p(u

ε) = 1.

This implies that the members of the corresponding family {vε} defined by

uε(x, y) = ε
1−p

(p+1)(p+2) vε(ε1/p+1x, ε2/p+1y).

satisfy

Jε,p(v
ε) = Jε,p and Kε,p(v

ε) = 1.

In particular, v = −
(

p+1
p+2Jε,p

)1/p

vε is a solution of equation (26) in the sense

of distributions.

Now we are in position to state the main theorem of this section.

Theorem 4.1. Assume σ > 1
3 and 1 ≤ p < 2. For any sequence εj → 0, there

is a subsequence (denoted the same) and there exists a nontrivial distribution

v0 ∈ D′(R2) with ∂xv0, ∂xxv0 and ∂yv0 belonging to L2(R2) such that, as

j → ∞

∂xv
εj → ∂xv0, ∂xxv

εj → ∂xxv0, ∂yv
εj → ∂yv0 in L2(R2).

Moreover, w = −
(

p+1
p+2J0,p

) 1
p

∂xv0 is a nontrivial lump solution of the GKP

traveling wave equation (28) in the sense of distributions, where

J0,p := {J0,p : v ∈ V ,K0,p(v) = 1}.

In order to prove this result, we are going to discuss first an important

property of the family {vε}.

Lemma 4.1. Let 1 ≤ p < 2. Then

lim
ε→0+

Jε,p = J0,p and lim
ε→0+

K0,p(v
ε) = 1.

In particular, for any sequence εj → 0, the sequence {K0,p(v
εj )−

1
p+2 vεj} is a

minimizing sequence for J0,p.
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Proof. Let v ∈ V be such that
∫

R
vp+2

x dV = 1. Then for ε small enough, we

get

Kε,p(v) = c

∫

R2

{vp+2
x + εvxv

p+1
y }dV 6= 0.

Thus

Jε,p

(
Kε,p(v)

− 1
p+2 v

)
= Kε,p(v)

− 2
p+2Jε,p(v) ≥ Jε,p.

But, we note that Jε,p(v) → J0,p(v) and Kε,p(v) → 1 as ε → 0. Thus, we

conclude that J0,p(v) ≥ lim supε→0+ Jε,p for all v ∈ V with
∫

R2(vx)p+2 dV = 1.

In consequence,

J0,p ≥ lim sup
ε→0+

Jε,p.

In particular, for ε small enough,

ε
p−4

(p+1)(p+2) Iε,p = Jε,p ≤ 2 · J0,p.

This fact implies that ε
3p

2(p+1)(p+2) uε
x is uniformly bounded inW 1,2(R2) ⊂ Lq(R2),

q ≥ 2 and ε
p−4

2(p+1)(p+2) uε
y is uniformly bounded in W 1,2(R2) ↪→ L2(p+1)(R2).

Hence, we have the estimate

‖uε
y‖L2(p+1)(R2) ≤ C1‖uε

y‖W 1,2(R2) ≤ C2ε
4−p

2(p+1)(p+2) ,

where C2 is a constant independent of ε. Now, by Hölder’s inequality,

∣∣∣∣
∫

R2

uε
x(uε

y)p+1dV

∣∣∣∣ ≤
(∫

R2

(uε
x)2dV

) 1
2

·
(∫

R2

(uε
y)2(p+1)dV

) 1
2

≤ Cp+1
2 ε

4−p

2(p+2) ‖uε
x‖L2(R2)

≤ Cp+1
2 ε

2−p

2(p+2) ‖ε
3p

2(p+1)(p+2) uε
x‖L2(R2).

Thus, as ε→ 0+ we have
∫

R2

uε
x(uε

y)
p+1dV = ε

∫

R2

vε
x(vε

y)p+1dV → 0.

This implies that K0,p(v
ε) =

∫
R2(v

ε
x)p+2dV → 1.

Hence for ε small enough, K0,p(v
ε) 6= 0 and we have

J0,p

(
vε

K0,p(vε)
1

p+2

)
=

J0,p(v
ε)

K0,p(vε)
2

p+2

≥ J0,p.

But note that Jε,p(v) ≥ J0,p(v) for all v ∈ V . It follows that

Jε,p(v
ε)

K0,p(vε)
2

p+2

≥ J0,p

(
vε

K0,p(vε)
1

p+2

)
≥ J0,p.
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Since limε→0+ K0,p(v
ε) = 1, we conclude that

lim inf
ε→0+

Jε ≥ J0,p ≥ lim sup
ε→0+

Jε,p.

This implies that limε→0+ Jε,p = J0,p, finishing the proof. �X

In addittion to the last result, we have to use a de Bouard and Saut result in

[2, 3] which is related with solitary waves for a generalized KP equation GKP

or simply with the case ε = 0.

Theorem 4.2. [2, 3] Let 1 ≤ p < 4 be a rational number with odd denimom-

inator and σ > 1
3 . If {vm}m≥1 is a minimizing sequence for J0,p, then there

exists a subsequence (denoted the same) and there exists a nonzero v0 ∈ D′(R2)

such that ∂xv0, ∂yv0 ∂xxv0 ∈ L2(R2) and

J0,p(v0) = J0,p > 0,

and there exists a sequence of points {ζm}m≥1 in R
2 such that

∂xvm(· + ζm) → ∂xv0 in L2(R),

∂yvm(· + ζm) → ∂yv0 in L2(R),

∂xxvm(· + ζm) → ∂xxv0 in L2(R).

Moreover, v0 is a solution in the sense of distributions of the equation

−vXX − vY Y +

(
σ − 1

3

)
vXXXX + (p+ 1)J0,p(vX)pvXX = 0. (29)

If p = 1, 2 or 3 and i = 1, 2, ∂iv0 ∈
⋂

n∈N
Hn(R2), where Hn(R2) denotes the

Sobolev space of distributions whose derivatives up to order n are in L2(R2).

Proof of Theorem 4.1. First note that vε satisfies in the sense of distributions

the following equation,

−vxx−vyy +(a− b− bε2/p+1)vxxxx +ε(2a− b− bε2/p+1)vxxyy +ε4/p+1avyyyy

+

(
p+ 1

p+ 2
Jε,p

)1/p

· c
(
(p+ 2)vp

xvxx + εvxv
p−1
y vyy + 2εvxyv

p
y

)
= 0.

Since 0 < Jε,p ≤ 2J0,p for ε small enough, the family {ε 2
p+1 vε} is bounded in V .

We also have that {vε
x}, {vε

y}, {vε
xx} are bounded families in L2(R2) for ε small

enough. Then for any sequence εj → 0 as j → ∞, there exists a subsequence

(denoted the same) and functions W,Z ∈ L2(R2) with Wx ∈ L2(R2) such that

vεj

x ⇀W, vεj

xx ⇀Wx, vεj

y ⇀ Z in L2(R2).

But from Lemma 4.1 we have that

lim
j→∞

J0,p(v
εj ) = J0,p.
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Then from Theorem 4.2, there exists a nontrivial distribution v0 ∈ D′(R2) such

that ∂xv0 = W , ∂yv0 = Z and

vεj

x → ∂xv0, vεj

xx → ∂xxv0, vεj

y → ∂yv0, in L2(R2)

and ∫

R2

(∂xv0)
p+2dV = 1.

In particular, we have that ∂xv0 6= 0. On the other hand, (∂xv
εj )p+1 is bounded

in L
p+2
p+1 (R2). In consequence, as j → ∞

∫

R2

(∂xv
εj )p+1ψ →

∫

R2

(∂xv0)
p+1ψ,

for all ψ ∈ L2(R2). This implies that

(∂xv
εj )p∂xxv

εj → (∂xv0)
p∂xxv0.

Now for any test function ψ ∈ C∞
0 (R2), if we denote evaluation in D′(R2) by

(·, ·), as j → ∞ we have

|ε2/p+1
j

(
pvεj

x (vεj

y )p−1vεj

yy + 2vεj

xy(vεj

y )p, ψ
)
|

=

∣∣∣∣ε
2/p+1
j

(
p(vεj

x (vεj

y )p, ψy) +
1

p+ 1
((vεj

y )p+1, ψx)

)∣∣∣∣

≤ ε
2/p+1
j

(
p‖vεj

x (vεj

y )p‖L1 + ‖vεj

y ‖p+1
Lp+1

)
· ‖∇ψ‖L∞

≤ εj(‖vεj

x ‖Lp+1‖vεj

y ‖p
Lp+1 + ‖vεj

y ‖p+1
Lp+1) · ‖∇ψ‖L∞ → 0.

We also have that
(
ε
2/p+1
j bvεj

xxxx + ε
2/p+1
j (2a− b+ bε

2/p+1
j )vεj

xxyy + aε
4/p+1
j vεj

yyyy, ψ
)

=

ε
2/p+1
j b(vεj

xx, ψxx)+ε
2/p+1
j (2a−b−bε2/p+1)(vεj

xx, ψyy)−aε4/p+1
j (vεj

y , ψyyy) → 0.

Furthermore we have

lim
j→∞

(
−vεj

xx − vεj

yy +

(
σ − 1

3

)
vεj

xxxx, ψ

)

=

(
−(v0)x − (v0)y +

(
σ − 1

3

)
(v0)xxxx, ψ

)
.

Since σ > 1
3 , the nonzero distribution v0 is a nontrivial solution of the equation

−vXX − vY Y +

(
σ − 1

3

)
vXXXX +

(
p+ 1

p+ 2
J0,p

)1/p

(3vXvXX) = 0.

In particular, w = −
(

p+1
p+2J0,p

)1/p

∂xv0 is a nontrivial lump solution for the

GKP traveling wave equation (28) in the sense of distributions. �X



EXISTENCE AND ANALYTICITY OF LUMP SOLUTIONS 95

Acknowledgments: This research is partially supported by Universidad del

Valle, Colombia, and Colciencias under the project 1106 05-10097.

References

[1] D. J. Benney & J. C. Luke, Interactions of permanent waves of finite amplitude, J.

Math. Phys., 43 (1964) 309–313.

[2] A. de Bouard & J. C. Saut, Solitary waves of generalized Kadomtsev-Petviashvili equa-

tions, CR Acad. Sci. Paris Sér. I Math., 320 #3 (1995), 315–318.

[3] A. de Bouard & J. C. Saut, Solitary waves of generalized Kadomtsev-Petviashvili equa-
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Universidad del Valle

Cali, COLOMBIA

e-mail: quinthen@univalle.edu.co




