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Wavelet transforms and
singularities of L,-functions in R"
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ABSTRACT. For a function f in L?(R), a wavelet transform with respect to an
admissible function is defined such that its singularities are precisely the points
where f fails to be smooth.
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Introduction

In this paper a group structure on {(a,b) : @ € RT,b € R™} is used to define
a wavelet transform of a function f € L?(R"™) with respect to an admissible
function h € C§°(R™). For (a,b) in the group and letting (U(a,b)h)(x) =
anl/Q h(E= b) a representation U of the group acting on the Hilbert space L?(R™)
is defined.

By means of this representation, I. Daubechies [4] established the following
resolution of the identity: for f,h in L?(R™), where h is radially symmetric
(i.e., h(z) = n(|x|), so that h(x) depends only on |x|) we have

f_Ch /]R+ (UG, 0)h) Ula,b)h —— dbda, (1)

where (, ) is the inner product in L?(R") and Cj, = fR+ n(k)[>tdk < oo, 7
being the Fourier transform of 7.

With the help of this resolution of the identity, and for (a,b) in the group, a
wavelet transform (Lj, f)(a,b) of a function f in L?(R") is defined with respect
to an admissible function h in L?(R™) satisfying [5, [7(k)|*1dk < oo, such that
the singularities of (Lp f)(a,b) are precisely the singularities of f.
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Notations and definitions. With G we denote the set {(a,b) : a € RT,
b € R"}. In G we define (a1,b1) - (a2,ba) = (ajaz,a1b2 + by). With this
operation G becomes a group in which (1,0) is the identity and (a,b)™! =
(a=1, —a=1b). Moreover, G turns out to be a locally compact topological group
with d(a,b) = —trdadb and di(a,b) = Ldadb as the left and right Haar
measures, respectively.

Definition 1. For h in L?(R") and b in R", the traslation operator Ty is
(Tyh)(x) = h(xz — b), where z € R™.

Definition 2. For h in L?(R") and a in RT, the dilation operator J, is
(Jah)(z) = =z h(%), where x € R™.

Definition 3. For h in L?>(R") and ¢ in R", the rotation operator E. is
(Ech)(x) = e2™@¢h(x), where z € R™.

Definition 4. For (a,b) in G, define U(a,b) = J,Tp. This family of operators
is a representation of G acting on the Hilbert space L?(R") by

1 x—0

(U(a,b)h)() = (JaTyh)(@) = —h( ). (2)

n
Qa2 a

Definition 5. A function h in L?(R") is said to be admissible if
/ [, U (a, b)) [2d(a,b) < oo. (3)
G

Lemma 1. A radially symmetric function h in L*(R") is admissible if and
only if

Cr= [ TioP gk < o (4)
R

where h(y) = A([yl)-
See the Appendix for the proof.

Definition 6. For a function f in L?(R™) and (a, b) in G, the wavelet transform
of f with respect to the admissible function h in L?(R™) is defined as

(th)(a’ b) = <f7 U(aa b)h> (5)

We now state and prove the main result of this paper.

Theorem. Suppose that h in C5°(R™) is radially symetric, non-identically
vanishing and such that [, h(z)dx = 0. For f in L*(R™) and (a,b) in G,
let L,(a,b) = a=ta= 2Dy (Lyf)(a,b). Then, for each multi-index «, L, is
continuous at any point (a1, b1) in G. Furthermore, f is C*° in a neighborhood
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of x = by if and only if for each multi-index v, limq p)—(0,5,) La(a,b) exists for
each by in a neighborhood of by.

Proof. First we show that L, is continuous at (aj,b;) for a; > 0. Note that

() = [ oz tn (50 o= (£ ()0
R @
where 1™ (r) = 1(—) and * means convolution. Now, since f € L?(R") and
h € C§°(R™), it follows that f  (J,h)~ € C°(R™) and DZ(f * (J.h)~)(b) =

(f * DE(JB)™)(b). Thus, La(a,b) = a~ a3 S (f « (J,D7)™)(b) is con-
tinuous at (a,by) for a; > 0.

Next we show that the smoothness of f implies the existence of the limit of
Lq(a,b) as (a,b) — (0,b1). Suppose that f is C*° in a neighborhood of x = by
containing the closed ball Ba(by), where A > 0. Take b, b; in the open ball
Ba (bo). Note that if L > 0 is such that supp h C BL(0), then

(Lnf)(a,b) = /B o a0 Ry

Thus, for a such that 0 < a < 2L7

D (Luf)(asb) = /B @ IDET e+ o) dy

Now, since f is C' at the points in the region of integration, it follows from
Taylor’s formula that

DY f(b+ay) = D f(b) / Z Dﬁ+a (b + tay)al®lyPdt,
O 8= P
for y in B (0), so that
La(a,b) =a~'a” 2 Dy (Ly f)(a,b)

=/B o) DO
B+a a P h(v)
+/BL(O)/ > DI f(b + tay)y h(y)dtdy.

0 181=1
Then, since fBL(O) h(y)dy = 0 and D+ f is continuous near by, it follows that

lim Ea a,b :/ Dﬁ-‘roc b 5Td
(a,b)=(0,b1) (a,b) 50(0) |§:1 yf(bn) | P h(y)dy

= DI f(by h(y)y dy.
> f(by) /() (v)y’dy

181=1 Bz
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Therefore, limq 4)—(0,6,) La(a, b) exists for each by in B% (bo).

Now we show that the existence of the limit implies the smootness of f.
Suppose that La(b1) := lim, 3)—(0,6,) Lala,b) exists for each by in an open
neighborhood containing the closed ball Bg(bg), where R > 0.

For fixed x in the open ball Br(by), let

h(=y)Lo(a,z+ay) ifa>0

h(—y)La () ifa=0, @)

s - |

where supp h C Br(0), L > 0. Note that for such z, Z,, is well-defined for all a
and y. Furthermore, for fixed y and a # 0, Z,(a, x, y) is infinitely differentiable
in the variable x, and we have the following three claims.

Claim 1. Z,, is continuous at (a1, 1,y1) for all a; in RY, z1 in Bgr(bo) and y;
in R™.

In fact, if a1 # 0, Zy(a, x,y) is continuous at (a1, x1,y1). Thus, we only need
to consider the limit as (a,z,y) — (0,21,41). But

lim To(a, z, h Lao(a,b
(a,2,y)—(0,21,y1) ( y) = (ﬂb)—>( z1) (=9)Lala,b)

=h(=y)La(0,71) = Zo(0, 21, 91).

Then, Z, is continuous at all (a1, 71,y1) in RT x Bg(by) x R™. This proves
Claim 1.

Claim 2. Z, is in L'(R* x R") for fixed x in Bg(by).

In fact, for a # 0,

To(a,z,y) = h(—y)a~'a™* DY (L f)(a, z + ay).

Then
2+4n (71)‘a|
Za(a, 2, y)| = |h(—y)[a” =" WU’ Ty yayD*Jah)
24n —|a| a
< [h(=y)la” = a7 [ fll2[[ D*A|2.
Now let

‘Ia(aﬂxay” lf0<(l§1

G(x(a7y) = { 24n .
h(—y)| a= =1l fllo [ DR]l2 if a > 1.
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Then |Z,(a,x,y)| < Gal(a,y) for all (a,y) in RT x R", and we can see that G,
is in L'(R* x R™) as follows:

/ (Ga(a, y)ldyda
R+ JR™

1
= / / |Zo(a, z,y)|dyda
0 JBr(0)

> _24n_ |, o
+ / / (=) a5 =120 | £l | DB 2dyda
1 B, (0)

1
- / / T (a2, y)|dyda
0 JBr(0)

+ 1 fll2 1D%All2 (/B . h(—y)ldy> (/1 G_QEH_mda).

_24n
2

Since Zo (-, ,-) is continuous on [0,1] x B.(0) and [~ a “lelda < oo, it
follows that G, € L*(RT x R™). Hence, Z,(-,z,-) € L*(R* x R™). This proves
Claim 2.

Claim 3. For z in the open ball Bg(bo), let w(z) = [y [pn Zo(a,z,y) dyda
and Io(z) = [p1 Jgn Zala,2,y) dyda. Then D*w(x) = Io(x) for any multi-
index a.

In fact, let = be in the open ball Br(by). By Claim 1, Z,, is continuous on
R x Bgr(bo) x R™, and by Claim 2, |Z,(a,x,y)| < S a5 —lal I £ll2 1 D%R|2,
for a # 0, where S = Sup{|h(—y)| : y € Br(0)}. Thus,

Sup{|Za(a,z,y)| : a € RT, x € Br(by), y € B(0)}

exists.

Note that, by Claim 2, for z in Br(by), Za(a,x,y) is integrable and D,Z,
(a,z,y) exists and is uniformly bounded for (a,y) in R* xR™. It follows that for
each = in Br(by), DoZo(a,x,y) is integrable and Dy [ [gn Za(a, 2, y)dyda =
Jo+ Jan DaZol(a, x, y)dyda. Thus, D*w(x) = I (z) for any multi-index «. This
proves Claim 3.

Now, for [ > 0 and any x, define

1
Uia) = [ [ b= a"E (L)oo +ay) dyd )
L

Then, by Claim 3, for every x in Bpg(by), lim;_ Uj(z) = w(x). That is,
U; — w pointwise on Br(bg) as I — 0o. On the other hand, by (1), U; — Cp f
weakly in L2(RT x R") as | — oo. Then f = Cj; 'w almost everywhere on
Bpgr(bp), and because of Claim 3, f is C*° on Bg(bp). This completes the proof
of our main theorem. ™
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Proof of Lemma 1.

and we have
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Appendix
Suppose that h in L?(R™) is admissible. Then

/ |(h, Ul(a,b)h)|*d(a,b) < oo
G

/\<h,Uab )*d(a,b)
G
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(h, JTbh>| dadb_/n/]R+ (h,E %i} ——dadb
/ nh(g)m —dadb

[ e de| pdady

/R e sh(€) T, h(E) d£2 — dadb

/R e (th )(g) ——dadb

(@)(b) 2anl+1dadb_ /R+ (/ (@)(b) 2db> #da

- . 2 1
(hJ%h)(y)‘ dy) Wda

da

‘ BA |dy)

W[ [a hay)| dy) LI

)l ([ Vit aa) ay

Since h is radiallly symmetric, so is h. Then

[ 1ot ompan = [ GiwE ([ i) a

= [ it ([ 1P gar) dy
= ([ itrar)
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where Cj, = [, [7(k)|* +dk < cc.

By working backwards, it is proved that if C = [5, [7(k)|*+dk < oo then
h is admissible. This completes the proof of Lemma 1.
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