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Definition 1. We say that the complex number u = o+ 13 is lexicographically less
than the complex number v =~y + 10 ifa <~y ord =~ and B <. We denote this
by writing u < v. The notation u < v means that u < v or u = v.

With C,, we denote the set of n—tuples of complex numbers lexicographically
ordered from less to greater. Thus (z1,za,...,%,) € Cp iff 1 <29 < ... < @,,.
With 0 we denote the n—tuple (0,0, ... ,0).

On the set C,, we define the metric

d(z,y) = | Y |z — ;|
j=1
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The pair (C,,d) is a complete metric space. In fact, C, is a closed subset of the
normed complex euclidean space, i.e., of (C*, || -||), where the norm of @ € C" is

Now let
P(z)=2" —a12" "+ ...+ (-1)"a,

be a polynomial, and consider its coefficients as a vector in C":
a=(ay,ag,...,a,).

From the fundamental theorem af algebra [1] we know that p(z) has n roots. We
will denote these roots by A;,2 = 1,2,...,n, and assume that A\; < \;41, so that
the vector

—

A= (A1, 5 )
is in C,,. From the well known formulae of VIETE we have the identities
a1 =M+ X4+ A
a2 = MA2+ A3+ -+ A1 Ay
G, = A1 A2+ Ap,
by means of which we can define in an obvious manner a continuous map
T:C, > C" X>T(N)=a

From the fundamental theorem of algebra this function is one to one and onto, i.e.,
T establishes a biyective correspondence between C,, and C".

Let S denote the inverse mapping of 7

Lemma 1.
d(8(d@),0) < 2nmax{1, ||@|}

Proof: Let S(@) = (A1,...,An). Then

Al <D fagl (T4 A7) (1)
=i
Now, if |A;| < 1, then
Ail < 2v/nmax{1, [|al|}, (2)

and if |\;| > 1, then, dividing (1) by |A\;|*~!, we obtain

Nl < fag| (1 + [Ni]9)

=1

n
<2 aj| < 2v/nd|

i=1

< 2v/nmax{1, ||a@||}. (3)
From (2) and (3) the proof follows. [
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Theorem 1. The function S : C* — C,, is continuous.

Proof: Assume that S is not continuous at a point @. Then there exist § > 0 and
a sequence (@,)o2; such that lim, . @, = @ and

d(S(@n),S(a@)) > 0. (4)

Because of Lemma 1, the sequence (S (Ein))zozl is bounded, and therefore (passing
to a subsequence, if necessary) we can assume that this sequence has a limit:

lim S(a@,) = .

n—0o0

But from the continuity of 7 we have

T(¢) = lim 7(S(@,)) = lim @, =,

n—o0 n—o0

and therefore £ = S(a@). Hence, for n sufficiently large

which contradicts (4). O
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