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1. Introduction

Eells and Sampson [ES], proved that if ¢: M — N is a holomorphic map
between Kéahler manifolds then ¢ is harmonic. This result was generalized by
Lichnerowicz (see [L] or [Sa]) as follows: Let (M, g, J1) and (N, h, J2) be almost
Hermitian manifolds with M cosymplectic and N (1,2)-symplectic. Then any
=+ holomorphic map ¢: (M, J;) — (N, J3) is harmonic.

We are interested to study harmonic maps, ¢: M? — F(n), from a closed
Riemannian surface M? to a full flag manifold F(n). Then by the Lichnerow-
icz theorem, we must study (1,2)-symplectic metrics on F(n), because a Rie-
mannian surface is a Kahler manifold and a Kahler manifold is a cosymplectic
manifold (see [Sa] or [GH]).
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The study of invariant metrics on F'(n) involves almost complex structures

on F(n). Borel and Hirzebruch [BH], proved that there are 2(5) U (n)-invariant
almost complex structures on F(n). This number is the same number of tour-
naments with n players or nodes. A tournament is a digraph in which any two
nodes are joined by exactly one oriented edge (see [M] or [BS]). There is a natu-
ral identification between almost complex structures on F'(n) and tournaments
with n players, see [MN3] or [BS].

The tournaments can be classified in isomorphism classes. In that classi-
fication, one of this classes corresponds to the integrable structures and the
another ones correspond to non-integrable structures. Burstall and Salamon
[BS], proved that a almost complex structure J on F(n) is integrable if and only
if the associated tournament to .J is isomorphic to the canonical tournament
(the canonical tournament with n players, {1,2,...,n}, is defined by i — j if
and only if ¢ < 7). In that paper the identification between almost complex
structures and tournaments plays a very important role.

Borel [Bo], proved that exits a (n—1)-dimensional family of invariant Kahler
metrics on F(n) for each invariant complex structure on F(n). Eells and
Salamon [ESa|, proved that any parabolic structure on F'(n) admits a (1,2)-
symplectic metric. Mo and Negreiros [MN2], showed explicitly that there is a
n-dimensional family of invariant (1,2)-symplectic metrics for each parabolic
structure on F'(n), the identification between almost complex structures and
tournaments is strongly used in that paper.

Mo and Negreiros ([MN1], [MN2]) studied the geometry of F(3) and F(4).
In this paper we study the F(5), F(6) and F(7) cases. We obtain the
following families of (1,2)-symplectic invariant metrics, different to the Kéahler
and parabolic: On F(5), two 5-parametric families; on F(6), four 6-parametric
families, two of them generalizing the two families on F'(5) and, on F(7) we

obtain eight 7-parametric families, four of them generalizing the four ones on
F(6).

These metrics are used to produce new examples of harmonic maps ¢: M? —
F(n), applying the result of Lichnerowicz mentioned above.

These notes are part of the author’s Doctoral Thesis [P]. I wish to thank
my advisor Professor Caio Negreiros for his right advise. I would like to thank
Professor Xiaohuan Mo for his helpful comments and dicussions on this work.

2. Preliminaries

A full flag manifold is defined by

(2.1) F(n)=A{(L1,...,Ly) : L; is a subspace of C",dim¢cL; =1, L;LL;}.
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The unitary group U(n) acts transitively on F'(n). Using this action we obtain
an algebraic description for F(n):
U(n) U(n)

(22) F) == = gm= <o

n—times

where T'=U(1) x --- x U(1) is a maximal torus in U(n).

n—times

Let p be the tangent space of F(n) in (T). The Lie algebra u(n) is such that

(see [ChE])
u(n) = {X € Mat(n,C): X +X =0}
(2.3) = peull)e---aul) .
—_———
n—times

Definition 2.1. An invariant almost complezx structure on F(n) is a linear
map J: p — p such that J?> = —1I.

Example 2.1. If we consider

U3) U@)
F@3) = U)xU()xU(1) T °
in this case
0 a b
p=T(F(3))r) = —a 0 c¢ |:abceC
-b —¢ 0

The following linear map is an example of a almost complex structure on F(3)

0 a b 0 (—v-Da (=v/-1)b
a 0 ¢ |r— (7\/—71)6:1 0 (vV—1)c
-b —¢ 0 (—v-1)b (V1) 0

There is a natural identification between almost complex structures on F(n)
and tournaments with n players.

Definition 2.2. A tournament or n-tournament T, consists of a finite set
T = {p1,p2,-..,pn} of n players, together with a dominance relation, —, that
assigns to every pair of players a winner, i.e. p; — p; or p; — p;. If py — p;
then we say that p; beats p;.

A tournament 7 may be represented by a directed graph in which T is the
set of vertices and any two vertices are joined by an oriented edge.

Let 77 be a tournament with n players {1,...,n} and 75 another tournament
with m players {1,...,m}. A homomorphism between 7; and 75 is a mapping
¢:{1,...,n} —{1,...,m} such that

7>

(2.4) s Iht = @(s) Zo(t)  or  B(s) = o).
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When ¢ is bijective we said that 73 and 75 are isomorphic.

An n-tournament determines a score vector
n
n
(2.5) (8155 8n), such that Zl 8; = (2>,
i=

with components equal the number of games won by each player. Isomorphic
tournaments have identical score vectors. Figure 1 shows the isomorphism
classes of n-tournaments for n = 2, 3,4, together with their score vectors. For
n > 5, there exist non-isomorphic n-tournaments with identical score vectors,
see Figure 2. The canonical n-tournament 7, is defined by setting i — j if

(1) ) ©)

0,1) (0,1,2) (1,1,1)

(4) () (6) (7)

(0,1,2,3) (1,1,1,3) (0,2,2,2) (1,1,2,.2)

FIGURE 1. Isomorphism classes of n-tournaments to n = 2, 3, 4.

and only if 7 < j. Up to isomorphism, 7,, is the unique n-tournament satisfying
the following equivalent conditions:
e the dominance relation is transitive, i.e. if i — j and j — k then

i —k,
e there are no 3-cycles, i.e. closed paths i; — is — i3 — i1, see [M],
e the score vector is (0,1,2,...,n —1).

For each invariant almost complex structure J on F(n), we can associate a
n-tournament 7 (J) in the following way: If J(a;;) = (aj;) then 7(J) is such
that for ¢ < j

(2.6) (z —j & a;=v-1 aij) or (z —j & al;=—V/1 aij),

see [MN3].

Example 2.2. The tournament in the Figure 3 corresponds to the almost
complex structure in the example 2.1
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2 3 2 3 2 3

411 41 4
\\\Xﬁf// \\\Xzf//

(0,1,2.3.4) 0.1,33,3) 02,23,3)
e (@ 3
5 5 5
(0,2,2,2,4) (1,1,1,3,4) (1,1,2,2,4)
"N AN (9)%2 %

5
1,1,233) (11,23,3) (12,22,3)
s e W
5

(1,2,2,2,3) (1,2,2,2,3) (2,2,2,2,2)

FI1GURE 2. Isomorphism classes of 5-tournaments.

2

1 3

FIGURE 3. Tournament of the example 2.2

An almost complex structure J on F(n) is said to be integrable if (F(n), J)
is a complex manifold. An equivalent condition is the famous Newlander-
Nirenberg equation (see [NN]):

(2.7) [(JX,JY] = J[X,JY] + J[JX,Y] + [X,Y]
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for all tangent vectors X, Y.
Burstall and Salamon [BS] proved the following result:

Theorem 2.1. An almost complex structure J on F(n) is integrable if and
only if T (J) is isomorphic to the canonical tournament Ty, .

Thus, if 7(J) contains a 3-cycle then J is not integrable. The almost com-
plex structure of example 2.1 is integrable.

An invariant almost complex structure J on F(n) is called parabolic if there
is a permutation 7 of n elements such that the associate tournament 7 (.J) is
given, for ¢ < j, by

(T(j) —7(), ifj—iis even) or (T(Z) —7(j), ifj—iis odd)

Classes (3) and (7) in Figure 1 and (12) in Figure 2 represent the parabolic
structures on F'(3), F(4) and F(5) respectively.

A n-tournament 7, for n > 3, is called irreducible or Hamiltonian if it
contains a n-cycle, i.e. a path

m(n) = 7(l) = 7(2) = - = w(n—1) = w(n),

where 7 is a permutation of n elements.

A n-tournament 7 is transitive if given three nodes i, j, k of 7 then

i—j and j—k = i— k.

The canonical tournament is the only one transitive tournament up to isomor-
phisms.

We consider C" equipped with the standard Hermitian inner product, i.e.
for V.= (v1,...,v,) and W = (wy,...,w,) in C", we have

(2.8) (V,\W) = Z VW;.

We use the convention
(2.9) V; = U and ij = f3.

A frame consists of an ordered set of n vectors (Z,...,Z,), such that Z; A
...NZ, # 0, and it is called unitary, if (Z;, Z;) = d,5. The set of unitary frames
can be identified with the unitary group.

If we write

(2.10) dZ; = Z wi; Zj,
J

the coefficients w;; are the Maurer-Cartan forms of the unitary group U(n).
They are skew-Hermitian, i.e.
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and satisfy the equation
(2.12) dwi; = Z Wik N Wiy
k

For more details see [ChW].
We may define all left invariant metrics on (F(n), J) by (see [Bl] or [N1])
(2.13) dsy = Z Aijwiz @ wyj,
0,J
where A = ();;) is a real matrix such that:
>\z’j >0, if i 753
(2.14) { Aij=0, if i=j
and the Maurer-Cartan forms w;; are such that

(2.15) wiz € CY0 ((1,0) type forms) <= i T J.

Note that, if A;; = 1 for all ¢, j in (2.13), then we obtain the normal metric (see
[ChE]) induced by the Cartan-Killing form of U(n).

The metrics (2.13) are called Borel type and they are almost Hermitian for
every invariant almost complex structure J, i.e. ds3(JX,JY) = ds3(X,Y),
for all tangent vectors X,Y. When J is integrable ds% is said to be Hermitian.

Definition 2.3. Let J be an invariant almost complex structure on F(n), T (J)
the associated tournament, and ds% an invariant metric. The Kdihler form with
respect to J and ds3 is defined by

(2.16) QUX,Y) =ds3(X,JY),
for any tangent vectors X,Y .

For each permutation 7, of n elements, the Ké&hler form can be write in the
following way (see [MN2])

(2.17) Q=-2v-1 Zﬂru)f(j)%(i)m AWy
1<J
where
(2.18) Hr(i)r(G) = Er(i)r() A (@) ()
and
1 if i—3j
(2.19) gij=q —L if j—u
0 if i=j

Definition 2.4. Let J be an invariant almost complex structure on F(n). Then
F(n) is said to be almost Kdhler if and only if Q is closed, i.e. dQ2=0. If J is
integrable and  is closed then F(n) is said to be a Kdhler manifold.

The following result was proved by Mo and Negreiros in [MN2].
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Theorem 2.2.

(2.20) d2=14Y" Croyr(iyrtn) Yrlir(iyr(h):
i<j<k

where

(2.21) Cijk = Wij — ik + Mk,

and

(2.22) Wik = Im(wiz A wa A wjp,).

We denote by CP¢ the space of complex forms with degree (p,q) on F(n).
Then, for any i, j, k, we have either

(2.23) U €CO3C* or Wy e CH?oC?!

Definition 2.5. An invariant almost Hermitian metric ds% is said to be (1,2)-
symplectic if and only if (dQ2)V? = 0. If d*Q = 0 then the metric is said to be
cosymplectic.

Figure 4 is included in the known Salamon’s paper [Sa] and it contains
a classification of the almost Hermitian structures. This figure provides the
following implications

Kahler = (1,2)-symplectic = cosymplectic .

For a complete classification see [GH].

The following result due to Mo and Negreiros [MN2], is very useful to study
(1,2)-symplectic metrics on F'(n):

Theorem 2.3. If J is a U(n)-invariant almost complex structure on F(n),
n > 4, such that T(J) contains one of 4-tournaments in the Figure 5 then J
does not admit any invariant (1,2)-symplectic metric.

A smooth map ¢: (M,g) — (N, h) between two Riemannian manifolds is
said to be harmonic if and only if it is a critical point of the energy functional

1
(224) E@) = [ 1dofs,.

2/m
where |d¢| is the Hilbert—Schmidt norm of the linear map dé¢, i.e. ¢ is harmonic
if and only if it satisfies the Euler-Lagrange equations

d

(2.25) SE(¢) = —

t=0
for all variation (¢¢) of ¢ and t € (—¢,¢) (see [EL]).
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Almost Hermitian

cosymplectic

FIGURE 4. Almost Hermitian Structures

T T

FIGURE 5. 4-tournaments of Theorem 2.3

3. (1,2)-Symplectic Structures on F(3) and F(4)

It is known that, on F'(3) there is a 2-parametric family of Kéhler metrics
and a 3-parametric family of (1,2)-symplectic metrics corresponding to the
non-integrable almost complex structures class. Then each invariant almost
complex structure on F'(3) admits a (1,2)-symplectic metric, see [ESa], [Bo.
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On F(4) there are four isomorphism classes of 4-tournaments or equivalently
almost complex structures and the Theorem 2.3 shows that two of them do not
admit (1,2)-symplectic metric. The another two classes corresponding to the
Kéhler and parabolic cases. F(4) has a 3-parametric family of Kéhler metrics
and a 4-parametric family of (1,2)-symplectic metrics which is not Kéahler, see
[MN2].

4. (1, 2)-Symplectic Structures on F'(5)

Figure 2 shows the twelve isomorphism classes of 5-tournaments. The class (1)
corresponds to the integrable complex structures and it contains the Kahler
metrics. The other classes correspond to non-integrable almost complex struc-
tures, in particular the class (11) corresponds to the parabolic structure.

To the remain classes we have the following result:

Theorem 4.1. Between the classes of 5-tournaments (Figure 2), the only ones
that admit (1,2)-symplectic metrics, different to the Kdhler and parabolic, are
(7) and (9).

Proof. We use the Theorem 2.3 to prove that (2), (3), (4), (5), (6), (8), (10) and
(11) do not admit (1,2)-symplectic metric. It is easy to see that: (2) contains
7: formed by the vertices 1,2,3,4; (3) contains 7; formed by the vertices 2,3,4,5;
(4) contains 75 formed by the vertices 1,2,3,4; (5) contains 75 formed by the
vertices 2,3,4,5; (6) contains 75 formed by the vertices 1,3,4,5; (8) contains 75
formed by the vertices 2,3,4,5; (10) contains 7; formed by the vertices 1,2,3.4
and (11) contains 75 formed by the vertices 1,2,3,4. Then neither of them admit
(1,2)-symplectic metric.

Using formulas (2.20)-(2.23), we obtain that (7) admits (1,2)-symplectic met-
ric if and only if A = ();;) satisfies the linear system

AM2— A3+ X3 = 0

A2 —Aa+tXry = 0
AM3—Aa+Azs = 0
A2z —Aaa+Azs = 0
Aoz —Aos +A35 = 0
Aog—Aos+A5 = 0
Aza— A5+ = 0
Then (7) admits (1,2)-symplectic metric if and only if A = ();;) satisfies

A3 = A2+ gz

A = A2+ A3+ A

A2g = Aoz + Az

Aos = Aoz +Azs+ Ags

A3s = Asq+ A5
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Similarly, we obtain that (9) admit (1,2)-symplectic metric if and only if A =
(Aij) satisfies

A3 = A2+ Az

Aa = Az +Aaz + Ag

Aog = Aoz + Az

Aos = A2+ Ais

A3s = Asa+ A5 o

Now we can write the respective matrices

0 A12 A12 + A2 A1z + A2z + Azg A1s
A12 0 A23 A23 + A3a A23 + A34 + Aus
Ay = A12 + Az23 A23 0 A34 A34 + Aas
A12 + A2z + Azg A23 + A34 A34 0 A5
A1s A23 + A34 + Aa5 Azq + Ass A4s 0
0 A12 A12 + A23 A12 + A23 + Asg Als
A12 0 A23 A2z + Aza A12 + A1s
Aoy = A12 + A2s A23 0 A34 A34 + Aas
A12 + A23 + A3a A23 + A34 A3a 0 Aas
A1s A2 + A1s A34 + Aas A45 0

The Theorem 4.1 says that F(n) admits (1,2)-symplectic metrics, different
to the Kéhler and parabolic, if and only if n > 5.

5. (1, 2)-Symplectic Structures on F'(6)

There are 56 isomorphism classes of 6-tournaments (see [M]), which are pre-
sented in Figures 6, 7 and 8. Again, the class (1) corresponds to the integrable
complex structures. The other classes correspond to non-integrable almost
complex structures, and the class (52) corresponds to the parabolic structure.

In this case we have the following result

Theorem 5.1. Between the classes of 6-tournaments (Figure 6, 7 and 8),
the only ones that admit (1,2)-symplectic metrics, different to the Kdahler and
parabolic, are (19), (31), (37) and (55).

Proof. We use the Theorem 2.3 to prove that each of the classes of 6-tour-
naments different to the (1), (19), (31), (37), (52) and (55) does not admit
(1,2)-symplectic metrics:

e (2) contains 7; formed by the vertices 1,2,3 4.

e (3) contains 75 formed by the vertices 1,2,3 4.

e (4) contains 77 formed by the vertices 1,2,3,5.

e (5) contains 73 formed by the vertices 2,3,4,5.
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(1) 2 3 (2) 2 3 (3) 2 3 (4) 2 3

1 1 1§ IS 4
6 5 6 5 6 &Z 6 5
(0,1,2,3,4,5) (0,1,2,4,4,4) (0,1,3,3,3,5) (0,1,3,3,4,4)

(5) 2 3 (6) 2 3 (7) 2 3 (8) 2 3

1 1 1 4| 1 4
6 5 6 5 6 5 6 5
(0,2,2,2,4,5) (0,2,2,3,3,5) (0,2,2,3,4,4) (0,2,2,3,4,4)

(9) 2 3 (10) 2 3 (11) 2 3 (12) 2 3

1 1 1 4| 1 4
6 5 6 5 6 5 6 5
(0,2,3,3,3,4) (0,2,3,3,34) (0,2,3,3,3,4) (0,3,3,3,3,3)

(13) 2 3 (14) 2 3 (15) 2 3 (16) 2 3

1 1 1 4] 1 4
6 5 6 5 6 5 6 5
(1,1,1,3,4,5) (1,1,1,4,4,4) (1,1,2,2,4,5) (1,1,2,3,3,5)

(17) 2 3 (18) 2 3 (19) 2 3 (20) 2 3

1 1 1 4| 1 4
6 5 6 5 6 5 6 5
(1,1,2,3,3,5) (1,1,2,34,4) (1,1,2,34,4) (1,1,2,3,4,4)

FIGURE 6. Isomorphism classes of 6-tournaments

e (6) contains 75 formed by the vertices 1,2,3 4.
e (7) contains 77 formed by the vertices 1,2,3,4.
e (8) contains 77 formed by the vertices 1,2,3,4.
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(21) 2 3 (22) 2 3 (23) 2 3 (24) 2 3

1 1 1 1 4
6 5 6 5 6 5 6 5
(1,1,2,3,4,4) (1,1,3,3,3,4) (1,1,3,3,3,4) (1,1,3,3,3,4)

(25) 2 3 (26) 2 3 (27) 2 3 (28) 2 3

1 1 1 1 4
6 5 6 5 6 5 6 5
(1,2,2,2,3,5) (1,2,2,2,3,5) (1,2,2,2,3,5) (1,2,2,2,4,4)

(29) 2 3 (30) 2 3 (31) 2 3 (32) 2 3

1 1 1 1 4
6 5 6 5 6 5 6 5
(1,2,2,2,4,4) (1,2,2,2,4,4) (1,2,2,3,3,4) (1,2,2,3,3,4)

(33) 2 3 (34) 2 3 (35) 2 3 (36) 2 3

1 1 1 1 4
6 5 6 5 6 5 6 5
(1,2,2,3,3,4) (1,2,2,3,3,4) (1,2,2,3,3,4) (1,2,2,3,3,4)

(37) 2 3 (38) 2 3 (39) 2 3 (40) 2 3

1 1 1 1 4
6 5 6 5 6 5 6 5
(1,2,2,3,3,4) (1,2,2,3,3,4) (1,2,2,3,3,4) (1,2,2,3,3,4)

FIGURE 7. Isomorphism classes of 6-tournaments

(9) contains 77 formed by the vertices 1,2,3,4.

[ )
e (10) contains 7; formed by the vertices 1,2,3,4.
e (11) contains 75 formed by the vertices 1,2,3,4.
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(41) 2 3 (42) 2 3 (43) 2 3 (44) 2 3
1 1 1 1

6 5 6 5 6 5 6 5

(1,2,2,3,3,4) (1,2,2,3,3,4) (1,2,3,3,3,3) (1,2,3,3,3,3)
(45) 2 3 (46) 2 3 (47) 2 3 (48) 2 3
1 1 1 1

6 5 6 5 6 5 6 5

(1,2,3,3,3,3) (1,2,3,3,3,3) (2,2,2,2,3,4) (2,2,2,2,3,4)
(49) 2 3 (50) 2 3 (51) 2 3 (52) 2 3
1 1 1 1

6 5 6 5 6 5 6 5

(2,2,2,2,3,4) (2,2,2,2,34) (2,2,2,2,2,5) (2,2,2,3,3,3)
(53) 2 3 (54) 2 3 (55) 2 3 (56) 2 3
1 1 1 1

6 5 6 5 6 5 6 5

(2,2,2,3,3,3) (2,2,2,3,3,3) (2,2,2,3,3,3) (2,2,2,3,3,3)

FIGURE 8. Isomorphism classes of 6-tournaments

e 6 6 6 o o o o o o o
AN AN AN AN N N N S S S
DO DN N DD = = = e
W= O 00O Uik Wi
e N N

contains 7; formed by the vertices 2,3,5,6.
contains 75 formed by the vertices 3,4,5,6.
contains 75 formed by the vertices 3,4,5,6.
contains 75 formed by the vertices 2,3,4,5.
contains 75 formed by the vertices 1,2,3,4.
contains 75 formed by the vertices 3,4,5,6.
contains 75 formed by the vertices 3,4,5,6.
contains 75 formed by the vertices 2,3,4,5.
contains 75 formed by the vertices 2,3,4,5.
contains 7; formed by the vertices 1,2,3,5.
contains 7; formed by the vertices 1,2,3,5.




By making similar computations to we made in the proof of Theorem 4.1 we
obtain:

e The class (19) admits (1,2)-symplectic metric if and only if the elements
of corresponding matrix A19) = (\i;) satisfy the following system of

24) contains Ty
25) contains 7
26) contains 75
27) contains T3
28) contains Ty
29) contains 7
30) contains 73
32) contains 7;
33) contains 75
34) contains Ty
35) contains 75
36) contains 75
38) contains 7;
39) contains 75
40) contains T;
41) contains T;
) contains 7y
) contains 7;
) contains 73
) contains 75
) contains 7y
) contains 7o
) contains 7o
) contains 7o
) contains 75
) contains 7y
)

)

)

4

4

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(4
(4
(
(
(4
(
(
(
(
(
(

)
6
8
9
0
1
2
3
4
45
6
7
8
9
0
1
3
4

4
4
5
5
5
5
5

linear equations

A2 — A1z + Aoz
A2 — A5 + Aos
A13 — A5 + Ass
A23 — Aog + A3q
A23 — Agg + A3e
A24 — A6 + A6
A34 — A35 + Ass
A35 — A36 + Ase

formed by the vertices 1,2,3,4.
formed by the vertices 1,2,3,4.
formed by the vertices 3,4,5,6.
formed by the vertices 2,3,4,5.
formed by the vertices 3,4,5,6.
formed by the vertices 2,3,4,5.
formed by the vertices 2,3,4,5.
formed by the vertices 1,2,3,4.
formed by the vertices 3,4,5,6.
formed by the vertices 3,4,5,6.
formed by the vertices 2,3,4,5.
formed by the vertices 1,2,3,4.
formed by the vertices 3,4,5,6.
formed by the vertices 1,2,3,4.
formed by the vertices 3,4,5,6.
formed by the vertices 3,4,5,6.
formed by the vertices 1,2,3,6.
formed by the vertices 3,4,5,6.
formed by the vertices 3,4,5,6.
formed by the vertices 1,2,3,4.
formed by the vertices 2,3,5,6.
formed by the vertices 1,3,4,6.
formed by the vertices 2,3,4,5.
formed by the vertices 1,2,3,4.
formed by the vertices 1,2,3,4.
formed by the vertices 1,3,5,6.

OO OO OO OO

contains 7; formed by the vertices 1,2,4,6.
contains 75 formed by the vertices 1,2,4,5.
(56) contains 77 formed by the vertices 1,2,4,6.

A2 — A1g + Aoy
A1z — Aig + Azg
A4 — A5 + g5
A2z — Ao + Ags
A24 — Aos + g5
A25 — A6 + Ase
A34 — A36 + A6
Aas — A6 + Ase

OO DD OO O OO
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Then the metric ds?\(lg) is (1,2)-symplectic if and only if

A3 = A2+ Ao A2 = Aos+ Aza+ Aas + Ase
AMa = A2+ Aoz + Ay Azs = Asa+ Ags

A5 = A2+ Aoz Azg 4+ Ags A36 = A3a+ A5+ Ase

Aog = Doz + Az A6 = A5+ Ase

Aos = Aoz + Aza + Ags.

e In similar way the class (31) admits (1,2)-symplectic metric if and only
if the elements of the corresponding matrix A(zy) = (\i;) satisfy the
following relations

Az = A2+ Aoz A2 = A2+ A

Aa = A2+ Aaz+ A A5 = Azs+ Ass

A5 = A2+ Aoz + Azg 4+ Ags A6 = A3a+ A5+ Asg
A2g = Aoz + A3y Mg = s+ Ase

A5 = A2z + Aza + Aus.

e Similarly, the class (37) admits (1,2)-symplectic metric if and only if the
elements of the corresponding matrix A7) = (Ai;) satisfy the following

relations

Ala = A2+ Aas+ A A2e = Aos + A5+ g6
A5 = A2+ Ags Azs = Az + A6

A6 = A2+ Aes+ a5 + A6 Azs = A2+ Az + Ao
Aoz = A2+ A3 As6 = s+ Age

Aoa = o5+ Ags.

e Finally, the class (55) admits (1,2)-symplectic metric if and only if the
elements of the corresponding matrix As5) = (i) satisfy the following

relations

Az = A2+ a5 + Ass A2 = A2+ A+ e

A5 = A2+ Aos A3s = Aze + A6

A6 = A+ A A5 = Ass5 4+ Asze + M6

A2z = a5+ Azs As6 = A3s + Ase

Aog = A2+ Ay ]

The matrices A9y, A1), A7) and Ass) correponding to the classes (19),
(31), (37) and (55) are presented on the end of this paper.

6. (1,2)-Symplectic Structures on F(7)

This case has a problem because it is not known any collection of tournament
drawings for n > 7. The collection of tournaments drawings of n = 2, 3,4, 5, 6,
is contained in the Moon’s book [M].
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There are 456 isomorphism classes of 7-tornaments. In the Dias’s M. Sc.
Thesis [D] was obtained a representant matrix of each class of 7-tournament.
The matrix M(T) = (a;;) of the tournament 7 is defined by

0, if jLi
Gij = e T
1, if i>7.

Obviously, it has the matrix is equivalent to have the tournament drawing.

We used the matrices generated in [D] together with the Digraph computer
program, created by Professor Davide Carlo Demaria, in order to know which
7-tournaments contain the tournaments in Figure 5. Table 1 shows the matrices
of the 7-tournaments which admit (1,2)-symplectic metric. Using the matrices

HHOOOOOHHFOOOOORFOOOOOO|HFOOOOOD|ooOOO OO
HFROOOORrROOOOORFOOOOORHOOODOOROODODOO O~
HFOOOOrRRROOOORRROOOORHOOOOORROODODOO KR~
OCO0COHKFHKFHOOOOHHHFEFOOORFERFEOOOORHHOOOORRERF
FRFFROOOORFFROOOOORFRrOOOOO|HFOOOOOO|RFOOOOOO
HFHROOOOHKHHOOOOKHIFHOOOOOHKFOOOOOHOOOOOOH,
HOOOORKHOOOOORROOOOORKROOOORKHOODODOO R
O R HOOOORRRHOOORR R HOOOHRFREFOOOO K H = O

cocoocorrroocoOrRRROOCOORRHOOOOR OO H
coorrrolococorrrrlooorrRrROCOORRRRHOOO R R R K
corrrOOoorRrrRrrRrOoO|lOORRRHROOCORRRRKRHOOR R KRR K

coorrrroocorRrrRrRrKHOOORKRRROOORRFR R KHOOO R K KHKH
cCorRrrHROOOORRRHO|lOORREFRREROORKRR R RHOOR R H KM
O R OOOOR R ROOOOR OO OO ikimOO|o K e

TABLE 1. Matrices of the 7-tournaments which admit (1,2)-
symplectic metric

in the Table 1 we construct the 7-tournament drawings which admit (1,2)-
symplectic metric. Figures 9 and 10 show this 7-tournaments. Class (1) in
the Figure 9 represents the integrable structures and the class (10) in Figure
10 corresponds to the parabolic structures. To the remain classes we have the
following result.
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D -

G

7W5

(01,23456) 6

7W5

(11,23455 6

2 3
Q)

2 3
4

7W5

(1223445 6

7W5

(1233345 6

2 3
®)

2 3
6)

YWS

7W5

(1,2,2,34,4,5)

6

(22,2,34,4,4)

6

FIGURE 9. Isomorphism classes of 7-tournaments which admit
(1,2)-symplectic metric

Theorem 6.1. The classes of T-tournaments (2) through (9) in the Figures 9
and 10 admit (1,2)-symplectic metrics, different to the Kdhler and parabolic.
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2 3 2 3
(7) 8
1 411 4
7 W 5 7 W 5
(2233344 6 (2233344 6
9) (10)
1 411 4
7 W 5 7 W 5
(2333334 6 (3333333 6

F1GURE 10. Isomorphism classes of 7-tournaments which ad-
mit (1,2)-symplectic metric

Proof. The proof is made through a long calculation similar to the proof of
Theorem 4.1. o

The matrices Ay through A gy corresponding to the classes (2) through (9)
are presented on the end of this paper.

Wolf and Gray [WG]| proved that the normal metric on F(n) is not (1,2)-
symplectic for n > 4. Our results give a simple proof of this fact to n = 5,6, 7.

7. Harmonic Maps

In this section we construct new examples of harmonic maps using the following
result due to Lichnerowicz [L]:
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Theorem 7.1. Let ¢: (M,g,J1) — (N,h,Ja) be a £ holomorphic map be-
tween almost Hermitian manifolds where M is cosymplectic and N is (1,2)-
symplectic. Then ¢ is harmonic. (¢ is = holomorphic if and only if dp o J; =
iJQ o d¢)

In order to construct harmonic maps ¢: M? — F(n) using the theorem
above, we need to know examples of holomorphic maps. Then we use the
following construction due to Eells and Wood [EW].

Let h : M? — CP" ! be a full holomorphic map (h is full if h(M) is not
contained in none (C]P’k, for all k < n—1). We can lift h to C", i.e. for every p €
M we can find a neighborhood of p, U C M, such that hy = (ug, ..., up—1) :
M? > U — C" — 0 satisfies h(z) = [hy(2)] = [(uo(2), ..., un—1(2))].

We define the k-th associate curve of h by

Ok . M2 — Gk+1((cn)
z = hy(2) ANOhy(2) A~ ANO*hy(2),
for 0 <k <n—1. And we consider
he: M?* — CP"!
z — O (2)NOkt1(2),
for0>k>n—1.
The following theorem, due to Eells and Wood ([EW]), is very important

because it gives the classification of the harmonic maps from 52 ~ CP! into a
projective space CP" .
Theorem 7.2. For each k € N, 0 < k <n—1, hy is harmonic. Furthermore,
given ¢ : (CP', g) — (CP"', Killing metric) a full harmonic map, then
there are unique k and h such that ¢ = hy,.
This theorem provides in a natural way the following holomorphic maps
v: M? — F(n)
z  — (ho(2),..., hn-1(2)),

called by Eells-Wood’s map (see [N2]).

We called 9, the set of (1,2)-symplectic metrics on F(n), for n =5, 6 and 7
characterized in the sections above. Using Theorem 7.1 we obtain the following
result

Theorem 7.3. Let ¢ : M? — (F(n),g), g € M a holomorphic map. Then ¢
is harmonic.

In addition for maps from a flag manifold into a flag manifold we obtain the
following result

Proposition 7.1. Let ¢ : (F(l),g9) — (F(k),h) a holomorphic map, with
g €M and h e M,. Then ¢ is harmonic.



7

THE GEOMETRY OF FULL FLAG MANIFOLDS AND HARMONIC MAPS

®m< + mw/\

wm/\ +
mTA + wm&
wm/\ —+ m?« +
wm& + mm&

@Tﬂ

wm/\

mw/\

mw& + wm&
m?« +
wm& —+ mm/\

mv,« + wm,« —+
mm,« —+ NH/\

99y + 9y

mw/\

wm&

wm& + mm&

vm,« +
mm& + NH/\

wm,« +
mw/\ —+ wm/\

mw& + wm/\

wm/\

mm&

MN,« —+ NH/\

wm/\ —+ m?« +
wm& + mm,ﬂ

mYA +
wm& + mm/\

wm& + mm/\

mm,m

NTA

wH<

m?« + wm& +
mm& —+ Nﬁ/\

wm& +
mm& —+ NTA

mm< + NT«

NTA

Am:/\



MARLIO PAREDES

78

wm/\

wm,« + mv,«

me +
mf« + vm,«

wTA + NTA

.oH/\

wm/\

m?«

mw,« + wm&
m?« —+
¢M/\ —+ mm/\

m?« + wm,« +
mm/\ —+ NH/\

99y + gry

mw&

wm&

wm& —+ mm&

vm,« +
mm/\ —+ NH/\

.om/\ —+ mw/\ —+ wm&

mw/\ —+ wM/\

vm,«

mm,«

mm/\ —+ NH/\

wTA + NTA

mw,« —+
wm,« + mm<

vm,« + mw<

mm<

NTA

@H/\

m?« + wm/\ +
mm/\ —+ NTA

wm& +
mm& + NT«

mm& + NTA

NTA

va<



79

THE GEOMETRY OF FULL FLAG MANIFOLDS AND HARMONIC MAPS

@ﬂ/\ —+ mw/\

ww,«

wm,ﬂ
w?« +
mﬁ& + mm&

wY« + mv,« +
m,m/\ —+ NH/\

9Ty + STy

m?«

mm/\ —+
mT« + NTA

mm&

mm& + NTA

ww&

mj«

mv& + @&4

mﬁ& —+ mm&

mY« +
m,m/\ + NH/\

wm/\

mm< +
24 —+ NH/\

@ﬂ/\ —+ wm,«

mﬁ/\ + NH/\

mH<

@d/\ —+
mw/\ + mm&

mN,«

m?« + mN,«

mT« + NT«

NH/\

wv,« + m?« +
mm/\ + NH/\

mm/\ —+ NH/\

mTA +
mm/\ —+ NT«

mT«

NH/\

Cmv/\



MARLIO PAREDES

80

wm/\ =+ mm,«

wv,«

wm,«

@?« —+
vTﬂ + NTA

ww/\ —+ wﬂ/\

wm& + mm<

0

oy +
wm< + mm<

mm&

mm&

mm& + NTA

ww&

wYA +
@m/\ + mm,«

@TA + wm,ﬂ

34 + NTA

wﬁ/\

wm/\

mm/\

ww/\ —+ wm,«

mm& + mm/\

mm< +
mm/\ —+ NH/\

@ﬂ/\ +
wﬁ/\ + NH/\

mw/\

vT« + NT«

mm,« + mm&

NH/\

w?« + j&

mN,« + mT«

j,«

mm/\ +
mm& + NTA

NTA

Qm;\



81

THE GEOMETRY OF FULL FLAG MANIFOLDS AND HARMONIC MAPS

L9y

L9y + 99y
L9y +
99y 4 9Fy

L9Y + 98¢ +
ehy + veEY

L9\ + 99y +
9vy + PEY + €Ty

L1y

L9y

99y

95y + Shy
99y +
STy + ¥Ey
99y + STy +
veY + €Ty
95y + Shy
VEY + €8y 4 Tly

L9y 4 99y

95y

0

14

Shy 4 PEY
Ty 4
vey + €Ty

STy + Ve +
€2y + Cly

L9y +
95y + Shy

9gy + Shy

vy

vey

vEY + €Ty

Ve +
€2y + Ty

L9y + 99y +
Shy + PEY

98\ +
Shy 4 PEY

vy + PE¢
vey
0

€Ty

€ay + Tly

L9x + 99y +
Shy 4 PEy + €2y

99y + 9Py +
vEY + €Ty

Y 4
veYy + €Ty

YEY + €2y

gTy

iy

LTy
99Y 4 STy +
vEY + €8y + TTy

STy + TEY +
€Ty + Cly

TeY +
€2y + Ty

€2y + Tly

iy

@y



MARLIO PAREDES

82

L9y

L9y 4 99y

h@& +
wm/\ + m?ﬂ

h@& + mm& =+
mw/\ + %m‘

LTY + E1Y

N.TA

L9y

9%y

mm& —+ mwaﬂ
mmK —+
m¢4 —+ wm/\
®m/\ + mwaﬂ —+
wm& + mm/\
om/\ + m«‘ +
wmaﬂ —+ mm‘ + NH/\

L9y 4 99y

99y

mwaﬂ

va —+ wM/\
mw,ﬂ +
ﬁm‘ + mNK

mv& —+ TmK +
mNK + NH/\

L0y +
mm& —+ mw/\

929y 4 <Py

vy

vm&

«m& —+ mm/\

«m‘ —+
mNK + NH/\

20y 4 99y +
mAvK —+ wm&

o8y +
m«& —+ wM/\

Svy + veEy

wmaﬂ

mm&

mNK + NH/\

LTy 4 TTy

99y + 9Py +
wmaﬂ + MNK
STy 4
To/A + MNK

vm& + MNK

mN/\

Nﬁ/\

LTy
99} + Py +
wmaﬂ + MNK —+ NTA

ShY 4+ TEY +
mm/\ + NTA

wm& +
mm/\ + NTA

mNK + NTA

NTA

®)y



83

THE GEOMETRY OF FULL FLAG MANIFOLDS AND HARMONIC MAPS

L9y

L9y 4 99y

b@& +
mm& + mw&

mNK +
hTA + NTA

LTY + B}

N.ﬁ/\

Loy

9%y

99y + Svy
mm& +
mﬁ‘ + vm&
mm& —+ mv& —+
wmaﬂ —+ MNK
mm& + mw/\ —+
vm& —+ mNK + NTA

L9y 4 99y

929y

vy

mwK + me
mv& —+
wm/\ + mNK

m?ﬂ —+ vm& —+
mm& + NTA

Loy +
wmaﬂ + va

99y + STy

vy

wM/\

wm& + MNK

vm& +
mm& + NTA

£y +
NTA —+ NH/\

oy +
mwK —+ wM/\

vy + vey

143

mNK

MNK —+ NHK

LIy 4 2Ty

95X + 97X +
«m& —+ mN/\
vy +
«m& + mm/\

vey 4 €cy

mNK

NTA

LTy
95X 4 97X +
ﬁmam —+ mN/\ + NTA

VY 4+ TEX 4
mm& + NTA

wmaﬂ +
mmaﬂ + NTA

mNK + NTA

NH/\

My



MARLIO PAREDES

84

L9y

L9y 4 99y

vEY 4 E2Y +
NH/\ + NTA

mN/\ +
NH/\ + NTA

LTY + 81X

N.TA

L9y

9%y

9%y + mwaﬂ
mmK —+
m¢4 —+ wm/\
®m/\ + mw,ﬂ +
wm& + mm/\
om/\ + m?ﬂ +
wmaﬂ —+ mm‘ + NH/\

L9y 4 99y

99y

mwaﬂ

va —+ wM/\
mw,ﬂ +
ﬁm‘ + mNK

mv& —+ TmK +
mNK + NH/\

VY 4 £2Y +
hTA + NTA

99y + <Py

vy

wM/\

«m& + MNK

«m& +
mm& + NTA

gey +
hTA + NTA

o8y +
mv& + vm&

vy + vey

wm&

mm/\

mmaﬂ + NTA

LTy 4 TTy

99y + 9Py +
wmaﬂ + MNK
STy +
To/A + MNK

vm& + €ey

mN/\

Nﬁ/\

LTy
99} + Py +
wmaﬂ + MNK —+ NTA

EAGRA G
mm/\ + NTA

wm& +
mm/\ + NTA

mNK + NTA

NTA

@y



85

THE GEOMETRY OF FULL FLAG MANIFOLDS AND HARMONIC MAPS

L9y

L9y + 9%y

h@& —+
mm& + mw/\

L9X + 99¢ +
m«& —+ wm/\

NTA —+ Nﬁ/\

N.TA

L9y

9%y

99y + 9vy

@m;« +
mw/\ + %m‘
@maﬂ + mw& —+
wm/\ + mNK

b@/\ + N.TA

L9y 4 99y

99y

vy

mﬁK + wm&
m%& —+
wm& —+ mm/\

mw/\ + %m‘ —+
MNK + NT«

29y +
mmaﬂ —+ mwaﬂ

929y + <Py

vy

me

me —+ mNK

vm& —+
mm& + NTA

29y 4 99y +
mv/\ —+ vm&

95 +
nv& —+ ¢m4

Svy + Pey

vey

MNK

mNK —+ NTA

LTy 4 BTy

99} + 9y +
wm& —+ mN/\
vy +
«m& + mm/\

vey + €ey

mNK

NTA

LTy

L9y 4 LTy

VY 4+ TEX 4+
mmaﬂ + NTA

wmaﬂ +
mNK + NTA

mNK + NTA

NH/\

GV<



MARLIO PAREDES

86

Loy

L9y 4 99y

b@& +
mm& + mw&

mNK +
hTA + NTA

hTA + NTA

N.ﬁ/\

L9y

9%y

99y + Svy

mmaﬂ +
mﬁ‘ + vm&
mmK —+ mwaﬂ +
wmaﬂ + MNK

hwaﬂ + N.HK

L9y 4 99y

929y

vy

mwK + me
mv& +
¢m4 + mNK

m¢4 —+ vm& —+
mm& + NTA

L0y +
wmaﬂ + va

99y + STy

vy

wM/\

wm& + MNK

wm& +
mm& + NTA

ey +
NTA + NH/\

oy +
mwK —+ wM/\

vy + veEY

143

mNK

MNK + NHK

LTy 4 STy

95X + 97X +
«m& —+ mN/\
vy +
«m& + mm/\

vey 4 €cy

mNK

NTA

LTy

L9y 4 LTy

VY + TEX 4
mmaﬂ + NTA

wmaﬂ +
mmaﬂ + NTA

mNK + NTA

NH/\

Ly



87

THE GEOMETRY OF FULL FLAG MANIFOLDS AND HARMONIC MAPS

L9y

L9y + 9%y

h@& —+
mm& + mw/\

L9X + 99} +
m«& + wm/\

NTA —+ NH/\

hTA

Loy

9%y

@m& + m¢<

@m& +
mwaﬂ + vm&
h@& +
NTA + NTA

h@& + N.TA

L9y 4 99y

99y

mw&

mv& + vm&
m?ﬂ +
wmaﬂ + MNK

m«& + wm/\ +
mNK + NHK

Loy +
mm& + m¢<

99y + <Py

vy

wm‘

¢m4 + MNK

¢m4 +
mNK + N~K

L9¢ 4 99y +
mvaﬂ —+ wm&

o8y +
mwaﬂ —+ me

vy + vey

wmaﬂ

mNK

mNK + NHK

LIy 4 2Ty

L0y +
N.TA + NHK
STy +
«m‘ —+ MNK

wmaﬂ —+ mm/\

mNK

NTA

LTy

L9y 4 L1y

mv/\ + dm‘ +
mNK + NHK

me —+
mNK —+ NHK

MNK —+ NH/\

NTA

Amv<



MARLIO PAREDES

88

Loy

L9y 4 99y

L9y +
98y 4 Sy

€2y 4
LTy 4 Tly

LTy 4 2Ty

18

L9y

99y

929y + 9Py

99y +
avy + Fey
Loy +
LTy 4 TTy

L9y 4 LTy

L9y 4 99y

99y

sy

vy 4 VeEY
vy +
ey 4 €2y

Sy 4 VEY 4
€oy 4 Tly

29 +
@m«« —+ mwaﬂ

929y + <Py

Sy

ey

ey 4 €2y

ey 4+
€oy 4 STy

sey +
NHK + Nﬁ&

o5y +
mwaﬂ + wmaﬂ

vy + veEY

vey

€Ty

€2y 4 Ty

LIy 4 2Ty

L0y +
hﬁaﬂ —+ NﬁK
VY +
wmaﬂ + MNK

vey 4 €Ty

€Ty

ety

LTy

L9y 4 LTy

Y + Y +
MNK —+ NHK

ey +
€2y 4 STy

€ey 4 Tly

ety

av<

References

M. BLACK, Harmonic Maps into Homogeneous Spaces, Pitman Res. Notes Math.

Ser., vol. 255, Longman, Harlow, 1991.

(BI]

A. BOREL, Kahlerian Coset Spaces of Semi-Simple Lie Groups, Proc. Nat. Acad. of

Sci. 40 (1954), 1147-1151.

(Bo]



(BH]
[BS]
[ChE]

[ChW]

(EL]

(ES]
[ESa]
[EW]
[GH]
(L]
M]
[MN1]
[MN2]

[MN3]

(N1]
(N2]

[NN]

[Sa]

WG]

THE GEOMETRY OF FULL FLAG MANIFOLDS AND HARMONIC MAPS 89

A. BOREL & F. HIRZEBRUCH, Characteristic classes and homogeneous spaces I,
Amer. J. Math. 80 (1958), 458-538.

F. E. BURSTALL & S. SALAMON, Tournaments, Flags and Harmonic Maps, Math.
Ann. 277 (1987), 249-265.

J. CHEEGER & D. G. EBIN, Comparison Theorems in Riemannian Geometry, North-
Holland, Amsterdam, 1975.

S. S. CHERN & J. G. WOLFSON, Harmonic Maps of the Two-Sphere into a Complex
Grassmann Manifold II, Ann. of Math. 125 (1987), 301-335.

A. O. Dias, Invariantes Homotdépicos em Torneios, Tese de Mestrado, IMECC-
UNICAMP, 1998.

J. EELLS & L. LEMAIRE, Selected Topics in Harmonic Maps, C. B. M. S. Regional
Conference Series in Mathematics, vol. 50, American Mathematical Society, Provi-
dence, 1983.

J. EELLS & J. H. SAMPSON, Harmonic Mappings of Riemannian Manifolds, Amer.
J. Math. 86 (1964), 109-160.

J. EELLS & S. SALAMON, Twistorial Constructions of Harmonic Maps of Surfaces
into Four-Manifolds, Ann. Scuola Norm. Sup. Pisa (4) 12 (1985), 589-640.

J. EELLs & J. C. Woob, Harmonic Maps from Surfaces to Complex Projective
Spaces, Advances in Mathematics 49 (1983), 217-263.

A. GrAY & L. M. HERVELLA, The Sizteen Classes of Almost Hermitian Manifolds
and Their Linear Invariants, Ann. Mat. Pura Appl. 123 (1980), 35-58.

A. LICHNEROWICZ, Applications Harmoniques et Variétés Kahlériennes, Symposia
Mathematica 3 (Bologna, 1970), 341-402.

J. W. MooN, Topics on Tournaments, Holt, Rinehart and Winston, New York,
1968.

X. Mo & C. J. C. NEGREIROS, Hermitian Structures on Flag Manifolds, Relatorio
de Pesquisa 35/98, IMECC-UNICAMP (1998).

X. Mo & C. J. C. NEGREIROS, (1,2)-Symplectic Structures on Flag Manifolds,
Tohoku Mathematical Journal 52 (2000), no. 02, 271-283.

X. Mo & C. J. C. NEGREIROS, Tournaments and Geometry of Full Flag Mani-
folds, Proceedings of the XI Brazilian Topology Meeting, Rio Claro, Brazil, World
Scientific (1999).

C. J. C. NEGREIROS, Some Remarks about Harmonic Maps into Flag Manifolds,
Indiana University Mathematics Journal 37 (1988), no. 3, 617-636.

C. J. C. NEGREIROS, Harmonic Maps from Compact Riemann Surfaces into Flag
Manifolds, Thesis, University of Chicago, 1987.

A. NEWLANDER & L. NIRENBERG, Complex Analitic Coordinates in Almost Complex
Manifolds, Ann. of Math. 65 (1957), 391-404.

M. PAREDES, Aspectos da Geometria Complexa das Variedades Bandeira, Doctoral
Thesis, Universidade Estadual de Campinas, 2000.

S. SALAMON, Harmonic and Holomorphic Maps, Lecture Notes in Mathematics
1164, Springer, 1986.

J. A. WoLr & A. GRrAY, Homogeneous Spaces Defined by Lie Groups Automor-
phisms. 11, Journal of Differential Geometry, 2 (1968), no. 2, 115-159.

(Recibido en octubre de 2000)

ESCUELA DE MATEMATICAS

UNIVERSIDAD INDUSTRIAL DE SANTANDER
APARTADO AEREO 678

BUCARAMANGA (SANTANDER), COLOMBIA
e-mail: mparedes@uis.edu.co



