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ABsTrACT. Our aim in this present work is to prove the existence of a solution
for the nonlinear unilateral parabolic problems associated to the equation

% —div a(z, t,u, Vu) —div®(z,t,u) = p in Qr = Q x (0,7),

where the lower order term & satisfies a generalized natural growth condition
and the datum g belongs to L'(Q) 4+ Fy(Q).
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ResuMEN. El objetivo de este trabajo es probar la existencia de soluciones para
problemas parabdlicos unilaterales asociados a la ecuacién

% —div a(z, t,u, Vu) —div®(z,t,u) = p in Qr = Q x (0,7),

donde el término ® satisface una condicién natural generalizada de crecimiento
y la condicién u pertenece al espacio L'(Q) + Ey(Q).

Palabras y frases clave. Espacios de Musielak-Orlicz-Sobolev, problemas para-
bdlicos unilaterales, soluciones de entropia.
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1. Introduction

Let © be a bounded open subset of RY, N > 2, Qr = Q x (0,7) where
T is a positive real number and ¢ is an Orlicz function. Let A : D(A) C
W&"IL@(QT) — W17 L=(Qr) be an operator of Leray-Lions type of the form:

A(u) := —div a(x,t,u, Vu).

In this note, we are interested in the existence of entropy solutions to the
following nonlinear unilateral parabolic problems

ueKy = {u € Wy "Ly(Qr) : u> 1 ae. in QT}

% + A(u) — div ®(z, t,u) = f — div F in Qr (1)
u(z, 0) = ug(x) n €2
w=0 on 00 x (0,T)

where ug € LY(Q), f € LY(Q71), F € (Ey (@)™ and @ satisfies a natural growth
condition (see assumption (Hy)).

The notion of entropy solution was used due to very weak assumptions on
the given data, this notion of solution was introduced in [10] in the elliptic case
and by Prignet [35] in the parabolic case.

The existence of solutions for a parabolic equation with measure data in
Orlicz-Sobolev spaces was shown by Meskine in [31], see also [20]. The existence
of solutions to some unilateral parabolic problems in the framework of Orlicz
spaces with given data in L' is shown by Meskine et al. in [1], see also [8].
Elmahi and Meskine in [18] study the Cauchy-Dirichlet problem and prove
the existence of at least one entropy solution to strongly nonlinear parabolic
equations with natural growth terms in Orlicz spaces (isotropic, homogeneous)
provided that the data is in L'.

In the framework of variable exponent Sobolev spaces, Azroul, Redwane and
Yazough have shown in [9] the existence of solutions for the unilateral elliptic
problem where the second member f is in L(2).

In the setting of Musielak-Orlicz spaces and in the variational case, Benki-
rane and Sidi El vally [15] proved the existence of solutions for the obstacle
elliptic problem where they generalized the work of Gossez and Mustonen in
[19], there are several papers worth mentioning that deal with the existence
solutions of elliptic and parabolic problems under various assumptions (see
[13, 25, 24, 21, 12, 22, 23, 11, 14, 3, 4, 2, 5, 7, 6] for more details).

The purpose of this paper is to prove, in the setting of Musielak spaces,
an existence result for unilateral problem corresponding to problem (1) in the
case where the datum p belongs to L'(Q) 4+ Ey(Q) and no As-condition will
be assumed on the conjugate function of the Musielak Orlicz function ¢.
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Let us briefly summarize the contents of this article: in Section 2 we com-
pile some well-known preliminaries, results and properties of Musielak-Orlicz-
Sobolev spaces and inhomogeneous Musielak-Orlicz-Sobolev spaces. Section 3
is devoted to setting the assumptions and the proof of the main result.

2. Background
Here we give some definitions and properties that concern Musielak-Orlicz
spaces (see [33]).

2.1. Musielak-Orlicz functions

Let 2 be an open subset of R"™.

A Musielak-Orlicz function ¢ is a real-valued function defined in  x R4
such that

a) (x,t) is an N-function i.e. convex, nondecreasing, continuous, ¢(z,0) =
0,¢(z,t) > 0 for all ¢t > 0 and

t t
lim sup M =0, lim inf M =0.
t—=0 220 t t—o00 £EQ

b) (-, t) is a Lebesgue measurable function.

Now, let ¢, (t) = p(x,t) and let ¢, ! be the non-negative reciprocal function
with respect to t, i.e., the function that satisfies

or (o, 1) = ¢ (0,1 (1) =t

The Musielak-orlicz function ¢ is said to satisfy the Ay -condition if for some
k > 0, and a non negative function h, integrable in €2, we have

o(x,2t) < ko(z,t) + h(z) for all z € Q and ¢t > 0. (2)

When (2) holds only for ¢ > ¢ > 0, then ¢ is said to satisfy the Ay -condition
near infinity. Let ¢ and + be two Musielak-orlicz functions, we say that ¢
dominates v and we write v < ¢, near infinity (resp. globally) if there exist two
positive constants ¢ and ¢y such that for almost all z € Q

Y(z,t) < @(x,ct) for all t > ¢y, (resp. forallt > 0ie.tH=0).

We say that v grows essentially less rapidly than ¢ at 0 (resp. near infinity)
and we write v << ¢ if for every positive constant ¢ we have

t t
lim <sup v, )> =0, < resp. lim (sup viw, e )> = O> .
=0 \zeq @('Tat) t—=00 \ zeQ @(xat)
Remark 2.1. (see [28]) If v << ¢ near infinity, then Ve > 0 there exists a
nonnegative integrable function A, such that

¥(z,t) < @(x,et) + h(x). for all ¢ > 0 and for a. e. x € Q. (3)
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2.2. Musielak-Orlicz-Sobolev spaces

For a Musielak-Orlicz function ¢ and a measurable function u : Q@ — R, we
define the functional

poalts) = / (@, [u(z) )z

The set K (Q) = {u:Q — R measurable /p, o(u) < oo} is called the
Musielak-Orlicz class (or generalized Orlicz class). The Musielak-Orlicz space
(the generalized Orlicz spaces) L, (§2) is the vector space generated by K, (1),
that is, L, (£2) is the smallest linear space containing the set K, (£2). Equiva-
lently

L,(Q) = {u : 2 — R measurable /p, o (%) < 00, for some A > O} .

For a Musielak-Orlicz function ¢ we put: ¥(x,s) = sup,so{st — ¢(z,t)},¢ is
the Musielak-Orlicz function complementary to ¢ (or conjugate of ¢ ) in the
sens of Young with respect to the variable s in the space L, (£2) we define the
following two norms:

lullo.o = inf{)\ > 0//Q¢ (a: '“&”') da < 1} ,

which is called the Luxemburg norm and the so-called Orlicz norm by

lulllp.o = sup [ Ju(z)v(z)|dz,
[vlly <1/Q

where 1 is the Musielak Orlicz function complementary to . These two norms
are equivalent (see [33]).

We will also use the space E,(£2) defined by

E,(Q) = {u : 2 — R measurable /p, o (%) < oo, for all A > 0} :

A Musielak function ¢ is called locally integrable on Q if p, (txp) < oo for all
t > 0 and all measurable D C Q with meas (D) < co.

Let ¢ be a Musielak function which is locally integrable. Then E, () is
separable (see [33], Theorem 7.10).

We say that sequence of functions u, € L, () is modular convergent to
u € L, () if there exists a constant A > 0 such that

. Up — U\
Jim pan (M) <o
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For any fixed nonnegative integer m we define
W™ L,(Q) = {u € L,(Q) : V|a| <m, D% € L ()}
and
WTE,(Q2) ={u € E,(Q) :V|la| <m,D%u € E,(Q)},

where o = (v, . . ., ;) with nonnegative integers «y, |o| = |ag|+. ..+ |y, | and
D*u denotes the distributional derivatives.

The space W™ L, () is called the Musielak Orlicz Sobolev space.
Let
= o m . _ u
Pealt) = Y poa(D™u) and [u 2o = inf {A>0: 7,0 (5) <1}
la|<m
for u € W™L, ().

These functionals are a convex modular and a norm on W™ L, (f2), respec-
tively, and the pair (W™L, (), ||H’$Q) is a Banach space if ¢ satisfies the
condition (see[33])

there exist a constant ¢y > 0 such that ingga(x, 1) > co. (4)
zE

The space W™ L () will always be identified with a subspace of the product
Tjaj<m Le(§2) = IIL,, this subspace is o (IILy, IIEy) closed.

The space WL, () is defined as the o (IIL,,IIE,) closure of D(f2) in
W™L,(Q) and the space W§"E,(§2) as the (norm) closure of the Schwartz
space D(2) in W™ L, ().

Let W§"L,(2) be the o (IIL,,IIEy) closure of D(2) in W™L, (), the
following spaces of distributions will also be used:

W Ly(Q) =S feD'(Q:f= Y (=)D fy with fo € Ls(Q) ¢,

la|<m

and
W mEy(Q) =4 f€D(Q);if= > (-1)*IDf, with f. € E5(Q)
la|<m

We say that a sequence of functions u,, € W™ L,(Q) is modular convergent to
u € W™L,(Q) if there exists a constant £ > 0 such that

. _ Up — U _
7£&Wﬂ<k>—“
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For ¢ and her complementary function @, the following inequality is called the
Young inequality (see[33]):

ts < o(x,t) + @(x,s), Vi,s>0,z€Q, (5)
this inequality implies that
ullg.0 < pea(u) +1. (6)
In L,(€2) we have the relation between the norm and the modular
[ullo.0 < pp.a(u) if flulpa > 1, (7)
[ulle.0 > pp.a(u) if flufp,a < 1. (®)

For two complementary Musielak Orlicz functions ¢ and ¢, let u € L (£2)
and v € Lz(12), then we have the Holder inequality (see[33]):

< ulleallollle.o- 9)

/Qu(;v)v(x)dx

2.3. Inhomogeneous Musielak-Orlicz-Sobolev spaces

Let 2 be a bounded open subset of RY and let @ = 2x]0, T[ with some given
T > 0. Let ¢ and @ be two complementary Musielak-Orlicz functions. For each
a € NV denote by D the distributional derivative on Q of order o with respect
to the variable 2 € R™. The inhomogeneous Musielak-Orlicz-Sobolev spaces of
order 1 are defined as follows:

WLo(Q) = {u€ Ly(Q) : V]a| < 1DSu € L,(Q)}

and
W EL(Q) = {u € E,(Q) : V|a| < 1D%u € E,(Q)}.

This second space is a subspace of the first one, and both are Banach spaces

under the norm
lull = Y [Dgull, q -

lal<1

These spaces constitute a complementary system since () satisfies the seg-
ment property. These spaces are considered as subspaces of the product space
I1L,(Q) which has (N + 1) copies.

We shall also consider the weak topologies o (IIL,, IIE5) and o (IIL,IILz) .
If ue WH*L,(Q) then the function ¢t — u(t) = u(-,¢) is defined on [0,7] with
values in W'L,(Q). If u € WH"E,(Q), then u € WIE,(Q) and it is strongly
measurable. Furthermore, the imbedding W'*E,(Q) C L' (0,7, W!'E,(Q))
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holds. The space WH*L,(Q) is not in general separable, for u € WH*L,(Q)
we cannot conclude that the function w(t) is measurable on [0, 7.

However, the scalar function ¢ — |Ju(t)||,.q is in L'(0,T). The space W,**
FE,(Q) is defined as the norm closure of D(Q) in WH*E,(Q). It is proved that
when  has the segment property, then each element u of the closure of D(Q)
with respect of the weak * topology o (IIL,, I1E,) is a limit in WH*L,(Q) of
some subsequence (v;) € D(Q) for the modular convergence, i.e., there exists
A > 0 such that for all |o <1

D%y, — D¢
/(p(x, (M))dwdt—)Oasj%oo;
Q

this implies that (v;) converges to u in W*L,(Q) for the weak topology
o (IIL,,IILz). Consequently

—0(TIL,,TIE;)  =——0(TL,,TIL,)

D(Q) =D(Q)

The space of functions satisfying such a property will be denoted by VVO1 "Ly (Q),
furthermore, Wy E,(Q) = Wy L,(Q) NTIE,(Q). Thus, both sides of the last

inequality are equivalent norms on WO1 "Ly(Q). We then have the following
complementary system:

(WOIJLW(Q) F )
Wy " Es(Q) Fo

where F states for the dual space of WO1 " E,(Q) and can be defined, except for

an isomorphism, as the quotient of IILs by the polar set Wol’mE@(Q)J-. It will
be denoted by F' = W~1%L,,(Q), where

W Ly(Q) =3 f= Y Difa: fa € Ly(Q)

lal<1
This space will be equipped with the usual quotient norm
11l =inf Y llfallzo
lo|<1
where the infimum is taken over all possible decompositions
f= Difar fa€LsQ).
lal<1

The space Fy is then given by

Fo=4f= Difa:fa€EsQ)

l<1

and is denoted by Fy = W12 E,(Q) .
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Theorem 2.2. [34] Let ¢ be a Musielak-Orlicz function satisfies the log-Hélder
continuity condition on Q (see definition 2.4). If u € WH*L,(Q) N L*(Q)

(respectively u € Wy Ly(Q) N LQ(Q)) and 24 € W=HL5(Q) + L*(Q), then
there exists a sequence (v;) € D(Q) (Tespectwely D(I,D(2))) such that v; —
w in WHLo(Q) N L2(Q) and %2 — 2 i W=12Lo(Q) + LX(Q) for the
modular convergence.

Lemma 2.3. [34] Let a < b € R and let Q be a bounded Lipschitz domain in
N. Then
0
{u € Wy " L,(Qx]a, b)) : 6—1; € WH* Ly (Qx]a,b]) + Ll(Qx]a,b[)}

is a subset of C(Ja,b [, L*(2)).
2.4. Some Auxiliary Lemmas

Definition 2.4. A Musielak function ¢ satisfies the log-Hélder continuity con-
dition on € if there exists a constant A > 0 such that

< t(“(%))

for all t > 1 and for all z,y € Q with |z — y| < %

We will use the following technical lemmas.

Lemma 2.5. ( See Theorem 2 in [28]) Let Q be a bounded Lipschitz domain in
RN (N > 2) and let ¢ be a Musielak function satisfying the log-Hélder continuity
such that

p(x,1) <c¢;  a.ein Q for some ¢; > 0. (10)

Then, D(RY) is dense in L,(Y) and in WL, () for the modular convergence.

Remark 2.6. Note that if lim; ., inf,cq @ = 00, then (10) holds.

Example 2.7. Let p € P(Q2) be a bounded variable exponent on 2, such that
there exists a constant A > 0 such that for all points x,y € Q with |z —y| < %,
we have the inequality

A
Ip(z) — p(y)| < m~

We can verify that the Musielak function defined by ¢(z,t) = tP(®) log(1 + t)
satisfies the conditions of Lemma 2.5
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Lemma 2.8. (See Theorem 3 in [28]) (Poincare’s inequality: Integral form)
Let Q be a bounded Lipschitz domain of RN (N > 2) and let » be a Musielak
function satisfying the conditions of Lemma 2.5. Then there exists positive
constants B,n and A depending only on ) and ¢ such that

/ o(z, |v))dx < 8 —|—77/ o(z, \|Vv|)dz for all v € Wi L, (). (11)
Q Q

Corollary 2.9. (See Corollary 1 in [28]) (Poincare’s inequality) Let Q be a
bounded Lipchitz domain of RN(N > 2) and let » be a Musielak function
satisfying the same conditions of Lemma 2.8. Then there exists a constant
C > 0 such that

lolly < ClIVYll, Vo € Wy Lo ().

Lemma 2.10. ([36]) Let F': R — R be uniformly Lipschitzian, with F(0) =
0. Let ¢ be a Musielak-Orlicz function and let w € W§Ly(Q). Then F(u) €
Wi L, (92).

Moreover, if the set D of discontinuity points of F' is finite, we have

0 F’(u)%“i a.ein {x € Q:u(x) € D},
axiF(u) { 0 ’ a.ein {z € Q:u(z) ¢ D}.

Lemma 2.11. [15] Suppose that ) satisfies the segment property and let u €
W3 L, (). Then, there exists a sequence (u,) C D(Q) such that

u, — u for modular convergence in Wy L, (Q).
Furthermore, if u € W Ly(Q) N L () then |lun |l < (N + 1)|Ju -
Lemma 2.12. [26] Let (f,), f € L*(Q) be such that
i) fn>0a.einQ,
i) fr — f a.ein Q,
Q Q
Then f., — f strongly in L' ().

Lemma 2.13. [16] If a sequence g, € L,(§2) converges in measure to a mea-
surable function g and if g, remains bounded in L,(Y), then g € L,(Q?) and
Gn — g for o (IIL,, IIE).

Lemma 2.14. [16] Let u,, u € L,(Q). If u, — u with respect to the modular
convergence, then u, — u for o (L,(2), Lz(£2)).

Lemma 2.15. [17] If P < ¢ and u, — u for the modular convergence in
L,(§2) then u, — u strongly in Ep(Q).
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Lemma 2.16. [38] (Jensen inequality). Let ¢ : R — R be a convex function
and g : Q@ — R is function measurable, then

w(/gdu) S/wogdu-
Q Q

Lemma 2.17. [27] (The Nemytskii Operator). Let £ be an open subset of
RN with finite measure and let ¢ and 1 be two Musielak Orlicz functions. Let
f:QxRP — RY? be a Carathéodory function such that for a.e. x € Q0 and all
seRP:

[f(z,9)] < clz) + kg o (2, kas|)

where k1 and ko are real positives constants and c(.) € Ey(Q). Then the Ne-
mytskii Operator Ny defined by Ny(u)(x) = f(x,u(z)) is continuous from

P (E@(Q), k12>” T {u € L,(Q) : d(u, E,() < 1:2}

into (Ly(2))? for the modular convergence. Furthermore if ¢(-) € E,(Q) and
p
v << then Ny is strongly continuous from P (EW(Q), 1712) to (E,(2))%.

3. Basic Assumptions and Main Result

Let Q be a bounded open subset of RN, N > 2, satisfying the segment property
and let ¢ be a Musielak-Orlicz function. Consider the following convex set

Ky = {u € Wy Ly(Qr) : u > 1 ae. in QT}, (12)
where ¢ : © — R is a measurable function. Defining the following set
T¢(Qr) == {u : Q7 — R measurable : Ty (u) € W(}’ILW(QT)}.
On the convex K, we assume that

(C1) ¥+ € Wy Ly(Qr) N L®(Qr),

(C3) For each v € Ky N L®(Qr), there exists a sequence {v;} C Ky N
Wy E,(Qr) N L®(Qr) such that v; — v for the modular convergence.

(C3) KyNL®(Qr) # 2.

Let A : D(A) C Wy "Ly(Qr) — W1 L(Qr) be an operator of Leray-
Lions type of the form

A(u) := —div a(x,t,u, Vu).
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The goal of this work is to prove the existence of entropy solutions in the
framework of the Museilak-Orlicz-Sobolev spaces for the nonlinear problem.

u > ae in Qr

% —div a(x,t,u, Vu) — div®(z,t,u) = f —div F  in Qrp
u(z,0) = up(x) in Q
u=0 on 90 x (0,7).

(13)
where a : Q7 x Rx RN — R¥ is a Carathéodory function satisfying, for almost
every (z,t) € Qr and for all s € R, &, € RV (€ # 1) the following conditions:

(H1) There exist a function c(z,t) € Ez(Qr) and some positive constants ki,
ko, k3 and an Orlicz function v << ¢ such that

(e, 1,5,€)| < Blela, 1) + b~ (@, 1(hols1) + 7 (ol hsle]))]
(Hz2) a is strictly monotone
(at.t,5,) — a(e,t,5,m) - (€ =) > 0.

(Hs) a is coercive, there exists a constant « > 0 such that

a(x7t’ Svg) € > 0190(1'7 |€|)

For the lower order term, we assume ® : Q7 xR — RY be a Caratheodory
function satisfying:

(Hy) For all s € R, § > 0 and for almost every = € €,
@ (z,t,5)] < (. t) + 7 p(, |s]) where v € Ex(Qr).
(Hs) f € LY (Qr). up is an element of L!(Q),

(H) F e (By(Q)".

Lemma 3.1. [30] Under assumptions (Hy)-(Hs), let (Z,) be a sequence in
Wy Lo(Qr) such that

Zp =7 in Wy " Lo(Qr) for o(TIL,(Qr), TE4(Qr)), (14)
N
(a(m,t,Zn,VZn)> is bounded in (LE(QT)) , (15)
Jim . (a(x,u Zn,VZn) — alz,t, Zn, vzxs)) : (vzn - VZXS>da:dt —0,
(16)
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where s denote the characteristic function of the set s = {a: eN:|VZ| < s}.

Then,
VZ,—VZ ae inQr, (17)

lim a(x,t, Zn, V2V Z, dx = / a(x,t, Z,NVNZ)\N Z dxdt, (18)

n—oQ QT T

o2,V Zyl) — o(x,|VZ]) i LN(Qr). (19)

In what follows, we will use the following real function of a real variable,
called the truncation at height k& > 0,

s if |s] <k

k> if|s| > &,

T (s) = max ( — k, min(k, s)) = .

and its primitive is defined by
Ti(s) = / Ty (1) dt.
0

Note that T}, have the properties: Tx(s) > 0 and Ty (s) < kls|.

Definition 3.2. A measurable function u defined on Qr is said a solution
for the obstacle problem associated to (13) if T (u) € Ty"?(Qr), Yk > 0 and
Ty (u(-,t)) € LY(Q) for every t € [0,T], we have

a

/ka(u—v)dm—i—<at,Tk(u—v)>Q
—|—/ a(z,t,u, Vu)VT(u —v)) dx dt
’ (20)
+/ <I>(x7t,u)VTk(u—v))dxdt+/ FVT,(u—v))dedt

T T

< [ fTu(u—n))dsdt+ / T (uo — v(0)) da,
Q- Q

.

and
u(x,0) = ug(x) for a.e x € Q, (21)

for every 7 € [0,7], k > 0 and for all v € Wy""L,(Qr) N L=(Qr) such that

5} ~
87115} € W Lo (Qr) + L*(Qr), Tk (u(.,t)) € L1(Q) is the primitive function of

the truncation function 7} defined above.

Remark 3.3. Equation (20) is formally obtained by multiplication of the
problem (13) by Ty (u—v). Notice that since Ty (u—v) € Wy'* L, (Q7)NL®(Qr)
then each term in (20) is well defined. Moreover by Lemma 2.3, we have v €

C([O, TY; Ll(Q)) and then the first and the last terms of (20) are well defined.
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The following theorem is our main result.

Theorem 3.4. Suppose that the assumptions (Hy) — (Hg) hold true and f €
LY(Q7), then there exists at least one solution for problem (13) in the sense of
definition 3.2.

The proof of the above theorem is divided into four steps.

3.1. Step 1: Approximate problems.

Let f,, be a sequence of regular function in C§°(Qr) which converges strongly
to f in L'(Qr) and such that || .||z < ||f]/z: and for each n € N*, put

an(z,t,5,€) = a(x,t,T,(s),€) ae (z,t) € Qr,Vs € R,VE € RY,

and
D, (x,t,8) = P(x,t,Th(s)) a.e (z,t) € Qr,Vs € R.

And let ug, € C5°(£2) be such that
| won |l <[l wo ||zr and ug, — up in L(€).

Considering the following approximate problem

Up € Kw

Ouy,

% —div a(x,t,up, Vu,) — div®,(z, t,u,) = fr —divF in Qr

Un(x,t =0) = ugy in Q

up, =0 on 092 x (0,7).

(22)
Let z,(z,t,upn, Vu,) = an(z,t,upn, Vuy,) + @, (x,t,u,), which satisfies (A1),
(A2), (A3) and (Ay) of [19], it remains to prove (A4). In order to prove it, we
use Young’s inequality technically as follows:

(@, (2, 1, un) Vun| < [y(2, )| Vua| + 27 (0@, [T (un)]) [ V|
o a+2
a+2 o?

a+1__4 «
-2r- T =
+ o 2 (p(a, | n(un)l))aJr llvun|

2

(7 (r 2 h ) + ¢ (2, 1Y)

a+2
+3(o, 5 ol T wn)) + (4, = V).

[v(2, )| V|

IN
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e 1 < 1, using the convexity of ¢ and the fact that @ and %! o ¢ are

While
o+
increasing functions, one has

2

a® a+ 2 «
[Pu(a b ) V| < 25 (2 @ )]) + (e V)

@fl(so(x,n))) + %Hw(x, |Vun|>.

2

a+1
«

—|—¢<aj,

o+ 2

Since v € Ez(Qr), @(x, 72|7(x,t)|> € L'(Q), then we get
a

a2

n «
a+2 a+1l

D, (2, t, up) Vg, > —( )(p(x, |Vun\) — C, — fixed L! function.

Using this last inequality and (H3) we obtain

2

o a
n atv n;v n v n>< - NN
Zn (X, t, Uy, Vg ) Vu,> (@ ot axl

042

= (a+1)(a+2)‘p(

)go(x, |Vun|) —C,,— fixed L' function
x, |Vun|) — fixed L' function.

Thus, from [29], we can deduce that the approximate problem (22) has at least
one weak solution u,, € Wy " L,(Qr).

3.2. Step 2: A Priori Estimates.

We prove some results which will be used later.

Proposition 3.5. Suppose that the assumptions (Hy) — (Hs) hold true and let
(un)rn be a solution of the approximate problem (22). Then, for all k > 0, there
exists a constant Cy, (not depending on n), such that:

| T (un) ||W01’IL¢(QT)§ Ck, (23)

and
klim meas {(m,t) € Qr : |uy| > k:} =0. (24)
—00
Proof. First, by (C1) — (Cs), there exists vg € Ky N L>®(Qr) N Wol’me(QT).
Testing the approximate problem (22) with v = w,, — T (u, — vo), one has for
every 7 € (0,T)

ouy,
<W’ (upn, — UO)>QT + / ] a(x,t, ty, Vg, ) VT (u, — vg) dz dt
+ / D, (z,t, upn)VTE(uy —vo) de dt = JnTk(un —vo) drdt  (25)
. Q-

+ / F, VT (un — vo) dz dt.

T
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It follows that

[ -0 (B2t~

+ / a(x,t, T (un), VI (un)) VT (uy — vg)) d dt

r

+ / D, (x,t, up) VT (uy — vg)) da dt

.

< fTi(upn — vg)) da dt +/ F, VT (un, — o)) do dt
Q- .

+/QTVk(uno —vp(0)) de.

We have B
Ti(w, —vo)(7) >0,

/ T (tuno — v0(0)) da < / k| (o — v0(0)) | dz < kCh,
Q Q

<%,Tk(un - U0)>QT < kCs

and

fnTk(un - Uo) dx dt § ka”Ll(QT) S kCg
Qr

On the other hand we have

e _ 2(a+1)
— < —_ A
o, F, VT (up —vg)de < ot 1) (/T ® (:r, S |F|) dzdt)

«
" 2+ 1) / 7 (2, VT, (un — vo)|) dadt.

(26)

Notice that ®,,(z, t, up,) VT (u,) is different from zero only on the set {|u,,| < k}
where Ty (uy,) = u,, we have

/ a(x,t, tn, Vi, ) VT (u, — vg) dx dt

< / B, 1, T o o (1) [Vt
{lun—vo|<k}

+ (b, T o) (1)) Vo] i (27)
{|tn —vo|<k}

N 2(Of>t+1)(/T¢<x72(“a+1)|F|) da dt) + ﬁ

/ o (z, |VTk (un — vo)|) dx dt + kCly.
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From (H,) and using Young’s inequality for an arbitrary o > 0 (the constant of

coercivity), using the convexity of ¢ with < 1 and since v € E5(Qr),

(Vo) € (L, ()Y, we have

2(a+3)

/ a(x, t,Up, Vg ) VT (u, — vo) dz dt
- «
o

4(a+3)
o (D ot e (0n))) 90l de e+ KC

= /{|Un—voék} ot (WC’ £)+ 7 (@@ [Tt oo (un)\)))

|Vuy,| dx dt

o
< - o(z, |Vuyl|) de dt
4(a+3) /{|unvo|3k} |

Q@
—&—7/ o (z, |Vuy|) dx dt + Cs(k, a).

2(@+1) Jijun—vol<k) (o [Veen]) s
(28)

On the other hand, we can write,

/ a(z, t,un, Vi, )V, dz dt
{lun—vo|<k}

1
< / a(x, t,un, Vun)iV’uo dx dt
a+1 Jo. a (20)

a
+ 7/ o(z, |Vuy|) dz dt
10t ) Sy mappa 7V

«
+7/ o (z, |Vuy|) dx dt + Cg(k, o).

Using now (H3) to evaluate the second term in (29)

1
@ / a(ac,t7umVun)ino dx dt
&+ 1w, vl <k} o

< @ (/ a(z, t,un, Vi, )V, dz dt
{‘uvt7”0|§k}

T a+1
1 1
— / a(x,t, U, in()) (Vun _af Vvo) dx dt).
{lun—vo| <k} @ @
(30)
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Hence, (29) becomes

“ )/ a(x,t, Un, Vg, )V, de dt
&+ 17 S —vo| <k}

<.
{lun—vol|<k}

1
+/ ‘a(%t,un,ino)HVun
{lun—vo <k} @

«

b | o, [Vuy]) do dt
A+ 3) J{jun—vo|<k}

(1-

1 1
a(w,t,un,L_‘_ Vvo)Ha+ Vvo’dx dt
« «

dx dt (31)

+L/ o (2, [Vuy|) de dt + Cq(k, Q).
{lun—vol<k}

2(a+1)
Using again Young’s inequality as in (29) for the third term of (31) and using
(Hy), we get

(1

«
a+1

)/ a(x, t,un, Vi, ) Vu, dz dt
{\un71)0|§k}

a
< —Q0 o(x,|Vuy,|) de dt
4(a +3) /{|unv0|<k} "

(67

+ 7/ o(x, |Vuyl|) de dt
e +3) Jijun—vol <k} |

(32)

«

+7/ o (z, |Vuy|) do dt + Cs(k, ).
2(a+1) J{ju,—vol <k} [Vein)

Then,

(1-

«
a—+1

) / a(x, t, Uy, Vi, )V, dz dt
{‘u"L7UO|§k} (33)

« «

1
<
= 2(a+3+(a+1)

)/ o(x, |Vuy,|) de dt + Cs(k, o).
{lun—vo| <k}

Thanks to (Hs), it follows

« 1 « «
(a(ka LRt rone s )) /{UMOM} oz, |Vun|)dzdt < Co(k, ).

(34)
Since
(O‘(l “ati)” (2(a+3) +2(a+1))) “2at])  2Aat3) (atD(ats)
we have

/ o(z,|Vuyl|) de dt < C(k, «). (35)
{lun—vol<k}
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Finally, since {|u,| < k} C {|un —vo| < k + ||vollo }, one has

/ o(x, VT (uy)|) de dt < / o(x, |Vuyl|) de dt
T {lun|<k}

< / o(z, |Vuy|) de dt < C(k, o).
{lun—vo|<k+|lvolleo }

(36)
To prove (24), from (36), we have

/Q <p(x, |VTk(un)\)) dx dt < C(k, ).

If C(k,a) <1, by Poicaré’s inequality, there exists A > 0 and ¢ such that

/ w(M\Tk(un)\) dx dt < A/ <p(x, |VTk(un)|) da dt,

T T
we obtain

_
o(x,0k)

1
< — 0| Ty (un)|) de dt
< 5w [, POl do
A
< — Tr(uy)|) dx dt
< o o o T de
A
<2 k
S S, om) Vn, Vk >0,

—0 ask— oo.

meas {\un| > k} = / o(x, 8Ty (un)|) dz dt
{lun|>k}

(37)

1
>
If Clk,a) > 1, Clha)

which implies that Ve > 0, there exist a constant d. : P(t) < ¢(et) + d. and

< 1, using P << ¢ appearing in assumption (H;)
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again Poincaré’s inequality, we obtain for € < Ok o) <1
meas {|un| > k} - L/ P (8| T (up)|) do dt
P(0k) J{ju, >k}
L/ (go(x €| Tk (un)|) + d5> dx dt
(5k) ’
< e / 2,0 T ()] ) dr dt + d Q)
< 5 / 2, |V T un)|> dw dt+dE|QT|)
)‘(1 + de|QT|)
<= Yk
< Piok) vn, > 0,
— 0 ask— oo.
(38)
v

Lemma 3.6. Let u, be a solution of the approzimate problem (22), then:
(i) up, —u a.e inQr,
(%) {a(x,t,Ty(un), VI (un))}n is bounded in (Lz(Qr))N

Proof. To prove (i), we proceed as in [30, 37], we take a C?(R) nondecreas-

ing function I'y such that I'y(s) = s forls| < 5 and multiplying the
ko for |s| >k
approximate problem (22) by I'l (u,) we obtain
Ol (uy,
L) i (e, i, V) hl00)) + (1t V) 01

(39)
—div (F;q(un)q)n(l‘,t,Un)> + Fg(un)q)n(xvt’ un)vun = f”F;C(un)

Noticing that ' o ¢ is an increasing function, v € Ez(Qr), supp(T'}),

supp(T'}) C [—k, k] and using Young’s inequality we get
’/ [P (2, t,up,) do dt‘
< I~ ([ b oldeder [ 57 el Tetun)) do dr)
QT T
< Tl ( / (7, 1@, ) + ol 1) ) do dt + / 7 (ol k) do dt)

Qr T
< Cl,ka
(40)
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and (here, we use also (36))
‘/ DY@ (2, t, un) Vuy, do dt‘
T

<~ ([ TGl dodi |5 oo T ) VT )| do )

T

( /Q L
< [0~ | /Q (Ploh @) + plo ) dodt+ [ oo k) dods
+ /QT oz, VT (uy)|) dx dt}

< Cy,
(41)
where C ) and Cy ), are two positive constants independent of n. Then all
above implies that

81ﬂgi(tun)is bounded inL'(Qr) + W1 L+ (Qr). (42)

Hence by theorem 2.2 and using the same techniques as in [36], we can deduce
that there exists a measurable function v € L°°(0,7T; L*(Q2)) such that

U, — u a.e. in Qr,
and for every k > 0,
Ti(un) — Ty (u) weakly in WH* L, (Qr) for o(I1L,, 11E), (43)

and
Ty (un) — Tk (u) strongly in L'(Qr) and a.e. in Q7. (44)

For (ii), we use the Banach-Steinhaus theorem. Let ¢ € (E,(Qr))Y be an
arbitrary function. From (Hs) we can write

(a(x, £, T (), VT (un)) — ala, t, Tr(un), ¢)) : <VTk(un) - ¢) >0

which gives
/ a(z, t, T (un), VI (un)) @ dx dt
< / o, T (), VT (1)) V T (1) e it (45)
Qr

+ / a(x,t, Ty (up), ¢) (¢ — VTi(uy)) dx dt.
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Let us denote by J; and J; the first and the second integral respectively in the
right hand-side of (45), so that

J1 = / a(x,t, Tk (up), VI (un))VTE (uy) do dt.
Qr
Thanks to (H;), there exists a positive constant Cj, independent of n such

that J; < Cj,.

Now we estimate the integral J,: to this end, notice that

Jo = / a(z,t, Tk (un), &) (¢ — VT (uy)) dz dt

§/ la(z, t, T (un), @)||@| dﬂcdt—i—/ la(z, t, T (un), @)| |V Tk (un)| dx dt.
Qr

T

On the other hand, let 1 be large enough, from (H;) and the convexity of M,
we get:

/ a(x, |a(xvt’T7k7(un)a¢)|) dx dt

<

; ) d dt
.

IN

[ Blew,) + ki @, PUalTilun)]) + 7 (ol sl
QQ
n

_ Bk1 [
[ pw eyt O [ 5(57 @ PUalTit)) dedi

+ % o @(x@fl((p(x, k:3|¢>|))) du dt

< B o(x, c(x,t)) da dt + Bky / P(kqk) dx dt

nJor n

5 o kelel) da dt.
mJQr

(46)
Since ¢ € (E,(Q7))Y, c(z,t) € E5(Qr), we deduce that {a(z,t, Tk (uy), ¢)} is
bounded in (Lz(Qr))" and we have that {V T} (u,)} is bounded in (L, (Qr))",
consequently, Jo < Cy,, where Cj, is a positive constant not depending on n.
And then we obtain

/ a(z, T (un), VT (up))pdr dt < Cy, +Cy,. for all ¢ € (E,(Qr))N. (47)

T

Finally, {a(z,t, Ty (un), VIk(un))}n is bounded in (Lz(Q7))N. vf
3.3. Step 3: Almost everywhere convergence of the gradients.

In this step, most parts of the proof of the following proposition are the same
argument as in [30, 39], we give only those details in the argument differ.
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Proposition 3.7. Let u,, be a solution of the approzimate problem (22). Then,
for all k > 0 we have (for a subsequence still denoted by u,): as n — 400,

(i) Vu, - Vu ae inQr,
(ii) a(x,t, Tp(un),VTk(uy))—alx, t, Tp(u), VI (u)) weakly in (Lg(QT))N,

(iii) (2, |[VTi(un)|) = o(z, VT (u)|)  strongly in LY(Qr).

Proof. Let 6; € D(Qr) be a sequence such that §; — w in Wol’ng;(QT) for
the modular convergence and let ¢; € ©(Q2) be a sequence which converges
strongly to ug in L(€2).

Put Z}'; = Tp,(0;), + e " Ty (1h;) where Ty (6;), is the mollification with
respect to time of Ty (6;), notice that Z; ; is a smooth function having the
following properties:

m

07!
S = u(Tl0y) — ZLy), Z45(0) = Tu(wi) and |Z05] <k,

Zi — Ti(u), + M T (i), in Wy L,(Qr) modularly as j — oo,

Tho(u), + e " Tho(v;) — Ti(u), in Wy L,(Qr) modularly as i — oo.

Let now the function h,, defined on R for any m > k by

1 if [r] <m
hm(r)y=¢ —Jr|+m+1 ifm<|r|<m+1
0 if |r] >m+ 1.

Put E,, = {(m,t) €Qr:m < |u,| <m+ 1} and define @Z;m = (T (upn) —
2,
@Z:;’m, we get

Vhum (ur), testing the approximate problem (22) with the test function u,, —

Volumen 57, Numero 1, Anio 2023



ON THE SOME EQUATIONS INEQUALITIES. .. 145

aun i
<W’ @Z:j7m> + /Q a(@, t,upn, Vun ) (VT (un) = VZi) i (un) do dt
T

/ a(@, t, un, V) (T (un) — Zi5)Vunhs, (un) da dt

m

/ (2, t, wn) Vunhyy, (un) (T (un) — Z};) d dt
—|—/ D, (2, un ) Vin hun (un) (VT (wn) — VZi';) do dt (48)

= foo  dx dt

n,J7,m
Qr

+/ FVunhiy () (Ti () — Z%) da dt
E

m

+ / ENV Ul (un) (VT (un) — VZ};) da dt.
T

To simplify the notation, we will denote by e(n, j, i, ¢) and e(n, j, 1) any quan-
tities such that

lim lim lim lim e(n,j,p,i) =0,
i—~400 pt—>+00 j—+00 n—+00

lim lim lim e(n,j,pu) =0.

H——+00 j—+00 n—+00

We have the following lemma which can be found in [30, 39]. vf

Lemma 3.8. (cf. [39]) Let @Z;m = (Ti(un) = Z{;))hin(un), then for any k >0
we have:

ou ;
n H7l' > . .
(G ehiim) 2 e, (49)
where <-, > denotes the duality pairing between L' (Qr) + W17 L(Qr) and

L= (Qr) N Wy " Ly(Qr).

To complete the proof of Proposition 3.7, we establish the results below, for
any fixed k > 0, we have:

() [ gl dodt = o).

(ro) EpyNuph (un) (VT (un) — VZE;) da dt = e(n, j, ).
Qr

(rs) / Fo Vit (1) (T () — Z5) i dt = e(n, j, ).
E.,
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(ry4) / D, (2, un) Vi hin (un) (VT (un) — VZ};) do dt = €(n, j, ).

T

(rs) /E D (1,1, ) Vit (1) (T (1) — Z5) i dt = e(n, §, ).
(re) / a(@, b, tn, Vg ) (Ti(un) — Z15)Vunhy, (u) dz dt < e(n, j, g, m).

(r7) / [a(z,t, Tk (un), VT (uy)) — alx, t, T (un), VI (u)xs))

T

X[VTi(un) — VT (u)xs) de dt < e(n,j,p,m,s).

Proof. The proofs of (r1),(r2), (r3), (r5)(r6), and (r7) are the same as in
30, 32, 39, 37]).

To prove (r4), for n > m + 1, we have
D, (2, t, up ) (un) = P(2,t, Tint1 (Un) ) o (T (ur)) ace in Q.

put P :¢( |(I)(Ia t, TM-H (un)) — (I)(.I, t, Tm—‘rl (u))| )
n

respect to its third argument and u,, — w a.e in Qr, then ®(z, ¢, T)p41(un)) —

O(x,t, Tint1(u)) a.e in Q as n goes to infinity, besides B(x,0) = 0, it follows

. Since ® is continuous with

P, — 0, a.einQasn— co. (50)

Using now the convexity of @ and (H,), we have for every 7 > 0 and n > m+1:

P =p(z |(I)(m7t7Tm+1(un))_(I)(xat7Tm+1(u))|)
’ 7

2 2@ ) + 7 e, [T (w)]) + 2 (0@, [T (U)I)))

@01+ 27 (el m + 1)) (51)

1 4 1 4
We put C5(x.) = 53(r, (@ 0)) + 52(r, -7 (plam +1))). Since y €

E5(Qr), we have C, € L'(Qr), Then by Lebesgue’s dominated convergence
theorem we get

lim P, dxdt = / lim P, dzdt=0. (52)
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This implies that {®(x,t,T)+1(un))} converges modularly to ®(x,t, Tp11(u))
as n — 0o in (Lz(Qr))N. Moreover, ®(x,t, Tt1(un)), ®(2,t, Ti1(u)) lie in
(Ex(Qr))Y, indeed, from (Hy) we have for every n > 0

@(x, |¢)($?t7Tm+1(un))|> d.T dt

Qr n

<[ #(w e %al(so(x,|TmH<un>|>>) do di

S/Q @( % [v(z,t)] +§;<p 1(<,0(9U,m—&-1))) dx dt

< /QT; (z, ,Mm t)]) da dt+/T;so(x, %@*(w(amﬂ))) dz dt

< oo since ¥ € Ez(Qr) and  is bounded,;

the same for ®(z,¢,Tpy1(w)). Thanks to Lemma 2.14, we deduce that
®(z,t, Tyng1(un)) — ®(2,t, Trnt1(u)) strongly in (Ex(Qr))Y. On the other
hand, VTj(u,) — VT (u) weakly in (L,(Qr))Y as n goes to infinity, it follows
that
li_>m D (x,t, un ) (un) [VTk (un) — VZ}')] da dt
_ / (2, £, u)hom () [V Tk () — VZE) da .
T

Using the modular convergence of fo ; as j — oo and then p — oo, we get
(7). As a consequence of Lemma 3.1, the results of Proposition 3.7 follow.

3.4. Step 4: Passing to the limit.

Now, we will pass to the limit. Let v € WH* L, (Q7) N L>(Qr) such that % €

Wb L(Qr) + L' (Q7). From [18], there exists a prolongation v, = v on Qr,
vp € WHL,(Q x R) N LY (2 x R) N L>(2 x R) and

%ew LI (Q x R) + LY (Q x R).

There exists also a sequence (w;) C D(Q x R) such that

wj = vy in WL, (2 xR), and 88”; - a;p in W Lo(Qx R)+ L' (2 x R),

for the modular convergence and ||w;jl/oo,0r < (N 4 2)[|V|00,@r -
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Testing the approximate problem (22) with v = u, — T (un —w;)X(0,r) With
T €1[0,T], we get
<8un

— Ty (up wj)> +/ a(z,t, Ty (tn), VT, (un)) VT (un — wj) do dt
dt’ Qr Q-

+/ O(z,t, Ty (un)) Vi (up — wj) de dt

-

=/ ST (up —wj) da dt
QT

+ / FVTy(uy, — wj) dx dt,
X (54)
where kg = k+(N+2)||v|/c0,@r- This implies, with E, ; := Q,N{|u,—w;| < k},
that

<8un Tr(up — wj)> +

TR o. /E a(x,t, Ty (Un), VI, (Un)) Vi, doe dt

n,j

- / a(z,t, Tk, (n), VI, (un))Vw; de dt
Enj

+/ O(z,t, Try (Un)) Vg (uyp —wj) do dt (55)

-

= froTk(un —wj) do dt
Q-

—|—/ FVT(uy — wj) dx dt.

.

Our aim here is to pass to the limit in each term in (56), let us start by the
terms of the left-hand side:

Limit of the first term <%, Tr(up — wj)>Q , we have

-

<ac%,Tk( > <%7%Tk( wj)> +<%,Tk(u7ﬁwj)>(g

/ n = wj) d$+<6;j Ty (un Wj)>Q

/T uOn_wJ )) dz.

.

T~

(56)
Since u,, — u in C([0,T], L*(2)) (see [18]), by Lebesgue’s theorem we have

/Tk(un—w‘j) dx—)/fk(u—wj) dz as n — oo.
Q Q
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Passing to the limit in (57), we get
. ouy, ~ Oow;
lim <W7Tk(un — wj)>QT = /QTk(u — U.}j) dx + <7;,Tk<u — wj)>

n—o00 Q-
- / Ty (ug — w;(0)) da.
Q

For the second and the third terms of (56), we have from (i) of Proposition
3.7

a(x,t, Tk (Uun), VT (un)) = alx, t, Ty, (u), VI, (v)) weakly in (Lg(QT))N7

thus Fatou’s lemma allows us to get

lim inf (/ a(x,t, T (Un), Vg, (un))Vuy, do dt
n—oo Eﬂ,]

- / a(z, t, Ty (Un), VI, (Un))Vw, dz dt)
En,;

> / a(x,t, T, (1), VI, (v))Vu dx dt
E

n,J

- / a(z,t, T, (u), VT, (u))Vw; dz dt.
En,

Concerning the fourth term of the left-hand side of (56), we proceed as in (52)
to get
O(x,t, Ty (un)) = ®(z,t, Tk, (u)) as n — 0.

And since
VT (tyn —wj) = VI (v —w;) in L, (Qr) as n — oo,

we can deduce
/ FVTi(un, — wj) de dt

T~

— FVT,(u — wj) dz dt.
Qr

and
/ O(x,t, Tiy (Un)) VI (un — wj) do dt

.

— O(z,t, Ti, (w)) VI (u — wy) dz dt.
Qr

Finally, we turn to see the right-hand side of (56), since

T (un —wj) = Tp(u — w;) weakly™ in L as n — oo,
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we obtain

foTi(un — wj;) de dt — [Tk (u — wj) de dt.
Qr Qr

Now, we are ready to pass to the limit as n — oo in each term of (56) to
conclude that

/ Ty (u — wj) de + <8dt T (u— wj)>QT

+ / a(z,t,u, Vu) VT (u — w;) de dt

-

+/ O(z,t, u) VI (uy, —w;) drdt

< / Tk(uo—wj(O))dx—i— fTe(u —wj) de dt+/ FVTi(up —v) dx dt.
Q

Q, ,
(58)
Now, we pass to the limit in (59) as j — oo, we obtain

/Tk(u—v)dx+<(zt k(u—v)>Q
/ a(z,t,u, Vu)VT,(u —v) de dt

-

/ (z,t,u)VTg(u, —v) dx dt
<

/Tk( 0o —v(0)) dz + ka(’LL*’U)d.Tdtﬁ’/ FVTi(u—v)dx dt.
Q- .

(59)
It remains to show that w satisfies the initial condition of (22). To do this,
recall that, % is bounded in L'(Q7) + W 1" L(Q7). As a consequence, an
Aubin’s type Lemma (cf [40] Corollary 4) and (Lemma 2.3) implies that u,
lies in a compact set of C°([0,T]; L}(Q)). It follows that,u,(z,t = 0) = ug,
converges to u(x,t = 0) strongly in L'(Q). Then we conclude that u(x,t =
0) = up(x) in §, This concludes the proof of the main result.
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