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AstrAcT. In the pioneering paper [13], the concept of Coherent Pair was
introduced by Iserles et al. In particular, an algorithm to compute Fourier
Coefficients in expansions of Sobolev orthogonal polynomials defined from
coherent pairs of measures supported on an infinite subset of the real line is
described. In this paper we extend such an algorithm in the framework of the
so called Symmetric (1,1)—Coherent Pairs presented in [8].
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REesUMEN. En el articulo pionero [13], fue introducido el concepto de Par Co-
herente por Iserles et al. En particular, alli es descrito un algoritmo para
calcular coeficientes de Fourier de expansiones de polinomios ortogonales de
tipo Sobolev definidos a partir de pares de medidas coherentes soportadas en
un subconjunto infinito de la recta real. En esta contribucién extendemos tal
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140 HERBERT DUENAS, FRANCISCO MARCELLAN & ALEJANDRO MOLANO

algoritmo en el contexto de los llamados Pares Simétricos (1,1)—Coherentes
presentados en [8].

Palabras y frases clave. Polinomios ortogonales, Pares Simétricos (1, 1) —Coherentes,
Series Sobolev-Fourier.

1. Introduction

Let {po, p1} be a pair of positive Borel measures supported on an infinite subset
E on the real line. Let { P, }, -, and {R,,}, - be the corresponding sequences of
monic orthogonal polynomials, (SMOP in short). The pair {uo, u11} is said to be
coherent if there exist real numbers a,, # 0, n > 1, called coherent coefficients,

such that P o) P o)
x T
Rn — n+2 " n+1 > 0.
(@) n+2 ta n+1 =

This concept is introduced in [13], where sequences of Sobolev polynomials, i.e.
orthogonal with respect to the Sobolev inner product

(P a)g = / p(@)a(@)dpo + A / P (@)d @) dp, A>0, p.geP, (1)

are studied. Here P denotes the linear space of polynomials with real coeffi-
cients. In the last three decades special attention has been paid to the so-called
general Sobolev Orthogonality defined by the inner product

=S [ 102100 (2)dus (@
(. 9)s Z/f (2)9 (@)dysi (), (2)

where every pj;,7 = 0,1,...,m, is a positive Borel measure supported on an
infinite subset of the real line. Such an inner product is known in the literature
as a Sobolev inner product. In 1947 the foundations of the theory of Sobolev
Orthogonality were stated in the pioneering work [15] by D. C. Lewis, where
finite Fourier expansions in terms of Sobolev polynomials are the solution of
certain extremal problem related to smooth polynomial approximation. In early
60s, P. Althammer presented his first work, see [1], based on the seminal paper
of Lewis, and rewrote the Lewis’s problem as follows. Given the inner product

m b . .
(fr9)s= Z/ FO(2)gD (2)w;(x)de, (3)
i=0" %

where the w;s are weight functions in [a, ], and a function, f, defined in [a, b],
to determine

min —

anin 117 = Qlls.
where P, represents the linear space of polynomials of degree less than or
equal to n and ||.||g is the norm induced by (,)q. If {Sn},,~ is the sequence
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ON SYMMETRIC (1,1)-COHERENT PAIRS 141

of orthonormal polynomials with respect to (3), the polynomial Q*, where
the minimum is achieved, will be a linear combination of Sobolev orthogonal
polynomials, namely,

Q*(z) = ZakSk(x), with ar = (f, Sk) g -
k=0

[17] and [19] constitute nice surveys on the historical development and state
of the art of Sobolev orthogonality. In addition, in [13] a relation between the
sequence of monic Sobolev polynomials {S’;}}n>0 (orthogonal with respect to
(1)) and {Py,},,~ , the sequence of monic polynomials orthogonal with respect
to dug is given. Namely,

51)1\+2(x) + nn(A)Sﬁ(ff) = Pyui2(z) + anPy(z),n > 0,

where the values 7, () are called Sobolev coefficients. Let consider the Sobolev
space

Wh(E, po,m1) ={g: E—R| g€ L*(E;p), ¢ €L*(Eijm)}.

For a function f in such a space, an efficient algorithm to compute Fourier
coefficients when f is expanded by using the orthogonal basis {S%\}nx) is des-
cribed. Such an algorithm does not need the explicit expression of Sobolev
orthogonal polynomials. In [6], the most general case of coherence for standard
orthogonal polynomials is known in the literature and presented as follows.

Definition 1.1. A pair of positive Borel measures {ug, 11} is said to be a
(M, N)—coherent pair of order (m, k) if the corresponding SMOPs satisfy

M N
m k
> ain P i(@) = D Qi (@), (4)
i=0 i=0
4] Pﬁ?i(x)
where m, k, M, N € NU{0}, Py (z) := ﬁ, and {@in},~0s 10jnt,>0 -
n ; 2 >

0<i<M,0< j < N are sequences of real numbers with ag, = by, = 1.
Here (n)g,k = 0,1,..., denotes the Pochhammer symbol, i.e. (n)y = n(n +

1
- (n+k—-1),k>1and (n)y = 1.

Thus, in [5] the algorithm proposed in [13] for (1,0)—coherent pairs of order
(1,0) is generalized in a natural way for (M, N)—coherent pairs of measures of
order (m,0). On the other hand, when the measures po and pp are symmetric,
i.e. invariant under the transformation x — —z, and the respective SMOPs,
{Pn}t,so and {Ry,}, 5 satisfy

Pis(2) Plia()
Rn+2($) = n—:?i 3 +an n-:l_ 1

n > 0.

9
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142 HERBERT DUENAS, FRANCISCO MARCELLAN & ALEJANDRO MOLANO

The pair {po, p1} is said to be symmetric coherent, a concept that has been
also introduced in [13]. A generalization is presented in [8] with the so called
symmetric (1,1)—coherent pairs of measures, i.e. when the respective SMOPs
satisfy

nt3(T) 1 ()

Bnga(w) + b Bn() = = F5= +an— =0y

,n>0.

Therein, connection properties between the coherent and recurrence coeffi-
cients, among others, are obtained, as well as a special emphasis in the case g
classical, (Hermite, Gegenbauer) is pointed out. In particular, the symmetric

(1,1)—coherent pair {e‘x2dac, ﬁzi’;e_””rzdx}, a,b > 0, is obtained. Taking into
account the above pair, in [9] asymptotic properties of Sobolev polynomials
associated with the above (1,1) Hermite symmetric coherent pair are studied.

Finally, in [10] a classification of symmetric (1,1)—coherent pairs is presented.

The aim of this contribution is to study the natural generalization of the al-
gorithm displayed in [13], in the symmetric (1, 1)—coherent framework. So, the
structure of this manuscript is as follows. In Section 2 the basic background on
orthogonal polynomials associated with a linear functional is presented. In Sec-
tion 3 the algebraic relation between the Sobolev polynomials and polynomials
orthogonal with respect to ug is deeply analyzed. In Section 4 the algorithm
to compute Fourier coefficients is described. Finally, some numerical examples
are studied.

2. Preliminaries

Let P be the linear space of polynomials with real coefficients. P,, will denote
the linear subspace of polynomials of degree at most n. Let u be a linear
functional in the algebraic dual space of P. It will be denoted P’. {(u,p) is
the action of the linear functional u on the polynomial p € P. Let {u,}, -,
be a sequence of real numbers. u is a moment functional associated with the
moment sequence {un},~, if u is linear and u, = (u,2™),n > 0. A sequence
of polynomials {P,}, -, with deg P, = n, determines an unique sequence of
linear functionals {p,},,, called dual basis associated with {F,}, -, in such
a way that (pn, Ppn) = 0pn,m, where 0, ,,, denotes the Kronecker delta symbol.
As a consequence, every u € P’ can be expressed in terms of the basis {p,},~
as follows: -
U = Z<U7Pk>pk-

k>0

On the other hand, if ¢ € P and u € P’, then we define qu € P’, the left
multiplication, as

{qu,p) := (u,qp), peP. ()
The linear functional §(x — ¢) such that (§(z — ¢),p) :==p(c), p e P, c € C, is

said to be the Dirac delta linear functional at c.
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ON SYMMETRIC (1,1)-COHERENT PAIRS 143

Given u € P’, let 0 € P be a polynomial of degree n and denote by z; € C,
1 < k < r, their zeros with multiplicities ny, respectively, i.e. Y ;_, ng = n.
Then for every p € P, we define the linear functional o~ (x)u € P’ as follows:

- p(z) — Lo (z;p)
(o aup(a)) = (1, PO, ©
where L, (x;p) is the interpolatory polynomial

r n;—1

Lo(xip) =Y > pY (i) Lij(x) (7)

i=1 j=0

and L; ;j(z) is the polynomial of degree at most n — 1 such that LE? (1) =
0i10k,5, 6,0 =1,--+ 7, pY) the j — th derivative of p and 0 < k,j < n; — 1.

On the other hand, given ¢ € P we will denote by ug € P, the right-
multiplication of u € P’ by ¢, the polynomial

tq(t) — zq(x)
t) == _
(u)(0) = {, =21,
where u acts on the variable x.

The p — th derivative of the functional u, p € Z™ U {0}, denoted by DPu, is
a linear functional such that

(DPu,q(@)) = (<1 (u,qP (@), q€P. (8)

For a more detailed description of this algebraic approach to linear functionals,
see [18].

2.1. Quasi-definite and Positive-definite linear functionals

Let u be a linear functional and {u,},~, be the corresponding moment se-
quence. We define the Hankel determinant of order n + 1

Ug w1 e Up,
u Ui U2 o Upgd
Al = , n>0. (9)
Up Un 41 et U2n

u is said to be quasi-definite or regular(see [4]) if the leading principal
submatrices of the Hankel matrix (uiﬂ)io;.:o are non-singular, i.e. A% # 0 for
n > 0. u is called positive-definite if (u,7(x)) > 0 for every non identically
zero and non-negative real polynomial 7. When there is not risk of confusion
we will write A,, instead of AY.

The positive definiteness of a linear functional can be characterized through
the associated moment sequence. Namely,
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144 HERBERT DUENAS, FRANCISCO MARCELLAN & ALEJANDRO MOLANO
Theorem 2.1. ([/]). u is positive definite if and only if A, > 0 for n > 0.

If w is positive-definite, then there exists a positive Borel measure u sup-
ported on an infinite set £ C R such that v has an integral representation

(u,p) = [Ep(z)du(x), p € P.

Given a quasi-definite linear functional u on the space P, a bilinear form (,),, :
P x P — R is defined as (p,q), := (u,pq) . If u is positive definite, then the
bilinear form is an inner product on P and, as usual, the induced norm will be
represented as

1/2
_ 12 _ 0 2\ Z 2V
1Pl = (5,22 = (u,p2) (/Ep< Yau( >) ,

where p is the positive Borel measure, supported on F, associated with u.
2.2. Orthogonal polynomials

Definition 2.2. A polynomial sequence {P,},~, is said to be an orthogonal
polynomial sequence, OPS in short, with respect to a linear functional u if for
n,m >0,

i) P, is a polynomial of degree n.

ii) (u, PpPp) =0, for n # m.

iii) <u,P3> #0,n > 0.

If the leading coefficient of P, is 1 for every n > 0, then {P,},~, is said
to be a monic orthogonal polynomial sequence, (SMOP in short). The next
result gives us conditions for the existence of an OPS associated with a linear
functional.

Proposition 2.3. ([4]). Let u be a linear functional. u is quasi-definite if and
only if there exists an OPS { Py}, -, with respect to u.

Under the conditions of above proposition, if {u,},~, is the moment se-
quence associated with u, then every monic polynomial P, can be written as

UQ w1 e Up,
1 Uy U -+ Upyl
P, (x) = : Do ; , n>1, Py(z) =1.
An—l
Up—1 Up - U2n—1
1 T z"

Given a quasi-definite linear functional there exists an infinite number of OPS
associated with w. Indeed, if {P,}, -, is an OPS associated with u, then
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ON SYMMETRIC (1,1)-COHERENT PAIRS 145

{knPn}n>0 is also an OPS associated with u for non-zero constants k,,. Thus
{P,},,>0 1s uniquely determined if the leading coefficients are fixed. Conversely,
if {P,},>o is an OPS associated with u, for any k # 0, then {P,},~, is also
an OPS associated with the linear functional ku. In order to the quasi-definite
linear functional and the OPS are uniquely determined, a normalization will
be required. In this way, in the sequel we will assume that (u,1) =1 as well as
the respective OPS is monic, unless stated otherwise.

The next theorem describes an important characterization of the orthogo-
nality of a sequence of monic polynomials in terms of a recurrence relation
satisfied by them. In the literature it is partially accepted that the original
version of this result is due to J. Favard[11], but essentially it means the spectral
resolution of the multiplication operator.

Theorem 2.4 (Favard’s theorem). (/4]). Let {P,},~, be a sequence of monic
polynomials. {Py,}, <, is a MOPS with respect to a quasi-definite linear func-
tional w if and only if there ewist sequences of real numbers {fBn},~, and
{}t,>1s with y, #0,n > 1, such that B

xPp(x) = Pyy1(z) + BnPo(z) + v Po1(x), n>1, (10)

P()(x) = ].7 Pl(x) = — 50.
On the other hand,

<u, ;UP,%> (u, 2Py Pp_1) <u, P3>
— > — = > 1.
= MY Ty Ty

The relation (10) is the so-called Three-Term Recurrence Relation, (TTRR
in short). A nice survey about the Favard’s theorem, its origins and further
development is given in [16]. The TTRR is equivalent to the well known and
useful Christoffel-Darbouz Identity.

Theorem 2.5. (/3], [4]). A SMOP {P,},~, associated with a quasi-definite
linear functional u satisfies (10) if and only if

i Pe(@)Pe(y) 1 Popa(@)Pa(y) — Pu(@) Pt (y)
(u, P) {u, P) Ty '

k=0
2.3. Symmetric Linear Functionals

A linear functional v € P’ is said to be symmetric if us,y1 = <u,x2”+1> =
0,n € N. (See [4] for more characterizations of symmetric quasi-definite linear
functionals). If u € P’ is symmetric and quasi-definite and {P,}, -, is its
corresponding SMOP, we can define u € P’ by

(u,2") = (u,2*"), neN. (11)
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146 HERBERT DUENAS, FRANCISCO MARCELLAN & ALEJANDRO MOLANO

In such situation, there exist monic polynomials A,, and /Nln, n > 0, such that
Po,(z) = Ap(2?)  and  Payii(z) = 24, (2?). (12)

As a consequence of the above definition, if u is a symmetric and quasi-definite
linear functional, then {A,},>0 and {4, },>0 are the SMOP corresponding to
u and zu, respectively. When wu is symmetric and positive definite and it has
an integral representation in terms of the even weight function w on [—(, (],
then

¢
<wmm>=/’mmwwwx

—¢
yields

<2
@)= [ o)l
0
assuming the integrals converge.

3. Sobolev polynomials and Symmetric (1,1)— Coherent Pairs

We begin with the definition of Symmetric (1, 1)—Coherent Pair introduced in
[8]. From now on in this manuscript we assume that any linear functional v is
normalized by the condition (u,1) = 1.

Definition 3.1. Let u and v denote two symmetric quasi-definite linear func-
tionals and {P,}, -, and {R,},~, will denote their respective SMOP. Assume
that there exist sequences of non-zero real numbers {ay},~, and {b,}, -, with
anby, # 0, such that

Pr/wrg(x) Ta PTIL+1(9U)
n+3 " n+1

= Ryi2(x) + by Rp(z), n >0, (13)

holds. Then the pair {u, v} is said to be a Symmetric (1,1)— Coherent Pair. Fur-
thermore, if v and v are positive-definite and py and p; are the respective pos-
itive Borel measures, then {uo, 11} is said to be a Symmetric (1,1)— Coherent
Pair of measures.

With the condition a,b, # 0, n > 0, we are assuming that the relation (13)
is non-degenerated. Moreover if a; # b;, i = 0,1, we get

Proposition 3.2. ([7]). Let {u,v} be a Symmetric (1,1)—coherent pair satis-
fying (13). The following statements are equivalent.

z)aﬁébz,ZZO,l

ii) () ne ()

nr 1 , form > 2.
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ON SYMMETRIC (1,1)-COHERENT PAIRS 147

Let {u,v} be a symmetric (1,1)—coherent pair with {P,}, -, and {R,},~,
as their respective SMOP such that (13) holds. We assume that u and v are
positive-definite with g and p; as the corresponding positive Borel measures.
Let {un},~o and {v,},~, be, respectively, their moment sequences. Then we
consider the Sobolev inner product

P Q)s = / p()a(x)dpo(x) + A / P (@) @ dp(2), A>0.  (14)

Let {Sﬁ‘}n>O be the sequence of monic Sobolev polynomials orthogonal with
respect to (14). The above inner product also will be written as

@) = (P a),, + X4, = (w,pg) + A(v,p'q).

For n > 1, we consider the expansion S)(r) = 2" + Z;l;ol ci‘b,jxj, and let

Ag,, = det [/‘iaj]?j:o be the determinant of the leading principal submatrix of
size (n+1) x (n+1) associated with the moments y; ; := (a7, a:j>s . According
to (14) if i + 7 = 0,1, then p; ; = u;yj, and if i + j > 2 we have

pig = (a2l = / wHdpo () + ijA / 22 dp (z)
R R

= Uitj + 1JAV1j 2.

Moreover, if 4 4+ j is odd or ij = 0, then p; ; = us4;. It is well known that

1 U1 U S U,
1 Uy M1 H1,2 s Hin
SMNx) = n>1
) = o ,
Up—-1 Hn—-1,1 HMHn—-1,2 - Hn-1n
1 T z2 e "
()AL, }
Furthermore, ¢} ;= A " where A% | is obtained deleting the
’ S,;n—1 ’

j — th column and the (n + 1) — th row of the matrix [1; ]},

Remark 3.3. Notice that Py(z) = S)(x) for k =0,1,2.
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148 HERBERT DUENAS, FRANCISCO MARCELLAN & ALEJANDRO MOLANO

Using properties of the determinants and after cumbersome calculations we
obtain

1 ul ... un71
Uy H1,1 ce H1n—1
A5’,71—1 - .
Up—1 ,Udn—l,l tee ﬂn—l,n—l
1 ul PR un71
Uy Uy + A\vg . Up + (N — 1) Avp_o
Up—1 Up+ (N —1)Ap_g o+ Uz + (n—1)*Avgp_4

=((n—DN>AY A" 14 AT

From the above, every coefficient of S is a rational function in A\ where the
degree numerator is at most the degree of the denominator. Then it makes
sense to define the sequence {Wy}, -,

W, (x) == lim S} (z),

A—00

where, as a consequence of the symmetry, if n is even (resp. odd), then W, is
an even function (resp. odd).

On the other hand, if deg(q) < n, then
/
<S7)L‘+1, q>S = /RSQ_H(x)q(x)duo(z) + )\/R (S,)L‘+1) (2)q' (x)dp1 () = 0.
When A — oo, [ W) (2)q (z)dps(x) =0, ie.

41(2) = (n+ 1Ry (x),n > 0. (15)

Moreover, for n > 0, (Spy1,1) g = [z Sni1(@)dpo(z) = 0. If X — oo, then we
get

[ Wasa@duo(z) =0, (16)
R
From (13) and by using (15) we have

Wiia(z) +b, Wit () _ Pry3(z) +a, Pry1(z) t ko, n>0.

n+3 n+1 = n+3 n+1

Integration of the above expression with respect to the measure pg, and using
(16) yields k,, = 0, i.e.

Wits(2) + bpyWha1(2) = Pois(z) + @nPoyi(z),  n >0, (17)
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ON SYMMETRIC (1,1)-COHERENT PAIRS 149

where 5 5
En:ann+ , En:bnn+ , n>0.
n+1 n+1

Now let consider the expansion of W,, by using the basis {S;}}

n>0
Wy (z) = S)x) + i on.; S} (). (18)
j=0

Notice that

WSy e Wa@)S)@)dpo(e) + A fy Wi() (53) (@)dpu ()
s 19212

and ||SMP = (S}, 53) - In the same way, W, 43(z) = Sy 5(2) + Z;l:g Ont3,j
S;‘(x), and multiplying by b, in (18) we get

Wn+3(x)+Zan+1(x) :SQ+3(x)+on+3,n+zSﬁ+z($)+ <Jn+3,n+1 +En) 52+1(x)
+ Z <Gn+37j +Zn0'n+1,j) Sj\(z)
§=0

Taking into account the polynomials W, 3 and W, are either even or odd
functions, then 0,13 »+2 = 0 holds. Thus

n+1
Wits(@) + bnWoyi (2) = Sri\+3(x) + Z nn,j(A)S;\(x)7
=0

where every coefficient 7, ; (M), j < n, can be written as
Mn,j (A)
=0n+3,j +gn0n+1,j
~ ~ !
e (Wass @+ W1 (@) S @0 @) 42 fo (Wi s @)+ W,, 1 (@) (5)) (@)dpn @)

2[5

)

and On4+1,n+1 = 1.
By using (17) we obtain

0000 45 W11 (2) 87 (@)t 2) = [ (P40 Paia ()83 (0o () =0,
R R

for 5 =0,1,...,n, and the relation (15) yields
~ !
[ (Wiasle) 4300 @) (1) @i (2) = 0.

Revista Colombiana de Matemaéticas



150 HERBERT DUENAS, FRANCISCO MARCELLAN & ALEJANDRO MOLANO

As a consequence,

Wats(@) + bWt () = Spy5(2) + hnni1 () S (@). (19)
Equivalently,
52-1-3(]") + 77n,n+1()‘)Sr>L\+1(x) = Pn+3(x) + anPrH-l(x)’ n > 0. (20)

Taking derivatives

(Sr/)+3)/ (z)
n—+3

(Sﬁlﬂ)/ ()

nt3 = Poio(z) + anPy(z),n > 0. (21)

+ Mt (>‘)
Notice that

77n,n+1 ()‘) :0—2+3 n+1 +g
_ o Wi (@)1 (2)dpao @)+ fy Wi a(@) (Shn) @)dpa (@) 5
[$2lls

and, again, using (15) we obtain

[ Wisla) (S20) @ (z) = 0
Thus
fR nt3(T n+1(ff)dﬂo($)
2
[y

We summarize the above results in the next

+ by (22)

Nn(A) = Nans1(A) =

Theorem 3.4. Let {ug, u1} be a symmetric (1,1)—coherent pair of measures
with {Pp}, 5o and {Rn},5 as their respective SMOPs satisfying (13) and let
{S;}}nx) be the Sobolev polynomials orthogonal with respect to (14). Then, for
n>0"

‘97)1\-&-3(13) + nn()‘)sri\-i-l (x) = Pn+3(x) + Zinpn-&-l(x)7 (23)

holds with

Je Wors(@)S1 (2)dpo () + by,. (24)

Mn(A) =

52415
The coefficients n,(N) will be called Sobolev Coefficients.

Lemma 3.5. Forn >0

gn(n+1) <v R2>)\—|—an <u Pn+1>

m(A) = (25)

S35
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Proof. From (13), multiplying by R,, and using the measure u1, we get

b (v, R2) = <W,Rn(m)>m +an <Pfl+i(f)’Rn(x)>/“

_ W7I7,+3 (l’) + bn W1I1,+1 (l’) , Rn(x)
n+3 n+1 "

! ( < Snas(@) oy She @) Wasa (o) >S

A n+3 n+3 "’ n+1

_ Pn+3(x)_|_a Prii(z) Wiga(z)
n+3 "n+1 7 n+1 o

L m) e e
R <(n+1) (n+3) 1541l (n+ 1)2 < ’Pn+1>> .

Then

Ab, (n+1) (n+3) (v,R2) + (naj ) (n+3)(u, P2 1) =n.(\) [

and the result follows. o

On the other hand, we use (13), (17), (20) and the notation {u, p(x)q(x)) :=

(p(z),q(2)),, . i.e. we express u in terms of the associated bilinear form in order
to obtain

<Wn+3(x)v ST)L\+1(I)>;,LO
=an (u, Py iy) — bn (u, Pi1) — bntin—2 (Wat1(2), Pr1(@)),,
+ bntin_a(N) (Wiga(2), S04 ()

0
Ho

and
<Wn+1(:ﬂ), P (“T))uo
= (Pus1(@) + Gn 2P 1(2) = bu2 W1 (2), Rua ()

= (En_z - 6in—2) <“7 PTQL*1> :

Then, from the above relations, for n > 2 we get

Ho

(Wais(2), S (@), = (an—'z}n) (u, P2, )by (an,z _’EH) (u, P2_,)
+ Ennn—z(/\) <Wn+1 (JZ‘), S;}—l (JZ‘)>

po *
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If we denote I(\) := (Wy(z), S’i\*?(x»uo , the above relation can be written
as

Lnvs(\) = (a'n !5,1) (1, P21 Y —buin_s (aH - EH) (u, P2y Y+ bmin— (M Ins1 (A).
(26)
Moreover, from (25) we get

Toya(\) = bu(n+ 1A (0, R2) + G (u, P20) = b S0l (27)
With Ip,41(A) from (24) and from (26) and (27) we get the next.
Lemma 3.6. Forn > 2,
92215 = 0+ 12X (0, R2) + (P2 + s (@2 = ba) (w1 P2y)

— Nn—2 (nn—2 - bn—2> ||ST>?\—1H2 : (28)

The above formula is useful in order to compute the norms H Sy ||2 if the Sobolev
coefficients are known. We are going to describe the initial conditions which
are needed. First, from their definitions it is easy to see that

B boX + o <u, P12>

NIE 2
On the other hand, for n =1,
4~ 2 ~ P2
mOy) = by <U,R1>/\—|—a1 <u, 2>7 (30)

1315
and since P(z) = 2% — (u, P?), we get

2
HSé\Hs = <S§\’ S§\>S
=4\ (v, Rf> + <u,P22> .
As a consequence,

A 2_ 2 2 2 2 _451<’U,R%>A+51<U,P22>
HSQ HS = A0 (o, B (s PE) 4 ((un PE) = wa)” m(Y) = =P

(31)

Thus, using (29) and for n = 2 in (28) we obtainHSg\Hz. Then, from (25),

we find 73(A\). In an analogue way, for n = 4,6,8,10,... in (28) we obtain

HSﬁ‘kHHz and 125 (A), for every k € N. Similarly, from(31) we can obtain recur-

rently HSé\kHHz and nax41(X), for every k € N. In the next section we study a
recurrence formula for the coefficients 7, ().
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3.1. The Sobolev Coefficients

We define T}, 41(2) = Wyi1(x) + bp_oWp_1(z). Through straightforward cal-
culations it is not difficult to prove that

(Thg3(x), Thy1(x)) g
<Tn+1(93), Tn,+1($)>s — nn_Q()\) <Tn_1(l‘), Tn+1(x)>s .

This expression is well defined since the denominator is non zero. Indeed,
(Tns1(2), Tnt1(2)) g — Nn—2(A) (Tn—1(2), Tnt1(2)) 5
= (Tnr1(2) = D2\ a1 (@), Sp 41 () +10—2(A)S7_1 (2))
= <Sg+1(’l}), S’V)L\+1(z)>s 7& 0.

We will express each term in (32) in a simpler form.
(Tn3(2), Tnys(@)) g
= (Pat3(2) + anPoy1(2), Pogs(z) + anPn+1(x)>M0

+A <W7/L+3(33) + b Wi (), W 5(2) +Eanz+1(x)>
= <Ua PE+3> +ar, <U7 Pr%+1>

FA{(n + 3) Roy2(2) + bu(n + D Ra(@), (0 + 3)Rya(2) + ba(n + 1) R ()

M1

Mn(A) =

(32)

H1

= Dni3 +Eipn+1 + A ((n + 3)2rn+2 +Zi(n + 1)2rn) .

Here we have used the notation r,, := (v, R2) and p, := (u, P?). Also, in a
similar way

<Tn+1 (l‘), Tn+3(x)>s = Zinpn-ﬁ-l + Agn(n + 1)2Tn
and, replacing in (32), we get for n > 1,

%(A)
Anpnt1 + Aoy (n 4+ 1)2r,

Pn+1 +>\(n+1)2rn+5i_2pnfl+>\‘l;i_2(n71)27"n72*77n72(/\) [’d"Lprnfl +)\E”72(n71)2rn72]
where a_,, =b_, =0,n € N.

Remark 3.7. In connection with the Sobolev inner products, a particular
case of symmetric (1,1)—coherent pair was studied in [2], when u is classical,
and where it is possible to obtain an expression for the Sobolev coefficients
{Mn(A)},,>o as the above one. In adittion, a relation of the type (23) is obtained,
which is a necessary and sufficient condition in order to obtain the respective
symmetric (1, 1)—coherence relation.
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Furthermore, if we define for n > 1,
7 2 ~ 2 ~2
Ay = bn(n+1) Tn, Bn=apnpns1, Cp= (n+1) Tnt+ay,_oPn—1, Dn = pny1,

C1 = 4rq, then we can write

A \+ B,
Nn(A)

B Cn)\ + Dn - nn72<)\) [An72)\ + Bn72] ’

With this notation we can prove the next

Theorem 3.8. There exist sequences of polynomials {Qn()‘)}nzo and
{@n()\)} " with deg (@) = deg (@n) =n for every n, such that the follow-
ing three term recurrence relations hold.
Qn+1(N) = (CopA + Dan) Qn(N) — (A2p—2A + Boy—2)? Qu_1(N), (33)
Qn1(\) = (Cont1 A + Dang1) Qu(A) — (Azn—iA + Ban1)” Quo1()),  (34)
with the initial conditions Qo(A\) = Qo(A) = 1, @1(\) = A + (u,P?), and

él()\) =4 <v, R%> )\—|—<u, P22> Furthermore, the Sobolev coefficients are rational
functions in terms of such polynomials, namely

@n(N)
n(A) = (Agp A+ Bap) ———— 35
n2n(A) = (A2 2)Qn+1(/\) (35)
and ~
@n(N)
Non+1(A) = (A2n1A + Bapg1) =— - (36)
QnJrl()‘)
Proof. The initial conditions are obtained according to the definition of 79())
and 71 (\). Suppose that 1g,_2(A\) = (Agp—2A + Bay—2) QQ”_(l/(\;\), then
Aop A + Bay,
mn(A) = 2 2 2 @n-1(N)
ConA + Dap — (A2n—2A + Bap_2) ani(/\)

 (CanA + D23) Qu(N) — (Azn—2X + Bop—2)” Quo1(A)
Thus (33) holds with @,11(\) as the denominator. In an analogous way,
Qn-1(N)
Nan—1(A) = (A2n—1A + Bap—1) —=——— and we get
@n(X)
(A2n1A + Bang1) @u(N)
(Cons1A + D2ni1) @u(N) — (Azn—1 A + Ban—1)? Qu_1(N)

If we denote the denominator by Q,41()), then we get (34). vf

772n+1()‘) =
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Remark 3.9. Notice that B,, = gnrn+1 = 0. Moreover, if a,, = 0, then A,, =0,
for every n. As a consequence, (13) becomes

;z+3(33) R/n+1($)
n+3 " n+1

n>0

)

Prio(z) =

and, according to Favard’s theorem, the recurrence relations (33) and (34) mean
that {Qn()\)},,>o and {@n()\)} _, re orthogonal in the standard sense.
= n>0

Remark 3.10. The recurrence relation satisfied by the sequences {Q,(A)},,>¢
and {@n()\)} _, are studied for the first time in [14] and, in the literature,
n>0

they are known as R;; type recurrence relations.

4. Algorithm for Sobolev-Fourier coefficients

In this section we will describe an algorithm to compute the Fourier coefficients
in expansions of Sobolev polynomials, orthogonal with respect to

(P a)g = / p(2)q(x)dpo () + A / P (@) @du (@), A> 0.

For f € Wy [R,po, ] = {fIf € L* (o), f' € L*(u1)} we can expand f in
terms of monic Sobolev orthogonal polynomials { Sf;}n>0 , namely

= (S 5n
fa)~ 32 s 5a0),
n=o 15215
We denote s}, := ||S}] z, Iy = {(f,Sn)g and F} := f}/s,. F is said to be the
n — th Sobolev-Fourier coefficient. To have the basic tools for implementation
of the algorithms, we deduce the following result.

Lemma 4.1.
fovz 1 (V) 2 =walf), n>0, (37)

holds, where

n+2 n+2

n

)= {F, Povali) + a2 P, )

Ho

+A <f/7 P»,/H_g(-r)"‘an—l Prlz('l‘)> )

M1
(38
with the initial conditions n_1(\) =0, fg = (f,1)g = ([, 1)y s 7=, ), +
A(f".1),, and

wolf) = (f, Pa(e)), + M P,
Proof. From (20) and (13) we get

Piis(@) | Pha)
n—+3 " n+1

= Rpyo(x) + by Ry ()
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SQ+3(93) + ﬂn()\)SQH(fE) = Puy3(x) + anPryi(w)

<.f7 S7)l\+2>5 = —TNn-1 <f7 S7>7/\>S + <f, Pn+2($) + Ap—1—

= -1 <fa S”)I\>S + <fa Pn+2($) + anfln Z 2Pn(x)>

n+2
n

+A<f’,P,’l+2(x) +an1 Pé($)>

M1
n+2

= "Mh—1 <f’ Sﬁ>s + <fa Pn+2($> +an—1
+A (n + 2) <f/v Rn+1(z) + bn—an—l(I»

M1

and the result follows.

]

Now we will summarize the results that, together with (37), yield the struc-

ture of the algorithm.
e Forn>1

n — bn(n + 1>2T’n7 Bn = Zinpn+17 Dn = Pn+1,

A
and for n > 2
Cn = (TL + 1)27"n + ai_2pn_1,

(39)

(40)

with a_,, = b_, = 0 for n € N, 'y = 4ry, furthermore, for n > 0,

ay, = L—’_gan andgn: n+3bn.
n+1 n+1

e With the initial conditions Q_1(A) = 0, Qo(A) = Qo(A) = 1, Q1(\)

bo + aop1 _Abir A+ aipe

A+ p1, no(A) = N ,and 1 (A) = pr , we get
-~ Qn(N)
N2n(N) = (Az2nA + Bay) oy "2t (41)
and ~
Nont+1(A) = (A2ns1 A + Bapgr) @Q:ri)(\;)’ n =1, (42)
with
Qni1(N) = (ConA + D2n) Qu(N) — (A2p—2A + Ban2)” Quo1(A)  (43)
and
énJrl()\) = (C2n+1)\ + D2n+1) @n()\) - (A2n71)\ + -B2nfl)2 énfl()\)
(44)
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e With initial conditions s} = A + p; and n;(\) in (30), for n > 1

52+1 =(n+ 1)2)\% + Pnt1 + G2 (5n—2 — En—Q) Pn—1

— Nn—2(A) (%—2(/\) _Zn—2> Sp_1 (45)

In order to describe the algorithms, we assume the sequences {a,}, -, and
{bn},>o are known. B

Algorithm 1. (Even order Fourier-Sobolev coefficients). For n even, the Fourier-

A S,
Sobolev coefficients F = =< = <J|f:9')‘T|L|ZS can be computed using the following
s
n nilsS
algorithm
Starting data. Initial conditions A, &', n_1, s, Q—1, Qo, wo(f), A_1, B_1,C}
and Dl.

Step 1. Using the starting data to compute f3 with the relation (37) and
n =0, s3 through (45) with n = 1 and finally F3.

Step 2. Using the starting data and the information in step 1 compute: él
taking n =0 in (44) , A1, By with (39) and n = 0, 1 () taking n = 0 in (42),
wo with n = 2 in (38), f7 through (37) with n = 2, and finally s} taking n = 3
n (45). Then compute F}.

Step k. For k > 3, using the starting data and the information in steps 1 to
k —1 we can compute Agy_3, Bog—3, Cog—1 and Dog—1 with n =k — 1 in (39)
and (40), Qy taking n = k — 1 in (44), Agg_1, Bagx_1 with (39) and n = k — 1,
n2k—1(A) taking n =k — 1 in (42), war with n = 2k in (38), f3).,, through (37)

with n = 2k, and finally 3§k+2 taking n = 2k+1 in (45). Then, compute FzA,H_Q.

Algorithm 2. (Odd order) For n even, the Fourier-Sobolev coefficients F» =
A S,
f—z = W can be computed using the following algorithm.
s
n nlls
Starting data. Initial conditions A, f7, 7o, 57, Qo, Q1, w1(f), Ao, By, Co
and Ds.

Step 1. Using the starting data compute f3 through (37) with n = 1, s3
through (45) with n = 2 and then compute F3.

Step 2. Using the starting data and the information in step 1, compute Q2
taking n = 1 in (43), Aa, Bz with (39) and n = 1, n2() taking n = 1 in (41),
ws with n = 3 in (38), f2 through (37) with n = 3, and finally s2 taking n = 4
in (45). Then compute F2.

Step k. For k > 3, using the starting data and the information in steps 1 to
k —1 we can compute Ag,_o, Bog—_2, Cor and Day, with n = k in (39) and (40),
Qr+1 taking n = k in (44) , Aag, Bay with (39) and n = k, 12 (\) taking n = k
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in (42), waps1 with n = 2k + 1 in (38), f3),, 4 through (37) with n = 2k + 1,
and finally sé\k+3 taking n = 2k + 2 in (45). Then, compute F),, ;.

4.1. Numerical examples

Next, with the help of MATHEMATICA, we carry out some numerical experi-
ments where the algorithms described above are implemented.

Example 4.2. (Gegenbauer Polynomials). In [8] the Symmetric (1, 1)—coherent
pairs, when w is the classical Gegenbauer functional, are exhibited. In particu-
lar, the pair

x2+a
2+ b

dpo = (1 — 22)" Y 2de, dpy = (1— 2124y,

a,b € RT, a #b,n > —1/2, x € [-1,1], is obtained. Let {Cﬁ")} be the
n>0
sequence of monic Gegenbauer polynomials, orthogonal with respect to the

inner product )
waady = [ ple)a()1 =),

Also, the Gegenbauer polynomials satisfy the TTRR
nn+2n—1) ()
A(n+n—1)(n+n) "7

Cylhy () = 2CY () — (), n>1,
and C’é") (x) = 1. The corresponding norm is

n!.

Hq(y)‘f _ A (D(n 47 +1/2)°T (n + 2n)
n 2(

n+n) (T(2n+ 277))2

According to the results of the previous sections, if dug = (1—22)""1/2dz, then
we have the symmetric (1,1)—coherent relation

COD (2) + by 2 C" 0 () = Qu() + an—2Qu_s(z), n>2,

where {Q, }rn>0 is the SMOP with respect to the measure dp;. Moreover, from
(20) we get

n—+3

A A
Spva(@) + 1N SM 4 (2) = () +
Explicit relations between recurrence coefficients and the sequences {an},,~,
and {bn},~ are given in [8]. To be more precise, if {J,},>, are the recurrence

coefficients of the polynomials {Qn},,~q, we get -

1

by — ——
* T 2(n+1)

= ap — 71,
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n(n+2n—1)
dn+n—1D(n+mn)

(n—2)(n+2n—3) _b ( n(n+2n—1)
An+n-3)n+n-2) " \dn+n-1)(n+n)

+bpo—bp1= 771 tap2—ap-1, Nn2=2

n—2

+bn2_bn1)» n 2 57
and
an72§n72 = an-3 (?n +an—2 — anfl) , =5,

In addition, the sequence {by},~ satisfies the nonlinear quadratic difference
equation

brt1 (46)
_ 1 m+Dn+2n) (m+2)(n+2n+1)
_4(n+77+1)( 4(n +n) (n+n+2) ) (47)
+ b3—2 | n(n+1)(n+2n)(n+2n-1) (418)
1— % 16(n +n)2((n+n)* = D)by_1’

for n > 3.

For a fixed initial value by we can compute the sequences of parameters
{an},~o and {b,}, -, as long as the recurrence coefficients are known. A priori,
we do not know the recurrence coefficients {7, },,~, . However, it is possible to
compute them with the desired precision through an efficient algorithm. For
instance, the algorithms 1 and 4 in [12] meet this specific case, where there is
a rational perturbation.

We will use the function f(x) = e~100@=0-2)* Tt can be seen that f €
W3 [R, pio, p11]. On one hand, in order to show the graphics of some partial
Fourier-Sobolev sums, we choose n =5, A = 0.001, a =1, b = 2. In Table 1 we
get the first 16 Fourier-Gegenbauer-Sobolev coefficients.
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n QAn bn 7771()‘> 53\1 fvi\ Fri\

0 1.003 1 3 0.71 0.1391 0.1963

1 1.5062 | 1.5 3 0.051 0.0263 0.5195

2 2.0084 | 2 3.3 0.0059 —0.004 —0.7336

3 2.21 2.2 3.073 0.00086 —0.0036 —4.221

4 2.2084 | 2.1985 | 2.94 0.00014 —0.0001 —0.691

5 2.2199 | 2.21 2.03 0.000026 0.0005 20.22

6 2.228 2.2177 | 1.57 5.09 x 1076 0.0001 22.253

7 2.234 2.224 0.051 1.44 x 10~ —0.00007 —48.261

8 2.2387 | 2.2288 | 0.038 3.77 x 107 —0.00003 —81.427

9 2.2427 | 2.2328 | 0.018 2.457 x 10~7 | —0.00005 —20.938

10 | 2.246 2.2361 | 0.019 7.243 x 10~7 | —0.00004 —48.874

11 | 2.2487 | 2.2388 | 0.02 3.395 x 107 | 0.00002 62.233

12 | 2.251 2.2411 | 0.021 7.26 x 1078 0.00002 268.769

13 | 2.253 2.2431 | 0.0211 | 1.59 x 108 —5.21 x 1077 | —32.765

14 | 2.2547 | 2.2447 | 0.022 3.521 x 1079 | —=3.71 x 1079 | —1053.25

15 | 2.256 | 2.2462 | 0.0221 | 7.92 x 10710 | =547 x 107 | —690.56
TABLE 1. Fourier-Gegenbauer-Sobolev coefficients with n = 5, A = 0.001, a = 1,

b=2.

Furthermore, in Figure 1 we show the partial sums for n =4,7,11,15 and 17.

FiGURre 1. Partial sums for n =4, 7, 11, 15 and 17, moreover n = 1, A = 0.5, a = 1,
b=2. fin red.
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On the other hand, in order to analyze the variation of the partial sums with
respect to the parameter 7. In Figure 2 we set A = 0.7, a = 2, b =1 and n = 16.
In particular, we show the partial sums for n = 0.5,1,2 and 2.5.

FIGURE 2. 16 — th partial sums for n = 0.5 (magenta), 1.5 (blue), 2 (green) and 2.5
(siena), when A =0.7, a =2, b =1, f in red.

Finally, setting n =1, n = 16, a = 1, b = 3, in Figure 4 we exhibit the partial
sums for A = 0.1, 0.8, 1.8 and 10.

FIGURE 3. 16 — th partial sums for A = 0.1 (purple), 0.8 (cyan), 1.8 (green) and 10
(blue), whenn=1,a=1,b=3
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FIGURE 4. 16 — th partial sums, (Zoom), for A = 0.1 (purple), 0.8 (cyan), 1.8 (green)

and 10 (blue), whenn=1,a=1,b=3
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